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Preface

The first six chapters of this book are revised versions of the same chapters
in the author’s 1969 book, Introduction to Potential Theory. At the time of
the writing of that book, I had access to excellent articles, books, and lecture
notes by M. Brelot. The clarity of these works made the task of collating
them into a single body much easier. Unfortunately, there is not a similar
collection relevant to more recent developments in potential theory. A new-
comer to the subject will find the journal literature to be a maze of excellent
papers and papers that never should have been published as presented. In
the Opinion Column of the August, 2008, issue of the Notices of the Amer-
ican Mathematical Society, M. Nathanson of Lehman College (CUNY) and
(CUNY) Graduate Center said it best “...When I read a journal article, I
often find mistakes. Whether I can fix them is irrelevant. The literature is
unreliable.” From time to time, someone must try to find a path through the
maze.

In planning this book, it became apparent that a deficiency in the 1969
book would have to be corrected to include a discussion of the Neumann
problem, not only in preparation for a discussion of the oblique derivative
boundary value problem but also to improve the basic part of the subject
matter for the end users, engineers, physicists, etc. Generally speaking, the
choice of topics was intended to make the book more pragmatic and less
esoteric while exposing the reader to the major accomplishments by some
of the most prominent mathematicians of the eighteenth through twentieth
centuries. Most of these accomplishments had their origin in practical mat-
ters as, for example, Green’s assumption that there is a function, which he
called a potential function, which could be used to solve problems related to
electromagnetic fields.

This book is targeted primarily at students with a background in a senior
or graduate level course in real analysis which includes basic material on
topology, measure theory, and Banach spaces. I have tried to present a clear
path from the calculus to classic potential theory and then to recent work

vii



viii Preface

on elliptic partial differential equations using potential theory methods. The
goal has been to move the reader into a fertile area of mathematical research
as quickly as possible.

The author is indebted to L. Hérmander and K. Miller for their prompt
responses to queries about the details of some of their proofs. The author also
thanks Karen Borthwick of Springer, UK, for guiding the author through the
publication process.

Urbana, Illinois Lester L. Helms
September, 2008
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Chapter 0
Preliminaries

0.1 Notation

An element of the n-dimensional Euclidean space R™,n > 2, will be denoted
by = (21,...,2,) and its length |z| is defined by |z| = (3, 2)V/2 If
x=(x1,...,2n) and y = (y1,...,yn) € R™, the inner product -y is defined
by z-y = >, ;y;, and the distance between z and y is defined to be |z —yl|.
The angle between two nonzero vectors z and y is defined to be the angle ¢
such that 0 < ¢ <7 and

The zero vector of R™ is denoted by 0 = (0,...,0). The ball B, , with center
x and radius p is defined by B, , = {y;|r —y| < p}; the sphere with center
and radius p is defined by Sy, = 0B, , = {y; |t—y| = p}. The closure of a set
F C R™is denoted by F'~ or by ¢l F', its interior by int F', and its complement
by ~ F. The standard basis for R" will be denoted by {e1,...,e,} where ¢;
has a 1 in the 7th position and 0 in all other positions.

The spherical coordinates of a point = (x1,...,2,) # 0 in R" are defined
as follows: if r = |z|, then

6 — (ﬂ o x—")
r T

is a point of Sp1 = 0By,1, the unit sphere with center at 0. The r and 6
of the ordered pair (r, ) are called the spherical coordinates of the point x.
This transformation from rectangular coordinates to spherical coordinates is
essentially the mapping (x1,...,2,) — (01,...,0,_1,7r) where

L.L. Helms, Potential Theory, Universitext, 1
(© Springer-Verlag London Limited 2009
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Z1
0, = L
r
)
6, = —
r
Tn—1
Op1=——
r

rz(x%+-~-+xi)1/2.

Letting 60, = x,,/r, 0,, is the cosine of the angle between = and the vector
(0,...,0,1); that is, the angle between = and the z,-axis. The Jacobian of
the map is easily calculated and its absolute value is given by

rnfl rnfl

(1-62—...— 93_1)1/2 = 0,]

a(l‘l,...,ﬂ?n)
6(917' . '70n—17r)

Surface area on a sphere S, , is a finite measure on the Borel subsets of
Sz.p- The integral of a Borel measurable function f on S, , relative to surface
area will be denoted by

/3 par o | @) do(@)

The volume of B, , C R™ and surface area of S, , will be denoted by v, (p)
and o, (p), respectively; when p = 1 these quantities will be denoted by
v, and o, respectively. The v,(p) and o,(p) are related by the equations
vn(p) = p"vn, on(p) = p" Lo, and v, = 0, /n. Derivation of these equations
can be found in Helms [28]. The o,, are given by

/% e
7t if n is even

on = (0.1)

(n+1)/2_(n—=1)/2 .
2135% if n is odd and > 1.

Consider an extended real-valued function f defined on a subset of R™.
When f is considered as a function of the spherical coordinates (r, ) of «,
f(z) will be denoted by f(r,8). Suppose f is integrable on a ball By ,. Then
the integral of f over By , can be evaluated using spherical coordinates as in

o () dr = /Op el </|0|—1 f(r,0) dg(9)> dr.

If 1,..., [0, are nonnegative integers, 5 = (01,...,3,) is called a multi-
index, |3| is defined by |3| = Y"1, f;, and (! is defined by 3! = 1 x 32 x ... x
On. If the real-valued function u = u(z1,. .., z,) is defined on a neighborhood
of a point € R", put Dyu = Dy, u = 0u/0x;, Diju = Dy,pu = 0?u/0x;0x;
more generally, if 5= (81,...,0,) is a multi-index, put
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918l

DPu(z) = —————(z
(@) 8x'f1-~8xn"

provided the indicated partial derivatives are defined. The gradient Vu of u
at z is defined by
Vu(z) = (Dyu(z),. .., Dyu(zx)).

If the function u is a function of z,y € R", then derivatives with respect to
just one of the variables, say x, will be denoted by D(Bm)u.

If (2 is an open subset of R™ and f is a bounded function on {2, the norm
of f is defined by || f |lo,e= sup,cp |f(z)|. The set of continuous functions on
2 will be denoted by C°(£2), the set of bounded continuous functions on {2
will be denoted by C?(£2), and C°(£27) will denote the set of functions on {2
having continuous extensions to 27. If f € C°(2) has a continuous extension
to £27, the same symbol f will be used for its extension. If f € C°(£2) and
limy, ., yen f(y) exists in R for all z € 042, then f has a continuous extension
to 27. If k is a positive integer or oo, C*(£2) will denote the set functions
having continuous derivatives of all orders less than or equal to k on (2;
C*(£27) will denote the set of functions on 2 with derivatives of order less
than or equal to k£ having continuous extensions to 2. If k is a positive
integer, || D*u ||o. will denote sup|g|=s |l DPu ||o,2- A subscript 0 on CF(§2)
will signify the subset C¥(£2) of functions in C*(£2) having compact support
in £2. A measure on the Borel subsets of {2 which is finite on compact subsets
of 2 is called a Borel measure and is determined by its values on the compact
subsets of (2.

If v is an extended real-valued function with domain 2 C R™,z € (2, and
u(x) = +oo (u(x) = —00), then u is continuous in the extended sense
at x if limy_, yeo u(y) = +o0o (limy—, yen(y) = —o0); u is continuous in the
extended sense on (2 if u is either continuous or continuous in the extended
sense at each point of (2.

Let u be an extended real-valued function with domain 2 C R"™. For each
y € R"™, let N (y) be the collection of neighborhoods of y. If 29 C 2 and z is
any point of {2, define

liminf wu = su inf u
y—z,yENo (y) NG/\}D(m) <y6(NﬁQg)~{r} (y>>

i )= 3 (L, 0)
if 20 = 2, the notation liminf, ., u(y) and limsup,_,, u(y) will be used.
The function u is lower semicontinuous (l.s.c.) at z € 2 if u(z) <
liminf, ., u(y); upper semicontinuous (u.s.c.) at z € 2 if u(zx) >
limsup, . u(y). If u is Ls.c. on 2, then cu is Ls.c. or u.s.c. on 2 accord-
ing asc > 0or ¢ <0. If wis Ls.c. on {2, then —u is u.s.c. on 2. The function
u is Ls.c. on §2 if and only if the set {x € £2;u(x) > c} is relatively open
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in 2 for every real number c. If {ug;a € A} is a family of Ls.c. functions
with common domain {2, then u = sup,c 4 %, is Ls.c. on (2. If v and v are
Ls.c. functions with a common domain 2, then min (u,v) is l.s.c. asis u+wv if
defined on 2. If u is any extended real-valued function on 2 C R™, the lower
regularization ¢ of u defined for « € 27 by a(z) = liminf, ., u(y) is Ls.c.
on 2. If u is Ls.c. on the compact set {2 C R"™, then it attains its minimum
value on (2. Moreover, if u is Ls.c. on 2 C R" and there is a continuous
function f on R™ such that v > f on {2, then there is an increasing sequence
of continuous functions {f;} on R™ such that lim; . f; = u on £2.

0.2 Useful Theorems

In this section, several results used repeatedly in subsequent chapters will be
stated without proofs. Proofs can be found in many intermediate real analysis
texts; e.g., Apostol [1]. The following theorem is easily proved using the one-
dimensional version by introducing a function g(t) = u(tx + (1 — t)y),0 <
t<1.

Theorem 0.2.1 (Mean Value Theorem) If (2 is an open subset of R",
u has continuous first partial derivatives on §2, x and y are two points of {2
such that the line segment {tx + (1 —t)y;0 <t < 1} C {2, then there is point
z on the line segment joining x and y such that

u(y) — u(x) = Vu(z) - (y — x).

The relationship of the limit of a convergent sequence of functions to the
limit of the corresponding sequence of derivatives is the content of the next
theorem.

Theorem 0.2.2 Let {f;} be a sequence of real-valued functions on an open
interval (a,b) having real-valued derivatives at each point of (a,b) such that
a sequence {fj(zo)} converges for some o € (a,b). If the sequence {f;}
converges uniformly to a function g on (a,b), then

(i) the sequence {f;} converges uniformly to a function f on (a,b), and
(i1) for each x € (a,b), f'(x) exists and f'(x) = g(z).

Recall that a family F of functions f on {2 C R™ is equicontinuous at
x € (2 if for each € > 0 there is a § > 0 such that |f(z) — f(y)| < € for all
feFandally € B, 5N {2, equicontinuous on (? if equicontinuous at each
point of {2, and uniformly equicontinuous if the above ¢ does not depend
upon z.

Theorem 0.2.3 (Arzela-Ascoli Theorem) Let {f;} be a sequence of uni-
formly bounded and equicontinuous functions on a compact set K C R™. Then
there is a subsequence { f;,} which converges uniformly on K to a continuous
Sfunction f.
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The Arzela-Ascoli theorem is valid for generalized sequences that are defined
as follows. Recall that a nonempty set A and a relation > constitute a di-
rected set if > is reflexive and transitive, and for each pair «, 5 € A there
is ay € Asuch that v = a and v = 5. A net {z,;a € A} is a function from
the directed set A into a set X. If X is a metric space with metric d, the
net {z,;a € A} converges to € X, written lim 4 z, = z, if for every € > 0
there is an a, € A such that d(z,,z) < € for all « = a..

Theorem 0.2.4 (Arzela-Ascoli Theorem) Let {f,;a € A} be a net of
uniformly bounded and equicontinuous functions on a compact set K C R".
Then there is a subnet { fo, } which converges uniformly on K to a continuous
function f.

If (X, M) is a measurable space, a signed measure p on M is an extended
real-valued, countably additive set function on M with p(@) = 0 and taking
on only one of the two values +00, —0o. A signed measure ;. on a measurable
space (X, M) has a decomposition p = p+ — = into a positive part u* and
a negative part . The total variation |u| of u is defined by |u| = p™+p~.
If both p+ and p~ are finite measures, 4 is said to be of bounded variation
on X, in which case the norm of y is defined by ||u|| = |p|(X).

If X is a locally compact Hausdorff space, the smallest o-algebra of subsets
of X containing the closed subsets of X is called the class of Borel sets of
X and is denoted by B(X). A measure u on B(X) is a Borel measure if
finite on each compact set. All Borel measures will be assumed to be regular
Borel measures; that is, u(A) = sup {u(I"); I' C A, I'" compact }, A € B(X).
If {11;} is a sequence of signed measures on B(X) of bounded variation, the
sequence converges in the w*- topology to a signed measure p of bounded

variation if
lim /fduj=/fdu
J—00

for all f € CY(X). Lebesgue measure on R" will be denoted by .

The function w on the open set {2 C R" is locally integrable on (2 if
integrable with respect to Lebesgue measure on each compact subset of (2.
The following theorem is a useful tool for extracting a convergent subsequence
from a sequence of signed measures.

Theorem 0.2.5 Let {u;} be a sequence of signed measures on the Borel
subsets of a compact metric space X with ||pu;]] < M for all j > 1. Then
there is a signed measure i on the Borel subsets of X with ||u| < M and a
subsequence {uj,} that converges to w in the w*-topology ; that is,

lim [ fdpj, = /fdu for all f € C°(X).

Sketch of Proof: Since X is a compact metric space, C%(X) is separa-
ble. Let {f} be countable dense subset of C°(X). For each k > 1, the
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sequence [ frdp; is bounded, and there is a subsequence {uﬁ“} of the se-

quences {,uy)}, e {ugﬁl)} such that lim; .o [ fx dué-k) exists. The Cantor
diagonalization procedure then can be invoked to assert the existence of a
subsequence that works for all f;. H

Corollary 0.2.6 If {f;} is a sequence in C°(X) that converges uniformly to
[ € CYUX) and {p;} is a sequence of signed measures with ||p || < M < 400
for all 7 > 1 that converges to p in the w*- topology, then

tin [ 1yds = [ £
j—oo

Sketch of Proof: Given € > 0, there is an j(e) such that | [ fdu;— [ fdu| <
€/2 and |f; — f|] < €/2M for all j > j(e). Apply triangle inequality. H

A linear space X is a normed linear space if to each z € X there is
associated a real number ||z|| with the following properties:

(i) |lz|]| = 0 and ||z|] = 0 if and only if 2z = 0,

(ii) ||az| = |a| ||z| for all @ € R,z € X, and
(i) |+ yl) < llo] + [}y for all 2,y € X.

The function || - | is called a norm on X. If, in addition, (X, d) is a complete
metric space where d(z,y) = ||z —y||, then X is called a Banach space under
the norm || - ||. If it is necessary to consider more than one Banach space, the

norm will be denoted by || - ||x. If only the first part of (i) holds, then || - ||
is called a seminorm on X. A linear operator on X is a linear map whose
domain D(A) is a subspace of X and range R(A) is a subset of X. If A is a
linear operator on the Banach space X with domain D(A) = X and there is
a constant M such that | Az [|[< M || z || for all x € X, then A is called a
bounded linear operator, in which case the norm of A is defined by

| Az ||
[

| A= sup
z#0

A linear operator need not be bounded.



Chapter 1
Laplace’s Equation

1.1 Introduction

Potential theory has its origins in gravitational theory and electromagnetic
theory. The common element of these two is the inverse square law govern-
ing the interaction of two bodies. The concept of potential function arose
as a result off the work done in moving a unit charge from one point of
space to another in the presence of another charged body. A basic potential
function 1/r, the reciprocal distance function, has the important property
that it satisfies Laplace’s equation except when r = 0. Such a function is
called a harmonic function. Since the potential energy at a point due to a
distribution of charge can be regarded as the sum of a large number of po-
tential energies due to point charges, the corresponding potential function
should also satisfy Laplace’s equation. Applications to electromagnetic the-
ory led to the problem of determining a harmonic function on a region having
prescribed values on the boundary of the region. This problem came to be
known as the Dirichlet problem. A similar problem, connected with steady-
state heat distribution, asks for a harmonic function with prescribed flux or
normal derivative at each point of the boundary. This problem is known as
the Neumann problem. Another problem, Robin’s problem, asks for a har-
monic function satisfying a condition at points of the boundary which is a
linear combination of prescribed values and prescribed flux.

In this chapter, explicit formulas will be developed for solving the Dirichlet
problem for a ball in n-space, uniqueness of the solution will be demonstrated,
and the solution will be proved to have the right “boundary values.” Not
nearly as much is possible for the Neumann problem. Explicit formulas for
solving the Neumann problem for a ball are known only for the n = 2 and
n = 3 cases.

L.L. Helms, Potential Theory, Universitext, 7
(© Springer-Verlag London Limited 2009



8 1 Laplace’s Equation

1.2 Green’s Theorem

In this section, only real-valued functions on a bounded open set {2 C R"
will be considered. The (2 will be required to have a smooth boundary, this
being the case when (2 is a ball in R™ or the interior of the region between
two spheres, of which one is inside the other.

Let v = (v1,...,v,) be a vector-valued function on {2 whose components
v; have continuous extensions to {2~ and continuous first partials on (2. The
divergence of v is defined by

n

. (%j
div v = Z %
J=1

The outer unit normal to the surface 02 at a point x € 92 will be denoted
by n(z). The starting point for this chapter is the following theorem which
can be found in any advanced calculus textbook (e.g., [43]).

Theorem 1.2.1 (Gauss’ Divergence Theorem) Ifv € C°(27)NC(02),

then
/ divvdr = / (v-n)do
Q Gle)

where do denotes integration with respect to surface area.

By convention, whenever “n” appears in an integral over a smooth surface it
is understood to be the outer unit normal to the surface.

Suppose now that u is a function defined on a neighborhood of 2~ and
has continuous second partials on that neighborhood. The Laplacian of w,
Au, is defined by

If u is also a function of variables other than x and it necessary to clarify the
meaning of the Laplacian, A,y will signify that the Laplacian is relative to
the coordinates of x. Let v be a second such function. Then

uVv = (uDqv, ..., uDyv)

and
div(uVv) = udv 4+ (Vu - Vo).

It follows from the divergence theorem that

/uAvder/(Vu'Vv)d:r:/ (uVv-n)do
2 Q le)

:/ uDnv do
092
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since (uVv,n) = u(Vu,n) and the latter inner product is just the directional
derivative Dyv of v in the direction n. The following important identity is
obtained by interchanging u and v and subtracting.

Theorem 1.2.2 (Green’s Identity) If u,v € C?(27), then

/ (uAv —vAu) dx = / (uDyv — vDyu) do.
Q o0

1.3 Fundamental Harmonic Function

A real-valued function u on R™ having continuous second partials is called a
harmonic function if Au =0 on R".

Example 1.3.1 If f is an analytic function of a complex variable z, then
the real and imaginary parts of f are harmonic functions. This fact follows
from the Cauchy-Riemann equations. Thus, u(z,y) = e* cosy and v(z,y) =
e”siny are harmonic functions since they are the real and imaginary parts,
respectively, of the analytic function f(z) = e*.

Definition 1.3.2 The function u on an open set 2 C R" is harmonic on
Qifue C?(N2) and Au=0 on (2.

Remark 1.3.3 Note that harmonicity is preserved under rigid motions of
R™; that is, if 7 : R® — R"™ is an orthogonal transformation followed by a
translation, 7(2) = {rx;2 € 2}, and u" (y) = u(r"y),y € 7(£2), then u7 is
harmonic on 27 whenever u is harmonic on (2. This is easy to verify if 7 is
a translation given by 7x = = + a,x € R", for some fixed a € R™. Suppose
7 is defined by the equation y = Az where A is an orthogonal matrix. Since
A7l = AT,

n

0 y) 0 -
axl Z U(a yj Z Aji————

j=1 Yi

and

B n on AT )
_ZZala;ﬂ ayjayk .

C k=1j=1

Since )" | aj;ap; is 1 or 0 according as j = k or j # k, respectively,

Therefore, A¢yu”(y) = 0 whenever y = Az and A,yu(x) = 0.
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Remark 1.3.4 Note that directional derivatives are preserved under transla-
tion since this is true of ordinary derivatives. Using properties of orthogonal
transformations, as in the above remark, it is easy to see that directional
derivatives are preserved under orthogonal transformations and, in fact, that
inner products are also preserved.

Suppose u is harmonic on the open set 2 and y € 2. Then u(x) can be
regarded as a function of the spherical coordinates (r,#) relative to y where
r = |z —y| and @ is the point of intersection of the line segment joining 2 and
y and a unit sphere with center at y. Suppose that w is a function of r only.
Then Au, as a function of spherical coordinates, is easily seen to be given by

d*u (n—1) du

Ny = 24
U= are rdr’

r # 0.

The only functions that are harmonic on R™ ~ {y} and a function of r only
are those that satisfy the equation

Pu (n—1)du 0

dr? roodr

on R™ ~ {y}. If n = 2, the general solution of this equation is Alogr +
B, where A and B are arbitrary constants. The particular solution u(r) =
—logr is harmonic on R™ ~ {y} and is called the fundamental harmonic
function for R? with pole y. If n > 3, the general solution is Ar~"*2 4+ B:;
the particular solution u(r) = r~"*2 is called the fundamental harmonic
function for R” with pole y. The notations u,(x) and u(|z —y|) will be used
interchangeably.

1.4 The Mean Value Property

Most of the theorems about harmonic functions have their origin in the works
of Gauss and Green concerning electromagnetic and gravitational forces.

Theorem 1.4.1 (Gauss’ Integral Theorem) Ifu is harmonic on the ball
B and u € C'(B™), then

Dyudo = 0.
OB
Proof: Put v =1 in Green’s Identity, Theorem 1.2.2. W
Much more can be obtained from Green’s Identity.

Theorem 1.4.2 (Green’s Representation Theorem) If u has continu-

ous second partial derivatives on a closed ball B~ = B, ,, then
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(i) forn=2 and x € B,

u(z) = L/ ((=logr)Dnu — uDy(—logr)) do(z)

——/Au logr)d

(ii) forn >3 and x € B,

1 / —n+42 — 2
_ r "2 Dpu — uDypr” ") do(2)
on(n—2) Jop ( )

—7/ Au-r "2 dz,

n—2

u(zx) =

where r = | — z|,z € B™.

Proof of (ii): Consider a fixed z € B, and let v(z) = |z — 2|72 =y~ +2
for z # x. Then v is harmonic on R" ~ {x}. Consider § > 0 for which
B, s C By, and let §2 be the open set By , ~ B ;. By Green’s Identity,

/Q (uwAv — vAu) dz = / (uDnv — vDpu) do(2).

a0

Since v is harmonic on {2 and 02 = 0B, , U 0B, s,
- / vAudz = / (uDpv — vDyu) do(2)
0 OBy,p
—/ (uDyv — vDyu) do(z). (1.1)
OB 5

The minus sign precedes the second term on the right because the outer unit
normal to 0f2 at a point of 0B, ;5 is the negative of the outer unit normal to
0B, 5. The next step is to let 6 — 0 in Equation (1.1). If it can be shown
that v is integrable over B, ,, it would follow from the boundedness of Au
that vAu is integrable and that

lim [ vAudz = / vAudz (1.2)
Q B

6—0
Y,P

by the Lebesgue dominated convergence theorem, applied sequentially. Since
v is bounded on {2, it need only be shown that v is integrable on B, 5. By
transforming to spherical coordinates with pole z,

5
/ |v|dz = an/ P2l dr = 6,67 /2.
Bu.s 0
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Therefore, v is integrable on B, s and Equation (1.2) holds. Consider the
right side of Equation (1.1). The first integral does not depend upon ¢ and
only the second must be considered. Since

|Dnul = |V n| < [n||Vu| = [Vu| = (Y uz,)'2,

i=1

and the first partials of u are bounded on B, ), |Dnu| < m on 0B, s for some

Y.p?
constant m. Thus,
/ vDpudo(z)| <m "2 do(2) = mond
83,;15 aBm,é
and therefore,
lim vDpudo(z) = 0.
§*>O an,J
Now consider
lim uDpvdo(z).
5—0 831,5

Since Dpv = D,v = (—n + 2)§ " at points of OB, s,

/ uDpvdo(z) = —op(n —2) (;1/ uda(z)) .
9B,.5 020" JoB, ,

The factor in parentheses is just the average of the continuous function u on
0By s, and therefore has the limit u(x) as 6 — 0. This shows that

lim uDpvdo(z) = —(n — 2)o,u(x).
6—0 an,d

Taking the limit as 6 — 0 in Equation (1.1),

7/ vAudz = / (uDpv — vDpu) do(z) + (n — 2)o,u(z),
B oB

which is the equation in (ii). The proof of (i) is basically the same. W
According to the following theorem, the value of a harmonic function at a
point ¥ is equal to the average of its values over a sphere centered at y.

Theorem 1.4.3 (Mean Value Property) Ifu is harmonic on a neighbor-
hood of the closed ball B, then

Yy,p’

u(y) = ! /aB u(z)do(z).

Unp"71
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Proof: Only the n > 3 case will be proved since the n = 2 case is similar.
By Theorem 1.4.2 and the fact that Au =0 on B = B, ,,

uly) = / (Jy = 22Dyt — uDnly — 2| "*?) dor(z).
oB

on(n —2)
For z € OB, |y — 2|72 = p~"*2 and
Duly — 2|72 = Dpr ™"y = —(n — 2)p7" L.

After substituting in the above integral,

p7n+2

1
u(y) = onn—2) Jon Dnudo(z) + W/ udo(z).

The first integral on the right is zero by Gauss’ Integral Theorem. W
Averaging over a sphere in this theorem can be replaced by averaging over
a solid ball.

Theorem 1.4.4 If u is harmonic on the ball B = B, ,, then

1
u(y) = o /Bu(z) dz.

Proof: Using spherical coordinates (r, ) relative to the pole y,

anpn /BU(Z)d2: anpn /O”Tnl (/G_IU(r, 0) da(9)> dr.

The integral within the parentheses is just the integal over a sphere of radius
r relative to a uniformly distributed measure of total mass o, and is equal
to opu(y) by the mean value property. Therefore,

! /Bu(z)dz ! /OprnlUnu(y)dT:U—nu(y)~

Vpp" nvp

The result follows from the fact that v, = o, /n. B

The content of the two preceding theorems is summarized by saying that
the harmonic functions are mean valued or satisfy the averaging princi-
ple. Averages occur so frequently that a notation for them will be introduced.
If v is a function integrable relative to surface area on the boundary 0B of
B =B, ,, let

1
L(u:y,p) = P /{)Buda.
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If w is integrable on B relative to Lebesgue measure, let

1
/ wdx.
vnp" JB

Using this notation, if h is harmonic on the open set R, then

h(y) =L(h:y,p) = A(h:y,p)

whenever B, C R. A partial converse will be proved later.

Alu:y,p) =

1.5 Poisson Integral Formula

In the preceding section, it was shown that the value of a harmonic function
at a point y is equal to the average of its values over a sphere centered at y.
It is natural to ask if a similar result is true of any point inside the sphere. If
u is harmonic on a neighborhood of the closed ball B~ = B, then Green’s
representation theorem in the n > 3 cases reduces to

Y,p?

1

u(@) = on(n —2)

/ (r~ " 2 Dpu — uDpr~""?) do(2)
OB

where r = |x — z|,2 € B,z € dB. This equation suggests the possibility of

representing the harmonic function u in terms of the restriction of u to the
boundary of B. For instance, if for each x € B a harmonic function v, could
be found such that r~"*2 + v,(z) vanishes on 9B, then replacing r~"*2 by
this sum would result in a representation of u in terms of just u|sp and would
not involve Dyu on dB. This is what will be done in the proof of the next
theorem for the n > 3 case; the proof in the n = 2 case is similar. The proof
requires a mapping that allows passage back and forth between the interior
and exterior of a sphere, called an inversion, which was first introduced by
Lord Kelvin [59].

Fix B = By, and « € B, and consider the radial line joining y to z. For
x # y, choose z* on this radial line so that

|z —yllz* —y| = p°. (1.3)

Then
p’
|y—$|2(x v) 4

and is called the inverse of x relative to the sphere 0B. Consider any z € 0B,
and let ¢ be the angle between z —y and « — y. Then

r=y+



1.5 Poisson Integral Formula 15
o= a2 = P+ 2" — g — 20l — | cos g
2= 22 = 0 + |z — gl — 2plz — | cos .

Replacing |z* — y| by p?/|z — y| in the first equation, solving for cos ¢ in the
second, and substituting for cos ¢ in the first,

|Z*£L’*‘2: 2‘271,|2

ly —al*
Thus, for x € B,x # y,z € 0B, and x* the inverse of x relative to 9B,

ly — x| |z — =7

=1. 15
p o |z—a (15)

Theorem 1.5.1 Ifw is harmonic on a neighborhood of the closure of the ball
B=DBy,r¢cB, and x #y, then

(i) forn =2,

1 _ _ *
u(e) = - an(log'y—“”'Z x|>da(z),
o PR

(ii) forn >3,

1 1 pn—2 1
N N - d
U= o /aB“ <—x v a7 |z—:c*|"—2) 7(2)

where x* is the inverse of = relative to 0B, ,.

Proof of (ii): By Green’s representation theorem,

o)==y f, (o= upe () ) o) 19

*‘7n+2

since Au =0 on B. Since z* € B~ |z — is harmonic on a neighbor-
hood of B~ and it follows from Green’s Identity that

0= o= (P w0n (s ) ) ot 0

Multiplying both sides of this equation by « and subtracting from
Equation (1.6),

1 1 1
= —_— — Dn
u(e) an<n2>/aBK|zx|n2 azm“) v

1 1
—uDy (z o —« P x*|"—2)} do(z).
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Letting a = (p/|z — y|)" "2 and using Equation (1.5),
n—2 _ X |n—2
a= P e )
ly—z["? |z a2

and the integral of the first term on the right is zero. W
The functions within the parentheses in (i) and (i7) of the preceding
theorem are called Green functions for the ball B.

Definition 1.5.2 If n = 2, the Green function for the ball B = B, , is
given by

log@% for € B~ {a},x#vy
Gp(z,z) = log‘?i%‘ forze B~{z},z=y

400 forz=u

where x* is the inverse of x with respect to dB. If n > 3, the Green function
is given by

L L forz€e B~{z},x#vy
‘Z_w‘n72 |aj_y|n72 |z_a:*|n72 b
_ 1 1 _
GB(I7Z)— Te—a[2 2 fOI‘ZGBN{l‘},l‘—y
400 for z = x.

Using Equation (1.5), it is easy to see that lim,_.,, Gg(z,z) = 0 for all
zo € OB and fixed x € B. Note also that Gp(z,z) has been defined by
continuity for x = y since x* is not defined when x = y. The appropriate
value of Gp(x,z) when 2 = y can be obtained as follows in the n = 2 case.
By Equations (1.4) and (1.5),

2
|y—x|‘z—x*|_‘y_l'| (Z_y)_‘yf—xp(xfy) P

= —
p o |z—xl plz — | |z =y

as r — y,x # y; that is, lim, ., Gg(z,2) = Gr(y, 2),2 € B ~ {y}.

If u is harmonic on a neighborhood of the closure of B = B, ,, then the
equations in (i) and (ii) of the preceding theorem can be written, respectively,
as follows. For n = 2,

u(z) = - L uDnGp(x,2)do(z), x¢€ B;
2 5B
for n > 3,
1
u(z) = EEROED)) /BB uDnGp(z,2) do(2). (1.8)
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The proof of the following theorem is the same as that of Theorem 1.5.1
except for the inclusion of the term involving Au in Green’s representation
theorem.

Theorem 1.5.3 If u has continuous second partials on closure of the ball

B = By ,, then

(i) for each x € B and n = 2,
1

u(z) = “or Jos u(2) DnGp(z, 2) do(z) — % /B Gp(z,2)Au(z) dz;

(i1) for each x € B and n > 3,

_
on(n —2)

_ﬁ/BGB@,Z)AU(Z) dz.

u(z) = —

/ w(2)DnGp(x, 2) do(z)
oB

By evaluating the normal derivatives of the Green functions in these
equations, a representation of the harmonic function « can be obtained that
does not involve the inverse *. The following theorem will be proved only in
the n = 3 case; the proof of the n = 2 case is similar.

Theorem 1.5.4 (Poisson Integral Formula) Ifu is harmonic on the ball
B =By, ucC%B"), and x € B, then

1 2 2
) = = [ ==y e,
OnpP JoB |Z - x|n

Proof: Suppose first that u is harmonic on a neighborhood of B~. The
gradient of Gp(z,-) is easily seen to be

n—2
Vi Gp(zr,z) = —(n—2) (;(z—x) P ! (z—x*)) .

EEYE Ty 2 e

Using the definition of z* and Equation (1.5),

V(Z)GB(J),Z) = (n — 2) ((z — y) — “J%(g — y)) .

BIEEE
Since the outer unit normal to OB at z € B is (z — y)/p,

D,.Gp(x,z) =VGp(x,z) - %
_ (n—=2) oy — 2
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Substituting for D,Gp(z, z) in Equation (1.8),

1 2 _ P )
u(r) = — u(z % do(2).
onpP JoB |z — |

Suppose now that u is only harmonic on B and continuous on B~. Fix = €
B, , and let {pi} be a sequence of positive numbers increasing to p with
x € By, for all k > 1. Since u is harmonic on a neighborhood of each B, ,, ,

ulr) = 1 UZMJZ
(2) = /BBMH do(2).

Tuph = ap

Letting z = pg0,

1 P —ly—af
ulxr) = u f) " I do(0).
@)= g [ o) Ao o0

By uniform boundedness of the integrands and continuity,

1 PP =ly—=® 4
u(zr) = — u(pd)—————p" " " do(0
@ =g [ o0 (0)
1 2 _ 2
= — u(z)% do(z). B
OnpP JoB |z —

The definition of harmonicity of a function u on an open set {2 required
that u € C%(§2). Much more is true as a consequence.

Lemma 1.5.5 Let U and C be open and compact subsets of R™, respectively,
and let u = u(x,y) be a real-valued function on U x C' with the property that
Ou/0x; is continuous on U x C for each j =1,...,n. Then

a .
37j/ u(z,y) dp(y) /a (z,y)duly) zeUj=1,...,n,

for any finite measure p on the Borel subsets of C.

Proof: Let v be a unit vector. It will be shown now that
D/ (x,y) du(y /Duxydu()

Consider a fixed x € U. The left side of this equation is

lim /C,U‘(x"—)‘l/»y)_u(xvy) d,Uf(y)

A—0+ )\

Let B be a ball with center x such that B~ C U, and consider only those A
for which z + Av € B. By the mean value theorem of the calculus, for each
such A and each y € C, there is a point £, , on the line segment joining = to
x + Av such that
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u(x + W) —u(x,y) [ 1
/. ) duly) = [ F(Vuln) - 2) duty)

— / Dyu(Ex,y,y) du(y).
C

Since Dyu is continuous on B~ x C, the integrand on the right is uniformly
bounded for such A and y € C. Since u(C) < 400, the Lebesgue dominated
convergence theorem can be applied as A — 0+, sequentially, to obtain

D/ (z,y)du(y /Dumyd,u().

Theorem 1.5.6 If u is harmonic on the open set 2, then all partial deriva-
tives of u are harmonic on {2.

Proof: Ifye 2,B=B,,C B, ,C {2, and z € B, then

1 2 2
uwz) = —— [ == dee).
OnpP JoB |Z - x|”

By the preceding lemma,

Ou, o1 9 (P —ly—af
Bz (x) = o /63 oz, ( Z— a7 u(z) do(z).

By calculating the partial derivative under the integral sign and using the
Lebesgue dominated convergence theorem, it can be shown that du/0dz; is
continuous on B. In the same way, it can be shown that partial derivatives
of all orders are continuous on B. Since B can be any ball with B~ C (2,
partial derivatives of all orders of u are continuous on (2. Since

n azu

718—.’1312:001197

"9 9%u
g 9]
Z@xj&z 0 on

=1
for each j = 1,...,n. Using continuity of the third partial derivatives, the
order of differentiation can be interchanged to obtain

0% ou

—— =0 j=1,...,n.

0z? 0x; 7=

i=1
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Since Ou/0z; has continuous second partials on (2, 0u/0z; is harmonic on
2, as well as all higher-order partial derivatives. W

Theorem 1.5.7 (Picard) Ifu is harmonic on R™ and either bounded above
or bounded below, then u is a constant function.

Proof: Since —u is harmonic if w is harmonic, it can be assumed that u is
bounded below. Since the sum of a harmonic function and a constant function
is harmonic, it can be assumed that v > 0. Let x and y be distinct points,
and consider balls B, s and B, . with By D B; . By Theorem 1.4.4,

Und"u(x) = /BM u(z)dz < /B u(z) dz = vpe"u(y)

Y€

and u(z) < (¢/5)™u(y). Now let €,§ — +oo in such a way that €/6 — 1 to
obtain u(z) < u(y). But since 2 and y are arbitrary points, u(y) < u(z) and
u is a constant function. W

According to the Poisson integral formula, if a harmonic function is zero
on the boundary of a ball, then it is zero on the ball. This fact suggests the
following principle, known as the maximum principle.

Definition 1.5.8' A function u defined on an open connected set 2 obeys
the maximum principle if sup,c,u(x) is not attained on {2 unless u is
constant on {2; the minimum principle if inf,cou(z) is not attained on
{2 unless u is constant on (2.

Theorem 1.5.9 Ifu is continuous on the open connected set {2 and for each
x € §2 there is a 6, > 0 such that

1
u(r) = W /BBM u(y) do(y)
whenever § < 0, then u obeys the maximum and minimum principles.

Proof: Suppose u attains its maximum value at a point of 2 and let M =
{z € Qu(z) = sup,couly)} # 0. Since u is continuous, M is relatively
closed in (2. It will be shown now that M is open in (2. For x € M,

1
W/SBM u(y) do(y)

whenever § < §,. Consider any y € B, 5, and let 69 = |y — x| < ;. Since

u(x) =

1
u(z) = crnTg_l /rS‘Bw,ao u(z) do(y),

I This version of the maximum principle will be referred to later as the strong maxi-
mum principle.
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/ (ulz) — u(y)) do(y) = 0.
OB, 5,

Since x € M,u(z) —u > 0 on 9B, s, and therefore u(z) —u = 0 a.e. on
0By .5,- By continuity, uv = u(z) on 0B, s, and, in particular, u(y) = u(x).
This shows that y € M, that B, s, C M, and that M is both relatively closed
and open in 2. By the connectedness of 2, either M = () or M = 2. Since
the first case has been excluded, M = {2 so that u is constant on 2. H

Corollary 1.5.10 If u is harmonic on the open connected set §2, then u
satisfies both the maximum and minimum principles.

1.6 Gauss’ Averaging Principle

Among the many contributions of Gauss to potential theory, one of the best
known is the assertion that the gravitational potential at a point in space
due to a homogeneous spherical body is the same as if the entire mass were
concentrated at the center of the body. A classical version of this property
will be stated first.

Lemma 1.6.1 If B, s C R", then

(i) forn =2 andy € R?,

1 1 loglyflgt| if ly—z>9¢
— log —— do(z) =
26 Jop,, 1y =2l log % if ly—x| <6
(ii) forn >3 and y € R",

1 1 7|y—zl|"’2 Zf |y - l’| >0
S / — do(z) =
On 9B, |V — 2| " if |y—x| <6.

on—2

Proof: Only (i) will be proved, (ii) being the easier of the two. Fix € R? and
§ >0, and let u,(z) = —log|y — z|,z € R% Three cases will be considered
according as y € By 5,y € 0Bgs, or y ¢ B, 5. Suppose first that y & B, ;.
Then u,, is harmonic on a neighborhood of B, s and the result follows from
the mean value property. Consider now the case y € 0B, 5. For eachn > 1, let
yn = 2+ (1+ 1) (y—). Then [y, —z| = (1+1)[y—z| = (1+1)5, |y, — 2| < 30
for all z € 0B, s, and

log ———

[Yn — 2|

1
> log 35 2z € 0By 5.
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It follows that the sequence of functions on the left is lower bounded on 0B, 5.
By the preceding case and Fatou’s Lemma,

1 1 1
— log do(z) < liminf — / log do(z)
210 Jom, , |y — 2l n—oo 2710 Jop, ,  |Yn — 2
1
= liminf <log 7)
n—oo |yn - .’L‘|
1
=log —.
ly — x|
On the other hand, since |y, — z| > |y — 2| for z € 9B, 5,
log = lim log
e e
= lim — log do(z)
n—0o0 271—6 OBZ‘(; |yn - Z‘
1 1
< — log —— do(2),
210 Jop, , |y~ 2

and the assertion is true for y € 0B, . Lastly, suppose y € B, ;. Letting
ugz s denote the left side of the equation in (i) and applying Lemma 1.5.5 to
it twice, it is easily seen that u, s is harmonic on B, s. Letting v denote the
angle between the line segment joining x to y and z to z,

1 27 1
esly) = — [ 1 d

and it is easily seen that u, s is a function of r = |y — 2| only and, as in
Section 1.3, must be of the form «logr + 3. Since

1
T 20 Jop,, Cle— 2

e 5(2) do(z) = log <.
a=0and § =log(1/9); that is, uy s(y) =log(1/d),y € Bys. N

The preceding lemma can be interpreted as a statement about the average
value of log (1/|y — z|) or 1/|y — z|"~2 for a unit mass concentrated on the
point y. Arbitrary mass distributions will be considered now.

Some preliminary calculations will be carried out for the n =2 and n > 3
cases separately. If 41 is a measure on the Borel subsets of R? with compact
support Sy, let

1 1
Ut(y) = /log W=z du(z) = /S log =2l dp(z), ye R
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For a fixed y € R?log(1/|y — z|) is lower bounded on S, and the above
integral is defined as a real number or 4+-o00. Consider a fixed ball B, 5. Since
log (1/|y — z|) is lower bounded on 0B, s x S, Tonelli’s theorem (c.f. [18])
implies that

1

1 1
_ o - log ——
553 ), U = 5 /8 . /S 108 = du(2)do )

/S (% /BB 1ogﬁda(y)> du(z).

If p is a measure on the Borel subsets of R™,n > 3, with compact support

Sy, let
1
v [t |
() =2 1(2) s

The same argument implies that

1
— _du(2).
T u(z)

1 / 1 1
_ U“yday:/ 7/ ———do(y) | du(z).
p0n—1 9B, 5 (y) do(y) s, (O.nén—l 9B.s ly — 2|2 (y) | du(z)

Only the n = 2 case of the following theorem will be proved, the n > 3
case being essentially the same.

Theorem 1.6.2 (Gauss’ Averaging Principle [23]) Let p be a measure
on the Borel subsets of R"™ with compact support S, and let B=DB, ;. If
S, N B~=0, then the average of U" over OB is U*(x); if S, C B, the
average of U* over OB depends only upon the total mass of p and is equal
to u(S,)log (1/68) in the n =2 case and is equal to ju(S,)/6" 2 in the n >3
case.

Proof: (n = 2) From the above discussion,

1 1 1
— U“ydayz/ —/ log ——do(y) | du(z).
553 /., U0 00) S,L<m om0 ) a2

If S, € B7, it follows from Lemma 1.6.1 that

1 1
— UX(y)d = log = d
3 ),y U ot = [ tow g aute
= p(Su)log (1/9);
if S, N B~ =0, then log (1/|y — z|) is a harmonic function of y and
1 1
— U“yday:/log—d,uz:U“z
275 o, . (y) do(y) 5, ] (2) (x)

by the mean value property. W
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1.7 The Dirichlet Problem for a Ball

If 2 is a nonempty open subset of R™ with compact closure and f is a
real-valued function on 0f2, the Dirichlet problem is that of finding a
harmonic function u on {2 such that lim, ., yen u(y) = f(z) for all x € 012.
As was noted in Section 0.1, this limiting behavior of u at the boundary
of 2 implies that f is continuous on 0f2. Generally speaking, the Dirichlet
problem does not have a solution even when {2 is a ball.

Theorem 1.7.1 The solution of the Dirichlet problem for a nonempty, open
connected set 2 with compact closure and a continuous boundary function f
s unique if it exists.

Proof: Let u; and us be two solutions. Suppose there is a point z € {2 such
that wi(z) > u2(2). Then limy ., yenui(y) —u2(y)] = 0 for all z € 2. Let

UL — Us on {2
0 on 0f2.

Thus, w is harmonic on 2, continuous on {27, and zero on 9£2. Since w(z) > 0
and w is continuous on {27, w must attain a positive supremum at some point
of 2. By the maximum principle, Corollary 1.5.10, w must be constant on
2. Since w =0 on 92, w = 0 on 2, a contradiction. Therefore, u; < ug on
2. Interchanging u; and us,us < ui, and the two are equal. W

According to the Poisson integral formula, the value of a harmonic function
w at an interior point of a ball B is determined by values of © on 0B, assuming
that u has a continuous extension to dB. It is natural to ask if a function f on
OB determines a function u harmonic on B that has a continuous extension
to B~ agreeing with f on 0B. More generally, it might be asked if a measure
on the boundary of B determines a harmonic function on B.

Theorem 1.7.2 (Herglotz [29]) If 1 is a signed measure of bounded vari-
ation on the Borel subsets of 0B, ,, then
1 P’ —ly —af

u(x) = —

du(z r€eB
Onp o8, , |Z . LL"" ( )v Y.p

is harmonic on B, ,.

Proof: Using Lemma 1.5.5, it can be shown that u has continuous second
partials and that

1 2 ]2
Au(z) = /33 Amw d

Onp |Z_$|n

().

A tedious, but straightforward, differentiation shows that the integrand is
zero for x € B, ,. A
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Corollary 1.7.3 If f is a Borel measurable function on 0B, , and integrable
relative to surface area, then

2y — 22
ww) = [ B ) do)

onp
is harmonic on By ,.
Since the Poisson integral formula will be referred to repeatedly, let

PI(y: B)(z) = e M

onp Jop |z —x

dp(z),

where B = By, and p is a signed measure of bounded variation on 9B.
If B = B, ,, the dependence on the parameters y and p will be exhibited
by using the notation PI(x : y, p). If p is absolutely continuous relative to
surface area on 0B, then for each Borel set M € 0B

(M) = [ f(z)do(z)
M
for some integrable function f on dB. In this case, let PI(u : B) = PI(f : B).
This notation will also be used if the domain of f contains dB. Note that
PI(1: B) = 1, that PI(u : B) is linear in y, that PI(u : B) > 0 if p is a
measure, and that PI(f : B) > 0 if f is nonnegative.

According to Corollary 1.7.3, an integrable boundary function f deter-
mines a harmonic function u on a ball B. In what way is u related to f? For
example, is it true that lim, ., yepu(y) = f(x) for € IB? The following
three lemmas answer this question for a ball B = B ,.

Lemma 1.7.4 If f is Borel measurable on OB, integrable relative to surface
area on OB, u = PI(f : B) on B, and there is a constant k such that
f <k a.e(o) on a neighborhood of o € OB, then limsup, ., .cpu(z) <k.

Proof: It can be assumed that k > 0 for if not, replace f by f — k. Choose
€ > 0 such that f(z) < k a.e.(0) for z € By, . N OB. Denoting the indicator
function of By.c by gay,e, for x € B

u(z) = PI(gpy.ef : B) + PI((1 — guo.c)f : B).
Since f(z) < k a.e.(o) for z € By, N OB,
PI(gy,.f : B)(z) <PI(k:B)(x) = kPI(1: B)(x) = k.

Suppose ¥ € B, /2 and z € OB. Then [z — x| > ¢/2 when [z — 20| > € for
otherwise, |z — x| < |z — x| + |z — xo| < e. Thus,
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2y — 22
= r WP b do()

onp JuB,,.co8  (€/2)"
e

2
O’np(e/Q)n /33 |f(2)| da(z)

Since |y — x| — p as @ — zo, PI((1 — guo,e)f : B)(z) — 0 as ¢ — xo.
Therefore,

[PI((1 = guo,c)f : B)(2)|

IN

limsupu(z) < limsupPI(gs,.ef : B)(x)

r—Xo T—T0

+ limsup PI((1 — gpp,e)f : B)(z) < k. A

r—x0o

Lemma 1.7.5 If f is Borel measurable on OB, integrable relative to surface
area on OB, and uw =PI(f : B) on B, then for xy € OB

limsup w(z) < limsup f(z).
r—x0,rEB r—x0,EO0B
Proof: It can be assumed that the right side is finite for otherwise there is
nothing to prove. If k£ is any number greater than the right member of the
last inequality, then f(z) < k for all x € 9B in a neighborhood of zy. By the
preceding lemma,
limsup u(x) < k;
r—xo,xEB

but since k is any number greater than limsup, ., .cap f(7), the lemma is
proved. W

Lemma 1.7.6 If f is Borel measurable on OB, integrable relative to surface
area on OB, continuous at xg € OB, and uw =PI(f : B) on B, then

lim  u(z) = f(xo).

r—xo,xEB

Proof: By the preceding lemma, limsup, ., ,cpu(z) < f(zo). Since
PI(—f:B) = —PI(f : B),

limsup —u(x) = limsup PI(—f: B) < —f(xzg),

r—x0,EB r—xo,tEB

or liminf, ., zepu(x) > f(xo) and the result follows. M

Theorem 1.7.7 (Schwarz [56]) The Dirichlet problem is uniquely solvable
for a ball B and a continuous boundary function f. The solution is given by
PI(f: B).

Proof: Uniqueness was proven in Theorem 1.7.1. W
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Remark 1.7.8 Put another way, if f € CY(0B), then u = PI(f : B) is
harmonic on B, has a continuous extension to B~, and agrees with f on dB.

According to Theorem 1.4.3, if u is harmonic on a neighborhood of a ball,
then u has the mean value property. This property characterizes harmonic
functions.

Theorem 1.7.9 A function u on the open set 2 C R™ is harmonic if and
only if u € CY(£2) and

u(z) = % /BBM u(z)do(z)

for every ball By 5 C B 5 C (2.

Proof: The necessity follows from the continuity of harmonic functions and
Theorem 1.4.3. Consider a function v € C°({2) that satisfies the above
equation for every By s C B, 5 C {2. Fix such a ball. By Lemma 1.7.6,
there is a function v € C°(27) that agrees with u on B, s and is harmonic
on B, s. The difference u — v is then zero on 0B, s, and since it satisfies the
hypothesis of Theorem 1.5.9, u— v satisfies both the maximum and minimum
principles on B, s. It follows that w = v on B, s and u is harmonic on B, 5.
Since B, s is an arbitrary ball with B;(; C {2, u is harmonic on 2. W

It is not necessary that the equation of the preceding theorem hold for
every ball B, s C B:;é C 1.

Corollary 1.7.10 A function u on the open set 2 C R™ is harmonic if and
only if u € CY(£2) and for each x € (2, there is a 6, > 0 such that

1

u(@) = ——

/ u(z)do(z) (1.10)
OB,.s

for all 0 < 0 < d,, in which case

1 1
707157171 /BBM u(z)do(z) = "o -

whenever B;(; C 1.

u(z) = u(z)dz

Proof: The necessity follows from the preceding theorem. Suppose u € C°(2)
and for each x € 2, there is a 0, > 0 such that Equation (1.10) holds for
al0 < d < d,. If B=DB,, C B, C 2, then ulpp is continuous and the

function ( ')
~ JPI(u:z,p)(y), y € B,
vly) = {u(y)7 y € 0B,

is continuous on B~ by Lemma 1.7.6. By definition, v — v = 0 on dB. Since
v is harmonic on B, for each y € B
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1
Unén—l

u(y) — v(y) = /8 () = o(e)) dot2)

for all sufficiently small § > 0. By Theorem 1.5.9, u — v satisfies the minimum
and maximum principles on B. If u — v attains its maximum at some point
of B, then it must be constant and therefore u — v = 0 on B; if u — v does
not attain its maximum at a point of B, then v —v < 0 on B. In either case,
u < v on B. Since u — v also satisfies the minimum principle on B, u = v on
B and u is harmonic on B. Since B is arbitrary, w is harmonic on 2. Lastly,
since v,n = o,

1

1 n—1
W 5., U(Z) dZ— m/o /|0|_1 U($+p9)p dedp

o
§
' 1 )
_ o / _/ w(z + pB)dd | p" dp
vno™ Jo On J|g|=1

&
= / u(z)p" "t dp
0

V0™
= u(xz). W

It is possible to relax the requirement of continuity in the preceding
theorem at the expense of replacing surface averages by solid ball aver-
ages. In the proof of the following theorem, the symmetric difference of
two sets A and B is denoted by AAB and is defined by the equation
AAB=(A~B)U(B~A).

Lemma 1.7.11 If u is locally integrable on the open connected set {2 and

1
d
o /Bé u(y) dy

whenever B, 5 C (2, then u is continuous and obeys the mazimum and min-
imum principles on §2.

u(z) =

Proof: Note first that u is real-valued. It will be shown now that the hy-
potheses imply that u is continuous on 2. To see this, consider any x € (2
and any 6 > 0 such that B_ .5 C 2. For any y € B, s, By s C B, ,5. Since

B, sAB,s C B, 55 and u is integrable on B_ 5,

1
/ |u(z)| dz — 0
V"(Sn Bm’(SAByy(s

as y — x by the absolute continuity of the Lebesgue integral, which proves
that u is continuous at z. Suppose there is a point xg € {2 such that u(zg) =
infpu. Letting X = {y;u(y) = infpou}, X is a relatively closed subset of {2
by continuity of w. For any y € X' and 0 > 0 with B, 5 C {2,

lu(z) = u(y)] <
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1

V0™

| ) -t dz=o
By s

Since y € X, u —u(y) > 0 on By s and it follows that v — u(y) = 0 a.e. in
By s; thus, u = u(y) on By,s by continuity of w. This shows that B, s C X
and that X is an open subset of 2. By the connectedness of 2,5 = () or
X = . 1f X = (2, then w is constant on §2; otherwise, u does not attain its
minimum at an interior point of (2. Since —u satisfies the same hypotheses,
u satisfies the maximum principle on 2. W

Theorem 1.7.12 The function u is harmonic on the open set §2 if and only
if w is locally integrable on {2 and

uw) === [ )y

V0"
whenever B s C (2.

Proof: The necessity follows from the continuity of harmonic functions and
Theorem 1.7.9. As to the sufficiency, let v be locally integrable on (2 and
satisfy the above equation. Since it suffices to prove that u is harmonic on
each component of (2, it will be assumed that (2 is connected. Let B = B, ,
be any ball with B~ C (2. It was shown in the preceding proof that u is
continuous on 2. Consider the harmonic function h = PI(ulop : y,p). By
Lemma 1.7.6, lim, ., e p(u(z)—h(z)) = 0 for all x € dB. Since u— h satisfies
both the minimum and maximum principles on B by Lemma 1.7.11, u = h
on B and u is harmonic on B. Since B is an arbitrary ball with B~ C 2, u
is harmonic on 2. W

The requirement in the preceding theorem that u satisfy a global solid ball
averaging condition cannot be relaxed. This can be seen by examining the
function u on R? defined by

-1 ifz <0
u(z,y) =40 ifx=0
1 if x> 0.

This function is locally integrable and satisfies a local solid ball averaging
principle but is not harmonic.

If uy, ..., up are harmonic functions on the open set 2 and a, ..., o, are
real numbers, then it is clear from the original definition of harmonic function
that w = >_7_| a;u; is harmonic on 2. The following theorem extends this
result to integrals.

Theorem 1.7.13 Let U and V be open subsets of R™, let p be a measure on

U, and let H be a nonnegative function on U x V. If (i) for eachy € V, H(-,y)

is continuous on U, (i) for each x € U, H(x,-) is harmonic on V', and (iii)
fU (z,y)du(x) < oo for each y € V, then h is harmonic on V.
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Proof: By hypothesis, H(x,y) is continuous in each variable separately. This
implies that H (z,y) is jointly measurable on U x V. To see this, for each k > 1
let

;%Sm_Jﬁﬂi_
where each j; € Z, the set of integers. Define a map ¢ : U — V by letting
¥y (x) be any fixed point of VNI (j1,. .., jn) whenever x € VNI, (j1,. .., Jn)-
Note that limg_.o 5 (z) = x for all z € U and that limy_.oo H (Y (2),y) =
H(z,y) for each x € U and y € V. Since each function H (¢;(z),y) is jointly
measurable on U x V, H(z,y) is also. Therefore, H(x,y) is a nonnegative
jointly measurable function to which Tonelli’s theorem can be applied. Sup-
pose 3;5 C V. Then

[k(j1a~~~ajn) = {(mla"'axn)

A(h,y.0) = A (/U H(z, ) du(z) : y,5>

ZAHWMWW
= h(y) < +o0.

This shows that h is locally integrable and satisfies the hypotheses of Theo-
rem 1.7.12. Thus, h is harmonic on V. W

It would appear from Theorem 1.7.2 that the class of functions harmonic
on a ball is much more extensive than the class obtained by solving the
Dirichlet problem for a Borel measurable boundary function. For example,
consider a point zg € 9By, , and a unit measure ; concentrated on zy. Then
for0< A <1

1 p? — |Azol?
u(Az) = PI(p : B)(Az0) = op /BB V_TO(]L dp(z)
n 0,p

1 1— )2 n
= 5 1
O-npn—l (1 _ )\)n
as A — 1—; that is, PI(u : B)(z) — 400 as x approaches zg along a radial
line. On the other hand, if the measure u is concentrated on some point z;
other than zg, then

L p*(1=M)
Azg) =PI(p: B)(A\zp) = —+7——F—=
u(hz0) = PI(u: B)(xz0) = - £
as A — 1—. The function u is not determined by the boundary func-

tion f that is 400 at zp and is 0 at all other points of 9By, since
f=0ae. (o) and PI(f: B) =0 on B.
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Lemma 1.7.14 (Herglotz [29]) If u is harmonic on B = By , and

1

O-n(Sn—l

/ lu|do <k < 400 for all 6 < p,
dB,.s

then there is a signed measure i of bounded wvariation on OB such that
u=PI(u:B) on B.

Proof: If § < pand z € B, 5, then

R T B il k| O
u(z) = /E)By,5 () do(z).

ono |z — x|”

If M is a Borel subset of B," , and ¢ < p, define

psO) = [ ue)doa)
MﬂaByyg
Then ps is concentrated on 0B, 5 and

[l 25| :/ |u(2)|do(z) < ko, 0"t < kanpnfl

Y,

for all § < p. Let {d;} be a sequence of positive numbers such that J; T p. By
Theorem 0.2.5, there is a subsequence of the sequence {y;,} that converges
to a signed measure p in the w*-topology with ||u|| < ko, p"~!. It can be
assumed that the sequence {5, } converges to i in the w*-topology. Since the
signed measure pgs; is concentrated on 0By 5, and d; T p, pu is concentrated
on 9B, ,. Consider any * € B. By dropping a finite number of terms, if
necessary, it can be assumed that |y — x| < J; < p for all j > 1. Then

52— |y — ap
wey = [ A )
9B,.s,

ond; |z — x|”

Since the signed measures j5, are concentrated on the spherical shell {z;0; <
|z — x| < p} and the sequence of integrands in the last equation converges
uniformly to (p? — |y — z|?)/|z — x|™ on this shell, by Corollary 0.2.6,

1 p* =y — =

u(x) = — du(z). 1
onp JoB,,, |z — x|
Theorem 1.7.15 (Herglotz) The harmonic function w on B = B, , is a
difference of two nonnegative harmonic functions if and only if there is a
signed measure p of bounded variation on OB such that u =PI(u: B).

Proof: Suppose u = u; — us, where u; and us are nonnegative harmonic
functions on B. If 0 < § < p, then
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1 / 1 1
—_— lu| do < ——— / lui|do + ——— / |us| do
0'7,,6” 1 9B, 5 O-n(Sn 1 9B, 5 Unén 1 9B

y,8
= u1(y) +ua2(y) < +oo

and the necessity follows from Lemma 1.7.14. If u = PI(u : B), where u is
a signed measure of bounded variation on B, then p = u™ — p~, where u*
and p~ are finite measures on 9B, and so u = PI(u" : B)—PI(u~ : B). The
sufficiency follows from Theorem 1.7.2. W

1.8 Kelvin Transformation

Consider a ball B, , C R". The transformation x — z* defined by

2
. P
gt =y+ ——7(r—y), T #y, (1.11)
ly — 2

was used in the derivation of the Poisson integral formula and is called the
Kelvin transformation or inversion with respect to 0B, ,. The point z*,
lying on the radial line joining y to z, is called the inverse of x relative to
0B, ,. Aside from the derivation of the integral formula, the Kelvin transfor-
mation is useful for solving other problems.

The following symmetry property of the Kelvin transformation will be
used later in the chapter. If z,y € B, then
[z —zllz" —yl = |y — 2|lx — 7. (1.12)

This equation will be derived assuming that z = 0. Let v denote the angle
between the line segments joining 0 to # and 0 to y. Since z* = (p?/|z|*)z

and y* = (p*/|y|*)y,

4
"
|$* _y|2 ‘ |2 +‘y|2—2—|y|COS’Y

||
lyl? ( 2

=3 + |z —2—|x|cosv
=2 \ [yl [l

* ‘2

Thus, |2/|2* — y| = lylly* — al.

As with any other transformation, the effect of the transformation on
various geometric regions can be examined. Note first that the transformation
maps planes or spheres into planes or spheres, but not necessarily respectively.
The calculations will be much simpler if it is assumed that y = 0, in which case
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2 2

- P %
Tz = W.’L‘ and T = |$*|2m

Starting with the general equation of a plane or sphere in R™

azn:xg + anb7$7 +c=0,
i—1 i1

and making the substitution z; = (p?/|z*|?)x}, the equation

n n
ap* + p? Zbixf +ch;‘2 =0
i=1 i=1

is obtained, which is again the general equation of a plane or sphere. It is
easily seen that a plane outside the sphere 0By , will map into a sphere inside
the sphere 0By, which passes through the origin, and conversely, a sphere
inside the sphere 0By ,, which passes through the origin, will map onto a
plane outside the sphere 0By, ,.

The effect of the Kelvin transformation on functions will also be examined.
Let §2 be an open subset of R" ~ {y} and let £2* be the image of {2 under
the map x — x*. If f* is a function on (2%, the equation

n—2 2

f@) =B+ e —y),

where r = |r — y| and "2 = 1 if n = 2, defines a function on 2. The

mapping f* — f defined in this way will be called the Kelvin operator.

Theorem 1.8.1 The Kelvin operator preserves positivity and harmonicity.

Proof: That positivity is preserved is obvious from the definition. The proof
that f is harmonic on {2 whenever f* is harmonic on 2* is accomplished by
computing the Laplacian A, of

n—2 2

et MORACEN)E

rn72

the computation is straightforward but tedious. H

1.9 Poisson Integral for Half-space

It was shown in the preceding section that a nonnegative harmonic function
u on a ball can be represented as the Poisson integral of a measure on the
boundary of the ball. A similar result holds for half-spaces. Throughout this
section 2 will be the half-space {(z1,...,2n); 2z, > 0}.
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Theorem 1.9.1 If u is a nonnegative harmonic function on the open half-
space 2 = {(x1,...,2,); T, > 0}, then there is a nonnegative constant ¢ and
a Borel measure p on 082 such that

2z, 1
u(z) = cxy + = / —— du(z) for all x € £2.
on Joo |z — "

Proof: Consider an inversion relative to 9B, 1 where y = (0,...,0,—1). The
image of 2 under this map is the open ball 2* = {z*;|z* — x| < 1/2} where
x5 =(0,...,0, —%) Let u* be the image of u under the inversion. Then u* is
a nonnegative, harmonic function on the ball 2*. By Theorem 1.7.15, there
is a Borel measure p* on 0£2* such that

) 1 _ ¥ — ok 2
ut(x*) = —/ 1 let — @ dp* (=) for all z* € 2%,
on Jogr |zF —a¥|?

Let ¢ = (2/0,)u*({y}) > 0 and let p} = p*[90+«~qy}- Then

1 * *|2 1 * *|2
i A 2 T |-
u*(z") = ct |y| x*|n0| + o s = $*nO| dui (27).
- n Jog* -

Letting 6 denote the angle between the line segment joining z* to y and the

Tp-axis,
1
7= lo" =25 = —Ja" — yl? + |o” — y] cos

by the law of cosines. Since |2* — y||z — y| = 1 by definition of z*,

* * 1
= —|r* -z = m(—l—&- |z — y|cosb).

Since |z — y| cosf = x,, + 1, where x,, is the nth component of z,

1
1l il =

4 lz —y[*

Letting ¢ be the angle between the line segment joining z* to y, where z € 042,
and the line segment joining x* to y,

2" =2 = 2" = y[P + o —y|* = 2]z —y[la" —y|cos¢
_ 1 n 1 - 2 cos ¢
lz=yl  le—yl* |z—yllo—y
1

2 2
=7z —y|"+ |2 —y|” = 2|2 —y||lx — y|cos ¢
o v I =20z il — ylcoso)

B |z — x|
|z — ||z — y[?
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Therefore,

2x z—yl™
w @) = el =yl 4 22—yt Lk T PTRS
g 80+

n z —x|”
or
1 * (I - y) 2‘T’ﬂ |Z - y|n * (%
P <y+|x—y|2 Ot T o T —an HE)

Note that the left side of this equation is just u(z). Denoting the map z* — z
by T, the measure pj on 2% induces a measure pu1 on 952 by p; = uiT=1.
Defining u(E) = [, |z —y|" du1(z) for any Borel set E, the last equation can
be written

- 29”—"/ 1 ). = (1.13)

u(x) = cxy, + on Joo =l w(2). )

Note: There is no reason to believe that the measure in the last equation is
finite.

The right side of Equation (1.13) will be denoted by PI(c, i, £2)(x) and is
called the Poisson integral of the pair (¢, 1) for the half-space 2. The number
c can be any real number and p any signed measure. As before, if p is the
indefinite integral of a measurable function f on 0f2 relative to Lebesgue
measure, let PI(c, f, 2) = PI(c, p, §2); that is,

PI(c, f,2)(x) = caon + 220 [ LG

(1.14)
on Joo |z — x|

where © = (z1,...,x,) with z, > 0.
A partial converse of the preceding theorem for the half-space {2 will be
taken up now. It will be shown first that

1
/ — dr< 400 (1.15)
a0 |z — x|

whenever n > 2 and x € (2. To see this, let T be the projection of z =
(x1,...,7,) onto O and let 2z € 912. Then |z — x|? = 22 + |z — 7|, and

/ %dzg/ Lndz—i—/ ;_ndz.
o0 |2 — | aQn{|z—z|<1} Tn ann{|z—z|>1} |z — 7|

Since the first integral on the right is finite, only the second need be consid-
ered. Transforming to spherical coordinates in the (n — 1)-dimensional space
012 relative to the pole T,

/ — / / "2 d0dr = 0,1 < +00.
22 {|z—7|>1} |Z—x| oj=1 "
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It will be shown now that PI(0,1,(2) = 1 on {2. By Equation (1.15),

PI(0,1,2)(z) = Qﬂ/a !

on Jog |z —x|?

is finite for each = € 2. Equation (1.15) can also be used to show that
PI(0, 1, £2) is harmonic on 2. The argument is straightforward, but tedious,
and involves justification of differentiation under the integral. Note that the
above integral, as a function of x, is unaffected by adding to = a vector in 9f2.
Such an operation is a translation of z in a direction normal to the x,-axis.
In other words, [, |z — /™™ dz is a function of x,, only. Let

_ 2xm,

g() = PI(0,1, Q)(x) = /8

On

1
dz x, > 0.
olz—an

Since g is harmonic on 2, d?g/x2 = 0 and g(x,) = ax, + b. It will be shown
now that a = 0. Since

2x, 1
W= =
glen) = /ao (2P +a2) 2

_3/ 1 (=
 on Joa (Iz/zal? + )72 7 \ 2y

2 / 1 d
= — _—_— Z’
on Joq (|27 +1)"/2

g(xy) is a constant function and a = 0. By transforming to spherical co-
ordinates relative to the origin in 0f2, using the formula for the o, in
Equation (0.1), and using standard integration techniques,

2 1
b=g¢g(l) = — — d
9=z /a 2+ e

) +oo rn72
= — ————do(0)dr
on Jo /|9|—1 (r2 +1)7/2 (0)

20'7171 /+OO ,,,77.72
= ———=dr
0w Jo iR

=1.

Therefore, g(x,) =1 for all z,, > 0; that is,

%, 1
PI(0,1,02) = i/ o dz=1 for all z € 0. (1.16)
On an |1k —x|”

The relationship of the harmonic function determined by a boundary func-
tion to the boundary function itself will be considered now.
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Theorem 1.9.2 If f is a bounded measurable function on 02 and c is any
real number, then u = PI(c, f, 2) is harmonic on 2. If [ is continuous at
20 € 092, then lim,_, ., u(z) = f(z0); moreover, lim,,, _, oo u(x)/z, = c.

Proof: The latter statement will be proved first. It follows from
Equation (1.16) that

2 1
lim —/ ——dz=0.
wn—to0 0y Joo |2 — x|
Returning to Equation (1.14) and using the fact that f is bounded,

lim M:ch lim l/ MdZ:C.
Tn—+00 Ly Tn—too oy Joo |2 — x|?

Suppose now that f is continuous at zy € 02 and that |f(z)] < M on 0f2.
To show that lim,_,,, u(z) = f(z0), it suffices to prove as in Lemma 1.7.4
that f(z) <k in a neighborhood of zy implies that limsup, ., u(z) <k for
all z, where k > 0. Suppose f(z) < k for all z € 902N B,, .. Since the term
cx, in Equation (1.14) has the limit zero as © — zp, it suffices to consider
just the integral term. The integral will be written as a sum of two integrals
by splitting the boundary 9f2 into the two regions 92 N {|z — 2| < €} and
02N {]z — 29| > €}. Since f(z) <k on d2N{|z — 2| < €},

220 SE G < kpr0,1,92) = k.

On Jonn{|z—zo|<e} |Z - J?|

Letting T denote the projection of x onto 02,

237n/ f(z)ndzg 2Mxn/ 1_nd2
on Joon{z—z|>e} |7 — on  Joon{z—znze 12 — T

Note that for z € 02 ~ B, . and © € B, (/2,|2 — | > ¢/2. Using spherical
coordinates relative to T, for z € B, /2

1 1
0N |z—z0|>¢€} |z — 7| a2N{|z— 5\>e/2} |z — 7|

/ / =2 dr df
|6]=1

20n 1
€
Therefore,
z 4Mx,04,—
lim sup/ L)n dz < limsup 2Pl ),
T—20 oRN{|z—z0|>¢€} |Z - I| T—20 On€
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Hence,

limsupu(z) < k + lim sup/ &) dz<k. N
o

T—20 z—20 2n{|z—z>¢} |z —z|"

The last theorem illustrates the difficulty with uniqueness of the Dirichlet
problem for unbounded regions. The solution for a bounded function on the
boundary of a half-space is not unique since the choice of ¢ in PI(c, f, £2) is
arbitrary.

In some cases, a harmonic function can be extended harmonically across
the boundary of a region. This will be shown to be the case when the region
is a half-space under appropriate conditions. If y = (y1,...,yn) € R",y"
will denote the reflection of y across the x,, = 0 hyperplane; that is, y" =
(Y1, -y Yn—1, —Yn). If A C R™, A" will denote the set {y";y € A}.

Lemma 1.9.3 Let 2 = {(x1,...,2,) € R"; 2, > 0}, let I" be a compact
subset of 2, and let u be a function on 2~ that is continuous on 2~ ~ I,

harmonic on 2 ~ I', and equal to 0 on OS2. Then the function @ defined on
R" ~(I"'UTIT™) by

u(x) if ve2~T
u(x) = 0 if ©xe€df2
—u(z") if ze(2~1)

is harmonic on R™ ~ (I"UTT).

Proof: Since the function @ is clearly continuous on R"™ ~ (I"UI™"), the
result follows from Corollary 1.7.10. W

This lemma will be used to prove a less trivial result. In the course of doing
so, the fact that the Kelvin transformation is idempotent will be used; that
is, if f is a real-valued function on an open set {2, not containing the reference
point of the inversion on which the transformation is based, then the Kelvin
transform of f* on £2* is just f on (2. This property follows immediately from
the definition of the transformation.

Theorem 1.9.4 Let 0 < 6 < p. If u is continuous on By , ~ B_ s, harmonic
on By, ~ B s, and equal to 0 on OB, ,, then there is an € > 0 such that u
has a harmonic extension to By ,1c ~ B_ ;.

Proof: Let y be any point of 9B, , and consider an inversion relative to
0B, 2,. Under this inversion, the ball B, , maps onto a half-space {2, which
can be taken to be {(x1,...,2,}; 2, > 0} by choice of coordinates, with the
hyperplane 0f2 externally tangent to B, ,, B = B, s maps onto a ball B*
with closure B*~ C {2, and B, , ~ B, s maps onto 2 ~ B*7. The Kelvin

transform «* of u is continuous on {2~ ~ B* harmonic on {2 ~ B*", and
equal to 0 on 0f2. Now restrict u* to 2= ~ B~. By the preceding lemma,
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u* has a harmonic extension to R™ ~ (B*~ U (B*7)"), where (B*7)" is the
reflection of B*~ across df2. By simple geometry, it can be seen that a suf-
ficiently small € > 0 can be chosen so that B, i ~ B, 5 maps under the

inversion onto a neighborhood of 92 which also contains {2 ~ B*~. Restrict-
ing u* to this neighborhood, v* will be harmonic thereon and its transform

will be harmonic on B ,+c ~ B, ,, thereby extending v harmonically across
0B;,.

x,p?

1.10 Neumann Problem for a Disk

Consider a nonempty open set {2 C R™ having compact closure and a smooth
boundary. Given a real-valued function g on 92, the Neumann problem is
that of finding a harmonic function u on {2 such that Dyu(z) = g(x),x € 912.
There is an obvious difficulty with uniqueness of the solution if u satisfies
the above conditions and c¢ is any constant, then u + ¢ satisfies the same
conditions. Also, not every function g can serve as a boundary function for
the Neumann problem. If u € C?(£27) solves the Neumann problem for the
boundary function g, then by taking v =1 in Green’s Identity

0= Dhu(z)do(z) = / g(z)do(2);
an an

and it follows that a necessary condition for the solvability of the Neumann

problem is that the latter integral be zero.

Before getting into the details, the meaning of the statement Dyu(z) =
g(z),z € 912, should be clarified since the solution u of the Neumann problem
may be defined only on (2. If n(z) is the outer normal to 912 at z, by definition
Dyu(x) = limy_1— Dypyu(tz), where Dy(,yu denotes the derivative of u in
the direction n(x).

The Poisson integral solved the Dirichlet problem for a disk of any dimen-
sion n > 2. An analogous integral for the Neumann problem is not available
for all n > 2. The n = 2 case will be considered in this section and the n > 3
case in the next section.

Consider the n = 2 case, using polar coordinates (r,6) rather than rect-
angular coordinates. Let g be a real-valued function on the boundary of the
disk B = B, , which satisfies the condition

/Qﬂg(p, 0)do = 0. (1.17)
0

Fourier series will be used to construct a harmonic function w on B satisfying
the Neumann condition Dyu = g on 0B. The use of Fourier series will not
only provide a method of approximating the solution, but will also lead to
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an integral representation analogous to the Poisson integral. Suppose the
function g(p, 8) has the Fourier series expansion

_aw -
g9(p,0) = 5 +;(an cosnb + by, sinnd), (1.18)
where

1 2m

an:—/ g(p,0)cosnbddd n >0
T Jo
1 2m

by, = —/ g(p,0)sinnfdd n>1.
T Jo

By Equation (1.17), o
aoz—/ g(p,0)do = 0.
T Jo

Noting that the functions r" cosnf, 7" sinnf,n > 0, are harmonic on R? (as
the real and imaginary parts of 2™), it is conceivable that

u(r,0) = up + Z(anr” cosnf + [3,r" sinnb)
n=1
is a harmonic function. Since Dyu = du/0r for a disk,
Dynu(p,0) = Z(nanpnflcosnﬂ +nBpp" ! sinnf),

n=1

formally at least. Choosing the «,, and 3, so that

n bn

5n: =

Qay = n>1,

npn—l npn—l’

it would appear that the Neumann condition Dyu = g on 0B, , is satisfied.
Substituting these values of a,, and (3, in the definition of wu(r, ),

u(r, 0) :wﬁ—;#(an cosnf + by, sinnf). (1.19)

Since

1 27
an cosnb + by, sinnh = — / cosngcosnb g(p, ) de
0

s
m

27
4 l / sin neg sin nf Q(P7 Cb) d¢
0

™

21
_1 / cosn(p — 0)g(p, ¢) do,
0
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u(r, 6)

27
—uO+—ann ; / (@70 1 == g(p, ) dp

2 o i(p—0) > —i(¢p—0)\ "
p 1 [re 1 [re
= —_— — — - d
u°+27r/o <n2_1n< p ) +Z_ n< p ) )gmd)) i

n=1

for 0 <r < p,0 <60 < 27. Using the fact that log (1 —¢) = =Y >~ t"/n for
it <1,

- p 2m p2
u(r,6) = o + 27 /0 log <p2 — 2prcos (¢ — 0) +T2)g(p,¢) 4.

The p? in the numerator can be dropped because of Equation (1.17) resulting
in Dini’s formula

2
u(r,0) = up — % /0 log (p? + 1% — 2prcos(¢ — 0))g(p, ¢) do. (1.20)

Having found a formula for a solution to the Neumann problem for a
disk, the Fourier series method could be dispensed and the formula examined
independently of its origin. But in light of the fact that the Fourier series
method also provides approximate solutions, the method will be retained for
the next theorem.

Theorem 1 10.1 If g(p, ) is continuous and of bounded variation on [0, 2]
and faB (2)do(z) = 0, then the function

27
u(r,0) = ug — % /0 log (p* + 17 — 2pr cos (8 — ¢))g(p, ) d¢

belongs to C°(B, ,) N C*(By,,) and solves the Neumann problem for the
boundary function g.

Proof: Under the conditions on g, the Dirichlet-Jordan test (c.f. [65]) implies
that the Fourier series representation [Equation (1.18)] of g(p, #) is valid for
each 0 € [0, 27x]. Define u(r, ) for 0 < r < p as in Equation (1.19). Applying
Theorem 0.2.2 twice to the series in (1.19) via the Weierstrass M-test, it is
easy to show that u(r, @) is harmonic on B, ,. Since the Fourier coefficients
an and b, of g are O(+) (c.f. [65] J)and r < p, the series defining u(r,6) in
Equation (1.19) converges uniformly on B, ,, and therefore u € Cc'(B
Theorem 0.2.2 can be applied again to show that

=)

n=1

yp)

n—1

<

(an, cosnb + by, sinnb).

b
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By Abel’s limit theorem (c.f. [1]),

lim Dyu(r,0) =g(r,0), 0<6<27. W

r—p—

The requirement that g be of bounded variation on 9B, , in the preceding
theorem is unnecessary for the conclusion.

Theorem 1.10.2 If g is continuous on 0B, , and faBypg(z) do(z) = 0,
then the function u defined by '

u@) =wo— o | (logle—2)g(z)do(2) @€ By,

solves the Neumann problem for the boundary function g.

Proof: By Equation (1.20) and Lemma 1.5.5,

2m
_ P —2r +2pcos (¢ — 0)
Ur(T,G)—%/O P2+7’2—2prcos(¢—0)g<p’¢)d¢
2m 2 2 o
—L p—r _L
27 Jy p2+T2_Qprcos(qﬁ_e)g(p@)m 27rr/0 9(p, ) d¢

p
By Lemma 1.7.6

Dpu(p,0) = lim u,.(r,0) = g(p,0). A

r—p—

Converting Equation (1.20) to rectangular coordinates,

1 1
u(z) = up + =— log ——g(2)do(z), x € By,.
27 Jos,, |z — x|? vp

Putting x = y, the log factor becomes a constant and it is clear that the
constant ug is the value of the solution at the center of the disk.

Remark 1.10.3 Integral representations of solutions to the Neumann

problem for half-spaces, quadrants, circular annuli, etc., can be found in
[15, 44].

1.11 Neumann Problem for the Ball

In constructing the Green function G p(z, z) and the Poisson integral formula
for a ball B = B, C R", the representation
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1 1 1
= — —  Dyu—uDy——— ) d
u() an<n—2>/aB(|z—x|n2 wou |z—x|n2> o(2)

of a harmonic function was modified by adding an appropriate harmonic
function v, to 1/]z —z|" 2 in order to eliminate the integral of the first term.
It might be possible to eliminate the integral of the the second term by adding
a harmonic function v, to 1/|z —x|"~2 so that its normal derivative vanishes
on 0B. This goal is not quite achievable, but the procedure can be used to
produce a constant normal derivative. The resulting function Kp(z, z) should
also be a harmonic function of z for each z € 9B. The procedure will produce
the following representation of a harmonic function u in terms of its boundary
normal derivative Dynu:

1

on(n—2) Jog

u(z) = Kpg(x,2z)Dyu(z)do(z) + c/ u(z)do(z), x€ B.
aB
(1.21)
Finding an explicit function v, accomplishing the above can be done only in
the n = 3 case. In this case, a function Kp(z,z) and a constant ¢ will be

exhibited such that

A Kp(r,2) =0  for each z € OB (1.22)
Dy Kp(w,2) =c  foreach x € B™,z € OB,z # z, (1.23)

where Dy,(.y denotes the outer unit normal derivative at z € 9 B. Before read-
ing on, the reader should verify that the function log (+w + vu? + v2 4+ w?),
in the usual calculus notation, is harmonic on its domain.

In order to simplify the notation, it will be assumed that the ball B is
centered at the origin; the general case will then follow by a translation. Re-
turning to the discussion at the beginning of this section, a solution K g(z, z)
of Equations (1.22) and (1.23) of the form

1
Kp(z,2) = Tnr + k(z, 2),

will be constructed where r = |z — z|. This will be done for a special case first.

Consider a fixed point zo = (0,0,¢),0 < t < p, and the inverse zj, =
(0,0, p%/t) of z relative to OBy ,. The procedure used in deriving the Poisson
integral formula will be mimicked by choosing k(z¢,z) to be a multiple of
1/4mry where r; = |z — z|. Rather than leaving the multiplier undetermined,
for the sake of brevity it will be incorporated here by taking

1

k(xo,2) = pr—

+ 1D

Letting z = (u,v,w) and r = |z¢ — z|,
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1 1
ORI EE
WAFY:] [zo —z|) plag

_1 u v w—1
=) o)

OB
_tw— p2
pr o
Replacing xo by zj,
1 t*w — p?
SOIRE=CR
1/ loB Py laB

where t* = p?/t. By Equation (1.12), try = pr on OB and

b (L) - 8w

3 3

oB P pr 9B
tPw—t
IR
and so 5 )
1 1 2tw — p~ —t
Dn (_ + £_> = 7p3 .
r try OB pr OB

Since 72 = |9 — 2|2 = u? + v + (t —w)? = p? — 2tw + 2 on IB,

1 p 1
Dol —+ =
(47rr + t 47‘(7”1)

The addition of p/4wtry to 1/4wpr does not result in a function Kp(zg, z)
satisfying Equation (1.23). Fortunately, there is another function, namely

B 1

9B ~ dmpr

OB

1
Wz, 2) = —mlog (" —w+ry),

which when added to k(zo, z) will come closer to satisfying Equation (1.23).
The gradient of h(xg, 2) is given by

1
Ampri(t —w + 1)

Viyh(zo,2) = (u,v,—1r1 +w —t*).

Thus,

Duh(z0,2)|55 = V(z)h(xo,z) . Z|8B
1 (= (w—t")) +w(-r +w—t)
47 p? ri(t* —w+rq) 0B
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- 1 T — t*
CAmp? o pp
1 t*
= —— 1 —_ —
47 p? ™) lon
o 1
o dmpr Amp? |,
Therefore,
1 p 1 1 1
Da—+2 2~ 1og(t* - -
<47r7° * tdrry  A4wp o8 ( W 7’1)) 9B 47 p?

a constant. Adding —(1/4mp?)logt to the function just constructed,

1 p 1 1 1 1
Do — 42 " log(tt - " logt)| =
(47rr + tdrry  Adwp o8 ( w) dmp 8 ) 0B 4 p?
Define
1 51 1 1
K T B " logt.
5(70, ) 4y + tdmry  Amp o8 ( w) dmp o8

Recall that the above discussion pertains to the special case 2o = (0,0,t),0 <
t < p. Consider now a fixed point © = (z1,22,23) € B~. Letting s =
Va?+ 23 and t = |z, the point g = (0,0,¢) will be mapped onto the
point « = (x1,x2,23) by means of the orthogonal transformation

Z2 ZT1T3 X1

s st t

A= | —ZL ZaZ3 Ta
s st t

_ 5 Z3

0 t ot

Letting y = Az for z € B™,r = |vg— 2| = |z —y|, and r1 = |z — 2| = |2* —y]
since an orthogonal transformation preserves distances. Since t* = p?/t =
p?/|xz| and w = (x - y)/t, the function constructed above is mapped into the
function

1 p 1
K - £
2@ = gy el e =yl

1 P2 wey 1
g (B L —y)) = ——log 2.
Tnp %% (|x| Ei 2" —y| Tnp og ||

By Equation (1.12), |x||lz* — y| = |y||y™ — x| and it follows that the function
2

log (6% — -y + [e]la —y)=1og(mm+lx —y|) T log|2]
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is a symmetric function of z and y; since it is a harmonic function of y for
each z, it is a harmonic function of z for each y. Likewise, 1/|z||z* — y| is a
symmetric function of z and y and is a harmonic function of = for y € B™.
Thus, A, Kp(z,y) = 0 on B for each y € B. Moreover, by Remark 1.3.4,
DnKp(z,9)|lop = DnKp(z0,2)|as = —(1/47p?) for each x € B. Since y* =
y for y € 0B,

2 1 )

—log (p

K S
B(y) Am|le —y|  Amp

-z y+plz—yl), yeIB.

Since adding a constant to Kp(x,y) will not affect the validity of
Equations (1.22) and (1.23), Kp(z,y) can be adjusted so that

1 1 2p?
Kp(r,y) = 57— —log( £ )

_|_
2rlz —y|  4mp p? =z y+plr—y|

The function Kp(z,z) is called the Green function for the Neumann
problem on the ball B or the Green function of the second kind for
the ball B. The proof of the following theorem is essentially the same as the
proof of Green’s representation theorem, Theorem 1.4.2.

Theorem 1.11.1 If u is harmonic on a neighborhood of B~, then for each
r e B,

1 2

) Dyu(y) <—+ 110g( 2" )) do(y)
[ n - o
4t Jop e =yl p P —x-y+plz—yl
1

+ 12 /313 u(y) do(y).

The following theorem is stated as an exercise by Kellogg in [35].

u(x

Theorem 1.11.2 If g € C°(0B) and [, g(z) do(z) =0, then the function

u(z) = [ Kp(z,2)g(z)do(z)
B

solves the Neumann problem for the boundary function g.

Proof: (Sobolev [58]) If x € 9B and 0 < t < 1, the function Kp(tz,z)

is bounded on 9B and the above integral defining w(tx) is finite. Letting

r=|te — z|,
0Kp
8(1%

(tx; — z)t 1 trz— p(te; — z;)t
273 Arpr(p? —t(z-2) +pr)’

(tw,z) = —

By Lemma 1.5.5,

ou 8KB

[ St 2)0(2) do2)
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and therefore
Dy zyu(te) = / Dy KB(tz, 2)g(2) do(z).
OB

Fix 2 € 9B. In order to show that Dyyu(z) = lim; 1~ Dyyu(tz) = g(z),
it will first be shown that it suffices to prove the result for the special case
g(x) = 0. Since at least one of the components of © = (1, 22, x3) is different
from zero, it can be assumed that x; # 0, say. Consider the linear function
L(u,v,w) = (pg(x)/x1)u for which

Diyl(x) = (pg(x)/21,0,0) - (21/p, 32/ p, 23/ p) = g().

By Theorem 1.11.1 and the definition of w,

Uy) —uly) = - Kp(y,2)(Dnl(z) — 9(2)) do(2)
with Dpf(z) —g(x) = 0. If it can be shown that Dy ;) (£ —u)(z) = 0, it would
follow that Dy(pyu(2) = Dn(z)f(z) = g(x). Henceforth, assume that g(z) = 0.
To show that Dy(yu(z) = 0, the special case x = (0,0, p) will be proven,
with the general case following from an orthogonal transformation. Consider
zg = (0,0,t) where p/2 <t < p. Then Dy(pyu(z) = lim; ., Dyu(zo), where

Dyu(xg) = DK (g, 2)g(2)do(z).
oB
Fix € > 0 and choose g € (0,7/4) such that |g(z)| < € whenever the angle
between the line segments joining 0 to = and 0 to z is less than 7. Letting
z = (u,v,w) and r = |zg — 2|,

1 w—t 1 rw+pw—pt

DK = —— .
K (@0, 2) 27 73 + dmpr p? —tw + pr

The above integral over 9B will be split into a sum of four integrals Iy, I3, I3,
and Iy where I is the integral of the first term of this function over 90BN (y <
Y0) N (t < w), I is the integral of the first term over IBN (v < o) N(w < t),
I3 is the integral of the second term over 90BN (v < 7o), and Iy is the integral
of both terms of the function over 9B N (v > o). Since t > p/2,

/ Lw =t ) do(z)
o

BA(v<ro)n(t<w) 2T T

|| =

€ p—t

do(z)

727 Jan(y<ro)nit<w) TP
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< £ p?—t2 1
T 2m Jog 3 p+t
< 2¢PI(1 : B)(x)
= 2e.

do(z)

Next consider Ir. For z € 90BN (v < 79) N (w < t),7? = u? +0v* + (w —1)? =
(p? —tw) +t(t—w) > t({t—w) > (p/2)(t —w), and therefore [t —w| < (2/p)r2.
It follows that

L] < /8 2 =l doe)

BA(y<ro)n(w<t) 4m 73

1
<  do(2).
TP JoaBN(y<vo)N(w<t) T

By Theorem 1.6.1, (1/4mp?) [, + do(z) = % so that

‘12| S 4e.

Turning to I3, since tw < p? and r = /u? + 02+ (w—1)2 > |w —t| on
OB N (v < 70), another application of Theorem 1.6.1 shows that

1 rw + p(w —t
Bl=|m [ IR )
TP JoBN(v<o) r(p? —tw + pr)
1
< < —do(z)
2P JaBn(v<ro) T
= 2e.

Lastly, since [, g(z)do(z) = 0 and |faBm(w<%) g(2) do(2)| < 4mp2e,

/ g(z)da(z)| < 4mp?e,
9BN(v=70)
or

Lo () doto) <

———g(z) | do(z €.
oBn(y270) \ 4P
Thus,
2w—t 1 rw+pw—pt 1
4] < gl — +— = = do(z)+e.
OB (v~ |4T 13 Ampr(p? —tw + pr) 4 p? )

Since 7 = |mg — 2| = /12 + p2 — 2ptcosy > /12 + p2 — 2ptcosyy > 0 for
¥ > 7o, the integrand on the right tends to zero boundedly in z as t — p—.
Thus,
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lim sup DK p(xo,2)g(2) do(z)<9e.
t—p— JOB

Since € > 0 is arbitrary, Dyu(z) = lim;—,— Dyu(ro) =0. W

1.12 Spherical Harmonics

Solving the Neumann problem for a ball B = By, C R" is less satisfactory
for the n > 4 case than for the n = 2 and n = 3 cases since the Fourier series
method is not applicable, nor is there an explicit formula as in the n = 3
case. A series solution is possible using functions called spherical harmonics.
This method of solution will be sketched only briefly. For further details, see
[16, 35, 44, 62].

Consider two points x,y € By, C R",y # 0,n > 3, and the fundamental
harmonic function r="*2? = |z — y|~"*2 with pole y. It is useful to think of y
as a parameter in what follows. Letting v denote the angle between the line
segments joining 0 to  and 0 to y,

1 1

=2 ([ yl? = 20yl cos ) (nm2)/2
1 1

2 ({Jal/Iy)? + 1 = 2(Jal/ly]) cosy) =272

Letting u = cos+y and v = |z|/|y],

(1.24)

1 1
=2 y|n=2 (1 = 2uw 4 02)(n=2)/2°

Recalling the binomial coefficients

(Z) —afa—1)x - x (a—n+1)/nl,

defined for real @ and n > 1, and applying the generalized binomial theorem

n—2

1 i _
_ 2 _2\m
(1 — 2uv + v2)(n—2)/2 L+ z;l ( m > (2uv — %)

provided |2uv — v?| < 1. Suppose v < /2 — 1. Since |u| < 1,[2uv — v?| <
2ufv +v? < 2v 402 = (v+1)2 — 1 < 1 and the above series is absolutely
convergent for v < v/2 — 1. In fact, absolute convergence holds for v < 1 (c.f.
[35]). Applying the binomial theorem to the binomials (2uv — v?)™,
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1 o m n—2 m
= 2 _1\kom—k, m—k, m+k
Making the substitution ¢ = m + k with k fixed,
1 o W2, naN sy
= T2 - _ \kol—2k, £—2k ¢
(1 — 2uv 4 v2)(n=2)/2 1+;kz_o<€—k>( k >( )72 P

(1.25)
where [£/2] is the usual greatest integer function. The coefficient of v™ in this
series will be denoted by P, ,(u) and is given by

[m/2] _"T*Q m—k kom—2k, m—2k
Pom(u) =Y 2k e ) (DR ;

k=0
and, in the n = 3 case, is called a Legendre polynomial. Consider the factor

Ty m—2k |$| m
um%vm( ) < > ,  0<k<m/2

|z[|y] |yl

1 —
= W(x “y) 2k(|ﬂ”|2)k

in the general term of the series in Equation (1.25). It is clear that the latter
expression is a polynomial in x1,xs,...,x, of degree m. Recalling that a
function f(x) is homogeneous of degree m if f(Ax) = N™ f(x), this factor is
also homogeneous of degree m. Thus, 1/7"~2 has the representation

1 I ki, k k,
2 = YooY ak kbl (1.26)
m=0 ki+--+kp,=m
where the ki,...,k, are nonnegative integers. It will be shown now that
each term of this series is a harmonic function. Let T = (|z1, ..., |zn]), T =
(ol lynl); @ = (@ - 9)/ [y = (7 -7)/|x]]y|- Note that v = |7[/|y] =

|z|/|y| = v. As indicated above, [27v + v?| < 27w +v? < 1 for v < V2 — 1.
Thus, the binomial series

1+ i (_;TQ> (2uw + v?)™ (1.27)

converges absolutely for v < /2 — 1. Thus, the positive series

n—2

1+g(—1)m<_ 2 >(2m+v2)m (1.28)

m
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converges for v < /2 — 1. Expanding the binomials as above, this series
becomes the following power series in |z1], ..., |z,]

00
Z Z bkl,...,kn|$1‘k1 X oo X |$n k

m=0 ki+-+k,=m

(1.29)

Since the latter two series are positive series and their partial sums are in-
tertwined, the latter series converges for v < /2 — 1; that is, the series
Equation (1.26) converges absolutely and can be differentiated term by term
for v < v/2 — 1. Thus, for |z| < (v/2 —1)|y|,

1 2
0=4e) = = |y|n 2 Z Do Ak kA X x ).

m=0 ki+--+k,=m

Since the series on the right is a power series in z1, ..., x, and none of the
coefficients vanish, each of the homogeneous polynomials in Equation (1.26)
is a harmonic function.

Example 1.12.1 If n = 3,m = 2,z = (x4, ..
Ps(u) = (3/2)(u? — %) and

( Ty ) |z
2 \Jallyl ) TP
3 <(a31y1 + T2y2 + x3Y3)> ) |CU|2

|z [2[y[? [E

Tn),y = (Y1,-..,Yn), then

2
1
T 2[yf (3(@1y1 + @2y2 + w3ys)® — (27 + 23 + 23) (yi +¥3 + v3))

1
= gy (V121 — o3 — ) + 93 (25 — i — af) + v} (205 —

+ 6y1y2(2122) + 6y1y3(2123) + 6Y2y3(T223).

o} — )

|z|2

Recalling that y = (y1,y2, y3) is regarded as a parameter, Ps o (%) T

a linear combination of the following harmonic homogeneous polynomials in
1, T2, x3 of degree 2:

2 2 2 2 2 2 2
207 — a2 — 22, 225 —a? — 23, 202 — 27 — 2k, w110, T173, ToT3.

Among these six polynomials, five are linearly independent. The first can be
expressed as the negative of the sum of the second and third.

Given a harmonic homogeneous polynomial P, ,,,(x) in = (x1,...,2,)
of degree m, putting = = |z|0,0 € 0By, it can be written

Pom(z) = |m|mPn,m(9) = |x|mYn,m(9)v
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where Yy, m(0) = P,.,(0) is a function defined on 0By, called an n-
dimensional spherical harmonic function of degree m. For each m > 1,
there are kypm = (2m +n — 2)(n + m — 3)!/(n — 2)!m! linearly indepen-
dent n-dimensional spherical harmonic functions of degree m, denoted by

Yé%,k =1,...,kpm (cf. [62] ). V] n(k% is the commonly used notation for
the spherical harmonic functions. These functions can be normalized so that
the family {Y,gk%, k=1,...,knm,m >0} is a complete orthonormal system

relative to surface area on 830 1 with Y(O) equal to a constant.

Now let g be a continuous function on 0By , that satisfies the boundary

condition
/ g(z)do(z) = 0.
dBo,p

Then g has the expansion

g(p9) = Z bn,7rl,kyygf€7;)q(9)a

where

b = / g(p0)Y, ). (6) dor(6),
0Bo,1

with the term corresponding to m = 0 vanishing by the preceding equation
and the fact that Y(O) is a constant. The solution u of the Neumann problem
for g is then given by

kn,m

- |z|™
—ug+ ) bnkaYrEn)@(e)

m=1 k=1

where g is an arbitrary constant (for further details see [44]).

For additional information about spherical harmonics, see the book by
Axler, Bourdon, and Ramey [2]. This book contains information on how to
access free software for generating spherical harmonic functions.



Chapter 2
The Dirichlet Problem

2.1 Introduction

Just as the Riemann integral of a function on a finite interval can be de-
fined using lower and upper approximating sums, a solution to the Dirichlet
problem can be constructed by using lower and upper functions called sub-
harmonic and superharmonic functions, respectively. A simple example of a
subharmonic function is a real-valued, continuous, convex function f on an
open interval (a,b) C R; meaning, that if 2,y € (a,b) and 0 < A < 1, then

Oz + (1 =XNy) < Af(x) + (1 =N f(y)

In particular, if © = 29 — §,y = 29 + 6 and A = 1/2, then

[f(zo = 0) + f(xo +0)];

N =

f(xo) <

that is, the value of f at the center of the interval (zg — 0,29 +9) C (a,b) is
less than or equal to the average of the values of f over the boundary of (zo—
d, o+ 0). Another simple example of a subharmonic function is the function
f(x,y) = 2% + y?. Relaxing the requirement of continuity in the usual sense,
for each y € R? the fundamental harmonic function uy(z) = |z — y|~! is an
example of a superharmonic function. More generally, if {y1, ..., yx} is a finite
collection of points in R3, then u(x) = 2?21 lyi — z|~! is a superharmonic
function.

Collections of subharmonic and superharmonic functions will be used to
prove the existence of solutions of the Dirichlet problem for rather general
subsets of R™,n > 2 and to prove that the solution has the right boundary
values. This chapter will also pave the way for development of a similar
procedure for the Neumann problem.

L.L. Helms, Potential Theory, Universitext, 53
(© Springer-Verlag London Limited 2009
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2.2 Sequences of Harmonic Functions

In order to solve the Dirichlet and Neumann problems for regions more
general than balls, it is necessary to consider successive approximations to
solutions. This means that sequences of harmonic functions must be consid-
ered. The inequality of the next theorem is a fundamental tool of potential
theory.

Theorem 2.2.1 If B, , C R",0 < § < p, and h is any positive harmonic
function on By ,, then

h(x 2 +5\"
h((;zz’)) < pzp_52 (Z_ 5) for all x,2" € By .
Proof: If z € 0B, , andeByfﬁ, then p—0 < |z —z| < p+J and

Pyl ey ey
(p+0)r = fe—z[* T (p—o*

Replacing = by 2’ and taking the ratio of the middle members,

PPolr—yl? _ (" (pt0\"\ PPl
G- S\F-2\p=5) ) -wp
By Theorem 1.7.15, there is a measure p on 0B, , such that h = PI(u, B, ,).

Integrating both sides of the above inequality with respect to u, keeping z, '
fixed, and multiplying both sides by (o,p) !, the inequality is obtained. W

Theorem 2.2.2 (Harnack’s Inequality) If K is a compact subsetl of the
open connected set {2, then there is a constant M, depending only upon K
and §2, such that h(x)/h(x") < M for all x,2’ € K and all positive harmonic
functions h on (2.

Proof: Suppose there is no such constant. Then for every positive integer k
there is a positive harmonic function hy on {2 and points xy,yr € K such
that

> k.

Since K is compact, the sequences {z;} and {yx} have subsequences with
limits = and y, respectively, in K. Since {2 is connected, x and y can be
joined by a polygonal path lying entirely in (2. There is also a chain of balls
By, ..., B, with closures in {2 which covers the path, x € B,y € By, B; N
Biy1 # 0,i = 1,...,p — 1. If for each ¢, Theorem 2.2.1 is applied to B;
and a slightly larger concentric ball, then there is a constant M; such that
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h(z")/h(y") < M; whenever h is a positive harmonic function on {2 and
x’,y’eB For each i, let 2; € B; N Bjx1,4 = 1,...,p — 1. Then for any
= Bl B
h(z') _ h(z') h(z1) h(zp-1)
= X e X <My X---xM,=M" 2.1
W) ~ ) hz2) ) =M ’ 21

for any positive harmonic function h on 2. Now choose kg such that x, €
B1,yi, € By and
hko (xko )
hko (yko)

But this contradicts Inequality (2.1). The assumption that there is no such
constant leads to a contradiction. W

It should not come as a surprise that the uniform limit of a sequence
of harmonic functions is again harmonic. The same is true for generalized
sequences or nets; all that counts is that the convergence is uniform.

> ko > M*.

Lemma 2.2.3 (Harnack) If {ho;a € A} is a net of harmonic functions
on the open set {2 C R™ which converges uniformly to h on (2, then h is
harmonic on 2.

Proof: Since the h, are continuous and the convergence is uniform, h is
continuous. Suppose x € 2 and B_ ; C (2. Using uniform convergence,

1
=i o = 1 _ a
M=) lizn & (z) par /831,5 halz) do(2)

1
- /aB h(z) do(=).

By Theorem 1.7.9, h is harmonic on 2. W
Compactness properties of sets of harmonic functions will now be exam-

ined. In the proof of the following theorem, the symmetric difference A A B
of two sets A and B is defined by AA B = (A~ B)U (B ~ A).

Theorem 2.2.4 If K is a compact subset of the open set 2 and F is a
collection of harmonic functions on {2 which is uniformly bounded on a neigh-
borhood of each point of §2, then F is uniformly equicontinuous on K ; more-
over, each net {hqo;a € A} in F has a subnet that converges uniformly on K.
If {ha; 0 € A} is a convergent net of uniformly bounded harmonic functions
on §2, then h = lim 4 hy is harmonic on 2.

Proof: Since K is compact, the family F is uniformly bounded on some
neighborhood U of K, and there is a p > 0 such that B, , C U for all
x € K. Let m = sup{|h(z)|;z € U h € F}. For any h € F and z,y € K, by

Theorem 1.4.4
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=, =,
h(z)dz — h(z)dz
el (2) vl (2)

z,p Y.p

|h(x) = h(y)| =

m

< — dz.
UnpP™ JB, sAB,,

Since the volume of B, ,AB, , can be made arbitrarily small by taking |z —y|
small, given € > 0, there is a § > 0 such that vol(B, , A B, ;) < (vpp"/m)e
whenever |[z—y| < d. Thus, |h(z)—h(y)| < € whenever h € F,|z—y| < ¢. This
shows that the family F is uniformly equicontinuous on K and, in particular,
equicontinuous on K. Consider now any net {hq;a € A} in F. Since the net
{ha; @ € A} is uniformly bounded and equicontinuous on K, there is a subnet
that converges uniformly on K by the Arzela-Ascoli theorem, Theorem 0.2.4.
Now let {hq;a € A} be a convergent net of uniformly bounded harmonic
functions on {2 and let h = limy h,. Let U be an open subset of {2 with
compact closure U~ C (2. Then a subnet {ha,} converges uniformly on U~
to h. By Lemma 2.2.3, h is harmonic on U. Since U is arbitrary, h is harmonic

on . A

Theorem 2.2.5 If {h;} is a monotone increasing (decreasing) sequence of
harmonic functions on an open connected set 2 C R™, then h = limy_.o hg
is either identically +00(—00) or harmonic on {2.

Proof: Suppose there is a point & € §2 such that h(z) = limg_ e hp(x) <
+o00. Let U be any open set containing = with compact closure U~ C {2.
For each k£ > 1, the nonnegative harmonic function hy — hy is either strictly
positive or identically zero on {2 by the minimum principle, Theorem 1.5.10.
By Harnack’s Inequality, Theorem 2.2.2, there is a positive constant M such
that

hi(y) — ha(y) < M(hi(x) — b (@) < M(A(x) — ha ()

for all y € U™ provided hy — hy is strictly positive; since this inequality is
trivially true if hy — hq is identically zero on 2, it holds for all £ > 1 and all
y € U~. This implies that the sequence {hy} is uniformly bounded on U. By
Theorem 2.2.4, h is harmonic on U and therefore on 2. B

Henceforth, “function” will mean “extended real-valued function.” Har-
monic functions are always real-valued. For each of the following lemmas
stated for Ls.c. (u.s.c.) functions, there is a corresponding result for u.s.c.
(Ls.c.) functions.

Definition 2.2.6 The family F of functions defined on (2 is right-directed
(left-directed) if for each pair u,v € F there is a w € F such that u < w
and v <w (w < wand w < v).

Lemma 2.2.7 If H = {h;;i € I} is a right-directed (left-directed) fam-
ily of harmonic functions on an open connected set {2 C R™, then h =
sup;cr hi(h = inf,eq hy) is either identically +o0o(—00) or harmonic on (2.
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Proof: If iy € I, the hypothesis implies that h = sup {h;; h; > h;,,i € I}.
It therefore will be assumed that H has a smallest element h;,. Suppose
there is a point x € 2 such that h(x) = sup;c; hi(x) < +00. Let U be any
open set containing x having compact closure U~ C 2. As in the proof of
Theorem 2.2.5, the family H is uniformly bounded on a neighborhood of each
point of 2. By Theorem 2.2.4, the net {h;;7 € I} has a subnet that converges
on U~ to h. It follows from the same theorem that A is harmonic on U, and
since U is any open set containing z, h is harmonic on 2. W

Lemma 2.2.8 (Choquet) Let {f;;i € I} be a family of functions on an
open set 2 C R™. For J C I, let fj(x) = infey fi(z),x € 2. Then there
is a countable set Iy C I such that for every l.s.c. function g on §2, g < fr
whenever g < fr,.

Proof: It can be assumed that the f; take on values in [—7/2,7/2] since
only order properties of functions are concerned. This can be accomplished
by replacing each f; by arctan f; and noting that the arctan function is an
order-preserving map of the extended real-number system. Let {2} be a
countable base for the topology of 2. Consider oy, = inf {f1(y);y € 2x}.
Since there is a y' € 2, such that f7(y’) is close to aj and an 7 € I such that
fi(y') is close to fr(y'), for each k there is an iy € I such that

. , 1
Jmf S (y) < nf friy) + 4 (22)

Let Iy = {ix;k > 1}. Suppose ¢ is Ls.c. on 2,9 < fr,,e > 0, and = € 2.
Then g(y) > g(x) —€/2 for y in some neighborhood of x. It follows that there
is an §2,,, such that (i) © € (2, (ii) g(y) > g(x) — (¢/2) for all y € §2,,, and
(iii) 1/m < €/2. Then inf,ep, g(y) > g(z) — (¢/2) or

— 3 f
g() yg}zmg(y)<

| o

Since g =< ffo < fim7

inf — inf f; <0.
yg})mg(y) yg})mfm(y)fO

Rewriting Inequality (2.2) with k = m,

inf f; (y)— inf fi(y) <

1
— <
yeQm " " YENRm m

€
2.

Adding corresponding members of the last three inequalities,
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Since x € (2,
o) <l fily)+ e < frla) +e

Since € > 0 is arbitrary, g(x) < fr(z) for allz € 2 and ¢ < f;. A

The next result is a generalization of the classic theorem of Dini which
states that if a monotone sequence of continuous functions on a compact
space converges to a continuous function, then the convergence is uniform.

Lemma 2.2.9 (Dini-Cartan) Let {f;i € I} be a left-directed family of
u.s.c. nonnegative functions defined on a compact space X . If inf;cr f; = 0,
then for each € > 0 there is an ig € I such that f;, < €.

Proof: For each z € X, there is an i, such that f; (x) < e. Since f;, is
u.s.c., there is a neighborhood U, of x such that f; (y) < € for all y € U,.
Since {U,;x € X} is an open covering of X, there are finitely many points
Z1,...,Tpsuch that X C U§:1ij- Since the family { f;; ¢ € I} is left-directed,
there is a function f;, < fz‘mj ;j=1,...,p. Consider any x € X. Then x € U,
for some j and f,(z) < fi, (z) <e. W

The following generalization of the Lebesgue monotone convergence
theorem will be needed later.

Lemma 2.2.10 Let p be a measure on the Borel subsets of a compact metric
space X and let {f;;i € I} be a left-directed family of finite-valued wu.s.c.
functions on X. Then

inf/fl- dp = /inffi dp.
i€l i€l

Proof: Since the infimum of any family of u.s.c. functions is again u.s.c., the
integral on the right side is defined. If inf;c; f; = 0, then the integral on the
right is zero. By the preceding lemma, given € > 0, there is an igp € I such
that f;, < e. Thus,

o< [ fidu< [ fudu < en(x),

Since € is arbitrary, infie; [ fidp = 0 and the lemma is true whenever
inf;c; fi = 0. Now suppose that inf;c; f; # 0. Since g = inf;c; f; is ws.c.
and bounded above, there is a sequence {¢;} of continuous functions such
that ¢; | g and [¢;dp | [gdu. If X > [ gdp, there is a continuous function
¢ > g such that [ ¢du < \. Since ¢ is continuous, (f; — ¢) is u.s.c. for each 4
and (f; — ¢)T = max (f; — ¢,0) is w.s.c.. Clearly, inf;c;(fi — #)™ = 0. From
the first part of the proof,

it [(— o) <inf [(5- 0" du= [int(fi — 0 du=o.

i€
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Therefore,

inﬁ/fidus/qbdusk;
1€

but since A is any number greater than [ gdpu,

inf/fi dp < /inffi dp.
il icl

The assertion follows since the opposite inequality is trivially true. H

2.3 Superharmonic Functions

Throughout this section, {2 will denote an open subset of R",n > 2. The
following result will serve as motivation for the definition of a superharmonic
function.

Lemma 2.3.1 Ifu € C?(2),B~ = B, s C {2, and Au <0 on {2, then

1
> Y /aB u(z) do(z).

Proof: If q(y) = |y|%,y € R™, then Aq = 2n and A(u — eq) < 0 on (2 for
every € > 0. Let

ho Ju—ea on 0B
" | PI(u —eq,B) on B.

Then h is continuous on B, agrees with u— eq on 0B, and is harmonic on B
by Remark 1.7.8. Letting w =u —eq — h on B~, Aw < 0 on B. If w attains
its minimum value at x¢p € B, then

0w

P
Ox;

>0, +1=1,2,...,n

o

and Aw(xg) > 0, a contradiction. Therefore, xgp € 0B and w = u—eq—h >0
on B7; that is, u — eqg > h on B~. Thus, u(z) — eq(x) > h(zx) = PI(u —
eq, B)(x). But since x is the center of the ball B, the latter is just the average
of u — eq over 0B; that is,

ue) —eala) > —r [ () = ea(2)) doo).

The result follows by letting ¢ — 0+. H
If f is a nonnegative Borel function on 9B, s, then [, ,J(2)do(z) is

always defined but may be +oo; more generally, if f = fT — f~ is a Borel
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function on 0B, s, then fan,s f(2)do(z) is defined if at least one of the
two integrals faBM f(z) da(z),faBMS [~ (2)do(z) is finite. If f is l.s.c. on
B, 5, then f is bounded below on B, ; and faBM f(2)do(z) is defined as an
extended real number.

The operation of averaging a function over a sphere or ball occurs so

frequently that it is worthwhile to introduce a notation for such an operation.
If f is a Borel function on 9B s for which [;,  f(2)do(z) is defined, let

1
L) = s [ 1))
similarly, if f is a Borel function on B, s, let

1

n
Vn5 Bm,é

A(f:zd)= f(z)dz.

Definition 2.3.2 The extended real-valued, Borel measurable function u on
(2 is

(i) super-mean-valued at z € 2 if u(z) > L(u : z,) whenever B_; C (2;

(ii) super-mean-valued on {2 if super-mean-valued at each point of £2;

(iii) locally super-mean-valued at = € {2 if there is a d; > 0 such that
u(z) > L(u : x,0) for all § < dy;

(iv) locally super-mean-valued on {2 if locally super-mean-valued at each
point of (2.

There are analogous “sub-mean-valued” definitions obtained by reversing the
inequalities. A function that is both sub-mean-valued and super-mean-valued
in one of the above senses is said to be mean-valued in that sense.

Definition 2.3.3 An extended real-valued function v on (2 is superhar-
monic on {2 if

(i) w is not identically +o0 on any component of (2,
(il) u > —o0 on {2,

(iii) » is l.s.c. on £2, and

(iv)u is super-mean-valued on (2;

u is subharmonic on {2 if —u is superharmonic on 2.

The set of functions satisfying (i), (ii), and (iii) of this definition will
be denoted by L(2), the set of superharmonic functions by S(£2), and the
set of nonnegative superharmonic functions by S*(£2). The phrase “on §2”
will be omitted whenever {2 = R". Alternative definitions of superharmonic
functions will be considered.

The following lemma will be proved only for the n > 3 case, the n = 2
case being essentially the same except for the constant preceding integrals.
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Lemma 2.3.4 If u € C?(£2), then u is superharmonic on 2 if and only if
Au <0 on 2.

Proof: The sufficiency follows from the above definition and Lemma 2.3.1.
Suppose there is a point x € {2 where Au(xz) > 0. By continuity, there is a
closed ball B, s C {2 such that Au(z) > m > 0 on B, 5. By Theorem 1.5.3

)

and Equation (1.9),

1

u(x) = o) /831,5 u(z)D,Gp(z,2)do(z)

—ﬁ/}a Gp(z,z)Au(z)dz

D)y, MO )

- L[ w2

O'n(s 63,,,,5
1

= T /88175 u(z)do(z)
=L(u: z,9).

do(z)

|z — |

Thus, Au > 0 at some point of (2 implies that u cannot be superharmonic
on . A

Theorem 2.3.5 If 2 is a open connected subset of R™,u € L(§2), and for
each x € (2 there is a §; > 0 such that By s, C 2 and u(z) > L(u : x,0)
(oru(x) > A(u : x,0)) for all § < d;, then u satisfies the minimum principle
on 2.

Proof: Suppose there is a point o € {2 such that u(xg) = infou. Since
u € L(£2),u is finite at some point of 2 and —oo < u(xg) = infr < +00. Let
K = {z:u(z) = info u}, which is a relatively closed subset of {2 by l.s.c. of
u. It will be shown that K is also open. For any y € K, there is a d,, > 0 such
that By s, C 2 and u(y) > L(u : y,6) whenever § < §,. Suppose there is a
point z € By s, ~ K. Let p = |y —z| < d,. Since y € K, u(y) = L(u : y, p) or

/ (u(') — uly)) do(=') = 0.
9By,

Since u — u(y) > 0 on 0By ,, v — u(y) = Oa.e.(0) on 9B, ,. But since
u(z) > u(y), there is an a such that u(z) > a > u(y). By ls.c. of u, there
is a neighborhood U, of z € 0B, , such that u > o > u(y) on U, N 0By ,.
Since the latter set has positive surface area, u —u(y) > 0 on a set of positive
surface area, a contradiction. Thus, B, s, C K and K is open. Therefore,
K = or K = (2 by the connectedness of 2 with K = () excluded from the
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outset. It follows that K = (2, and that u is constant if it attains its minimum
value at a point of §2. The proof using volume averages is similar. H

Corollary 2.3.6 If 2 is an open connected subset of R" and u € S(12),
then w satisfies the minimum principle on 2. If 2 is a bounded open set,
u € S8(£2), and liminf, ., u(z) > 0 for all z € 012, then u >0 on (2.

Proof: That u satisfies the minimum principle follows from the preceding
theorem. To prove the second assertion, let B be a ball containing {2~ . Extend
u to be 0 on B~ ~ {2, denoting the extension by the same symbol. Then u
is l.s.c. on B~ and attains its minimum value k at some point zog € B~. If
k < 0, then z¢ € (2. Consider any ball B, s with B;O,(; C (2. Since u is
superharmonic on By, s, it satisfies the minimum principle thereon by the
first part of the corollary. Since w attains its minimum at an interior point
of By,,s, it must be constant on B,, s and so u = k on By, ;. This shows
that the set U = {& € B~ ;u(x) = k} is a nonempty open set. Moreover,
V ={xz € B~;u > k} is a nonempty open set also. Since B~ = U NV, the
assumption that k& < 0 contradicts the connectedness of B~. Therefore, k > 0
on B~ and therefore v > 0 on 2. W

If u € S(£2) and h is harmonic on {2, then it is easily seen that u+h € S(£2).

Theorem 2.3.7 Letu € S(£2) and let U be an open subset of 2 with compact
closure U~ C §2. If h is continuous on U™, harmonic on U, and v > h on
U, thenu>h on U.

Proof: Consider the function ©w — h on U~. Since u is l.s.c. on §2 and h is
continuous on U™,

liminf (u(z) —h(z)) = liminf u(z) — lim h(z) > u(x) —h(z) >0

z—x,zeU z—x,zeU z—x,zeU

for z € QU. Therefore, u > h on U by the preceding corollary. W

Alternative Definition of Superharmonic Function The function u €
L(2) is superharmonic on the open set {2 if for every open subset U of 2
with compact closure U™ C {2, the following statement is true:

(P) h € C°(U™), h harmonic on U,u > h on U implies u > h on U.

Let 8’(£2) be the class of functions u € L£({2) satisfying (P). By the preceding
theorem, S§(2) C §'(£2). It will be shown now that S’(£2) C S(§2). Consider
any u € §'(§2) and any closed ball B ; C (2. Since u is Ls.c. on 0B, s, there
is a sequence {¢;} of continuous functions on 9B, s such that ¢; T u on
33175. Let
B — {qu on 8BI75
3 PI((;S]- : Bx’g) on Bx’(s.

Then hy; is continuous on B s, harmonic on By 5, and u > ¢; = h;j on 0B, 5.
Since u € §'(2), u > h; on B, 5 so that
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u(z) > hj(x) =PI(¢; : By s)(z) =L(¢; : z,0).

Since ¢; T w on 0Bys, u(z) > L(u : x,0) by the Lebesgue monotone
convergence theorem. It follows that w is super-mean-valued on {2 and
S'(2)=8(2). A

The following theorem is a precursor of yet another definition of superhar-
monic function.

Theorem 2.3.8 If 2 is an open subset of R™,u € L(£2), and u is locally
super-mean-valued on (2, then u € S(£2).

Proof: It will be shown that u is super-mean-valued on 2 and therefore is
superharmonic according to the original definition. Let B, s be any ball with
B 5 C £2. Consider any ¢ € C°(9B, ) with ¢ < uon B, 5 and PI(¢ : z,4).
Us{ng the fact that w is 1.s.c. on {2 and Lemma 1.7.6,

ligl_?@l}lf(u(z) —PI(¢:x,0)) > u(xz) —p(x) >0

on 0By . Since By s is connected, u — PI(¢ : z,0) satisfies the minimum
principle on By s by Theorem 2.3.5. Thus, u — PI(¢ : z,d) cannot attain
its minimum value at a point of B, s unless it is a constant thereon. This
implies that w — PI(¢ : z,0) > 0 on B, . Letting {¢;} be a sequence in
CY(0B,.s5) such that ¢; T uw on B, s5,u — PI(u : 2,8) > 0 on B, 4. In par-
ticular, u(zx) > PI(u : 2,0)(x) = L(u : z,6). Since B, 5 can be any ball with
closure in 2, u is super-mean-valued on 2. W

Yet Another Definition of Superharmonic Function An extended real-
valued function u on the open set {2 is superharmonic if v € £(§2) and u
is locally super-mean-valued on (2.

Let S8”(£2) be the class of functions u € £({2) which are locally super-mean-
valued on (2. By the preceding theorem, §”(£2) C S(§2). Trivially, S(2) C
S”(£2) and the two are equal. The last definition is usually the easiest to
apply for verifying that a function is superharmonic. As lower semicontinuity
is a local property of a function, superharmonicity is a local property; that
is, it is only necessary to show that a function in £({2) is superharmonic on
a neighborhood of each point in (2 to show that it is superharmonic globally.

Example 2.3.9 The fundamental harmonic function u, with pole y is super-
harmonic on R™. It is known that w, is harmonic on R™ ~ {y} and therefore
locally super-mean-valued on R" ~ {y}; u, is super-mean-valued at y since
+00 = uy(y) > L(u : ,0) for any § > 0. Since u, € L(R"),u, € S(R™).

Example 2.3.10 If u is harmonic on the open set {2, then |u| is subhar-
monic on 2 and —|u| is superharmonic on 2. Since w is finite-valued on (2,



64 2 The Dirichlet Problem

continuous on §2, and |u(x)| = |L(u : x,9)| < L(|u| : z,6) whenever B s C 2,
|u| is sub-mean-valued on (2 and is therefore subharmonic on {2.

Example 2.3.11 If u is harmonic on the open set §2, then u™ = max (u, 0)
is subharmonic on {2 and v~ = max (—u, 0) is subharmonic on (2. Finiteness
and continuity of u* and u~ follow from that of u. Since u(z) = L(u : z,0) <
L(u" : ,0) whenever B, ; C 2, u*(z) < L(u* : 2,8) whenever B, 5 C (2.
Thus, ut is sub-mean-valued on (2 and therefore subharmonic on f2.

The last example is a special case of a more general statement that a
convex function of a harmonic function is a subharmonic function. Recall
that a real-valued function ¢ on a finite or infinite interval (a, b) is convex if

oAz + (1= N)y) < Ao(z) + (1 — N)o(y)

whenever ¢ < x <y < band 0 < A < 1. Such functions are continuous on
(a,b) and have right- and left-hand derivatives at each point of (a,b). See
Royden [54] for such facts. Let u be a unit measure on the Borel subsets B
of the open set {2, and let f be a real-valued function taking on values in the
domain (a,b) of the convex function ¢. The inequality

¢</Qfdu) < [ olr)dn

is known as Jensen’s Inequality. If ¢ is convex on (—oo,+00), if f is
integrable relative to p, and if f takes on the values +o0o and —oo, then
Jensen’s Inequality holds if ¢ is arbitrarily defined at 400 and —oo. This
can be seen by applying Jensen’s Inequality to fNF fdu where F = {x €
2; |f(x)] = +o00}.

Theorem 2.3.12 Ifu is harmonic on the open set {2 and ¢ is a convex func-

tion on an open interval containing the range of u, then ¢(u) is subharmonic
on 2.

Proof: ¢(u) is finite-valued and continuous since both ¢ and w have these
properties. If B s C £2, then ¢(u(x)) = ¢(L(u : z,0)) < L(é(u) : z,0) by
Jensen’s Inequali,ty; that is, ¢(u) is sub-mean-valued on 2 and is therefore
subharmonic on 2. W

Example 2.3.10 is a special case of this theorem with ¢(z) = |z|,z € R.

Theorem 2.3.13 If u is subharmonic on the open set {2 and ¢ is an in-
creasing convex function on an open interval containing the range of u, then
o(u) is subharmonic on (2.

Proof: Since ¢ is real-valued, ¢(u) is real-valued. Since a convex function
is continuous, ¢(u) is u.s.c. By Jensen’s Inequality and the fact that ¢ is
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increasing, ¢(u(z)) < ¢(L(u : 2,0)) < L(é(u) : z,5) whenever B, ; C 2
that is, ¢(u) is sub-mean-valued. Thus, ¢(u) is subharmonic on 2. W

Example 2.3.14 If u is harmonic on the open set {2 and p > 1, then |u|P is
subharmonic on 2. It is known that |u| is subharmonic on 2. Since

0 forz<0
d)(x)_{xp for x >0

is an increasing, convex function on R, |u|? is subharmonic on 2.

2.4 Properties of Superharmonic Functions

If v and v are superharmonic on the open set {2 C R™, it is not apparent
that u + v is superharmonic because of the requirement that it not be iden-
tically 400 on any component of (2. To show that u + v € §({2), it must be
shown that v cannot be identically 400 on the set of points where wu is finite.
The following theorem will accomplish this and will also show that volume
averages could have been used to define superharmonic functions. As usual,
2 will denote an open subset of R™.

Theorem 2.4.1 Ifu € L(£2) and for each x € §2 there is a 6, > 0 such that
By, C $2 and u(z) > A(u: x,0) whenever § < §;, then u is superharmonic
on 2. Moreover, if u is superharmonic on §2 and x € 2, then u(z) > A(u :
z,6) whenever B 5 C (2.

Proof: As superharmonicity is a local property, it suffices to show that wu is
superharmonic on each open, connected subset U of {2 with closure U™ C (2.
Let u satisfy the hypotheses of the first statement, let h be continuous on
U, harmonic on U, and u > h on 9U. By Theorem 2.3.5, u — h satisfies the
minimum principle on U. Since u — h is l.s.c. on U~ and u — h > 0 on 90U,
uw—nh >0 on U by the minimum principle. It follows that u is superharmonic
on U by the alternative definition of superharmonic function. Suppose now
that u is superharmonic on 2,z € {2, and B, s C 0. Tt will be proven now
that u(xz) > A(u : z,9). If u(x) = 400, the inequality is trivially true. Assume
that u(z) < 4o00. Since u(z) > L(u : x,p) for 0 < p < 4,

onp" tu(z) > / u(z)do(z).

0B,
Integrating over (0, d),

ﬁu(m > /O 6 ( /8 . u(z)da(z)) dp = /B e

Since v, = oy /n, u(x) > A(u : x, ) whenever B, sC . [ |
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The fact that a superharmonic function v must be finite at some point of
each component of {2 and that the average of u over a ball about each such
point is also finite suggests that v must be finite a.e. on {2; that is, except
possibly on a subset of {2 of Lebesgue measure zero.

Theorem 2.4.2 Ifu is superharmonic on the open set §2, then u is finite a.e.
on §2 relative to Lebesque measure and Lebesgque integrable on each compact
set K C (2.

Proof: Since it suffices to show that u is finite a.e. on each component of {2,
it might as well be assumed that (2 is connected. Since u is not identically
~+00 on 2, there is at least one point x € {2 where u is finite. By the preceding
theorem, there is a § > 0 such that w is finite a.e. on B, 5. Thus,

M = {z € 2;u is finite a.e. on B, s for some § > 0} # (.

It will be shown now that M is open. Suppose x € M. Then u is fi-
nite a.e. on some ball B, s C (2. Consider any y € B, s, and let 2p =
min {|y — z|,0 — |y — z|}. Then By, C Bys, u is finite a.e. on By ,, and
y € M; that is, B, s C M. This shows that M is open. It will be shown
next that M is relatively closed in (2. Let {x;} be a sequence in M with
lim; oo s = & € (2. Since 2 is open, there is a ball B, . C 2. Choose ¢
so that x; € By /. Since x; € M, there is a 6; > 0 such that u is finite
a.e. on By, s,. In particular, u is finite a.e. on By, s, N B, /2, which has
positive Lebesgue measure. Thus, there is a point z € By, 5, N B, /2 such
that u(z) < +o0. By the preceding theorem, u is finite a.e. on B, /5. Since
x € B, ¢/, thereisaball B, , C B, /2 on which u is finite a.e.; that is, z € M
and M is relatively closed in 2. Since M # (), M = £2 by the connectedness of
2. By definition of M, to each z € M there corresponds a ball B, 5, C {2 on
which u is finite a.e. Since such open sets cover {2, a countable subcollection
covers 2. Since wu is finite a.e. on each element of the countable covering, u
is finite a.e. on 2. Now let K be a compact subset of {2. Cover K by a finite
number of balls with centers x; and radii ¢; such that B, 5 C Ri=1,...,p.
Since w is finite a.e. on arbitrarily small balls contalmng ‘each ;, it can be
assumed that u(z;) < 4o00. This may require replacing z; by a nearby = and
increasing ¢; slightly. Then 400 > u(x;) > A(u: x;,0;) fori=1,...,p. Since
u is bounded below on [J!_, B, 5,» it can be assumed that u > O on this set.
Then

P P
7oo</u(z)dz§2/ u( Z 05 u(x;) < 400
K i=1"Bae;.8; =1

and u is integrable on K. M
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Theorem 2.4.3 If u is superharmonic on the open set {2 and B = B, 5 is a
ball with B~ C {2, then u is integrable relative to surface area on 0B, PI(u :
B) is harmonic on B, and v > PI(u: B) on B.

Proof: Since u is 1.s.c. on 9B, it can be assumed the u > 0 on 0B. Moreover,
there is a sequence {¢,} of nonnegative continuous functions on 9B such that
¢j T uon 0B. Let
_ [ PI(¢,: B) on B
Vi = { ¢j on 0B.

Since v > v; = ¢; on 0B,v; is harmonic on B, and v; is continuous on
B~, v > v; on B by the alternative definition of a superharmonic func-
tion. Because {v,} is an increasing sequence of harmonic functions on B,v =
lim; .o v; is either identically +oo or harmonic on B by Theorem 2.2.5.
Since wu is finite a.e. on B, v is harmonic on B. It follows from the Lebesgue
monotone convergence theorem that v > v = PI(u : B) on B. Since
+o00 > v(z) =PI(u: B)(z) = L(u: x,0), u is integrable on 0B. W

Spherical and volume averages of a superharmonic function as a function
of the radius will be examined now.

Lemma 2.4.4 If u is superharmonic on the open set 2,z € (2, §, = d(x,~
2), then L(u : x,8) and A(u : x,06) are decreasing functions of 6 on [0,0;)
which are right continuous at § = 0 where L(u : 2,0) = A(u : x,0) = u(z)
by definition; moreover, A(u : xz,d) is continuous on [0,05). If u and v are
superharmonic functions with u < va.e. on 2 or u =va.e. on §2, then u < v
on {2 or u=wv on {2, respectively.

Proof: Suppose 0 < § < 01 < d5. Define a function h on B, 5, by h = PI(u :
By s,). Then w > h on By 5, by Theorem 2.4.3. Since B;é C B.s, and h is
harmonic on the latter ball,

L(u:z,0) >L(h:2,0) =h(z) =L(u: z,).

This shows that L(u : z,0) is monotone decreasing on [0,d,). Since u is
Ls.c. at =, {y : u(y) > u(x) — €} is a neighborhood of x for each € > 0 and
L(u: 2,8) > L(u(x) — € : x,0) = u(x) — e for all sufficiently small §. This
shows that L(u : z,d) 7 u(x) as § | 0. For any 6 < §1 < 65, A(u : x,0) is
finite by Theorem 2.4.2 and

A(u:z,6) = - 15n ; u(z)dz
n z,8
I A
- / o / w(x + pB) do(6) | dp
0™ Jo lol=1
on [0 4
=5 /0 P Lu : x, p) dp.
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This shows, among other things, that p" 'L(u : x, p) is integrable on [0, §1].
Since the indefinite integral of an integrable function is absolutely contin-
uous, A(u : z,6) is continuous on (0,d1). The above equation also gives
a representation of A(u : x,0) on any closed interval [a,b] C (0,0,) as a
product of two bounded, absolutely continuous functions of § on [a, ] and
it follows directly from the definition of such functions that A(u : z,9) is
differentiable a.e. on (0, d,). Recall also that the derivative of an indefinite
integral exists and is equal to the integrand a.e. relative to Lebesgue measure.
Then for almost all ¢ € (0, 1),

0
On noy, e
D(SA(U : x,5) = y—(SL(u : CC,(;) — WA P IL('LL : :E,p) dp
= E[L(u cx,0) — A(u: x,90)],

0

since v, = o, /n. In view of the fact that L(u : x, p) is monotone decreasing
on (0,0),

Au:z,8) = Vzg" /06 P L(u: x, p) dp
on L
> "o (/0 o dp> L(u:x,9)
=L(u:z,0), (2.3)

and DsA(u : z,d) <0 for almost all 6 € (0,0,). If 0 < a < 6, then
5
Alw:x,0)— Au:z,a) = / D,A(u: z,p)dp,

and A(u : z,0) is a monotone decreasing function of ¢ on (0,d,). Since
A(u:x,0) =u(x) > Alu:x,0) > L(u: z,0) for any 6 € (0,6,), A(u : z,9)
is monotone decreasing on [0, ¢,;] and right continuous at 0. W

The fact that a superharmonic function is finite a.e. places a limitation on
the set of infinities of a superharmonic function.

Theorem 2.4.5 If u and v are superharmonic on an open set £2 and ¢ > 0,
then cu,u + v, min (u,v) are superharmonic on (2.

Proof: That cu is superharmonic on {2 is obvious from the definition. As
to u + v, note that u + v cannot be identically +o0co on any component U
of {2 since each component has positive Lebesgue measure and both v and
v are finite a.e. on U. Moreover, u +v > —oo on {2 and u + v is l.s.c. on
{2 since both have these properties. If B s C (2, then u(z) > L(u : z,6)
and v(z) > L(v : x,6) so that u(x) + v(x) > L(u+ v : x,0). Thus, u + v is
superharmonic on {2. It will be shown that min (u,v) is super-mean-valued
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on (2, the other properties of a superharmonic function being easy to verify.
If B, 5 C £, then u(z) > L(u : 2,0) > L(min (u,v) : x,0) with the same
holding for v. Thus, min (u,v)(x) > L(min (u,v) : 2,6). W

Theorem 2.4.6 If u is both subharmonic and superharmonic on an open set
(2, then u is harmonic on 2.

Theorem 2.4.7 If u is superharmonic on the open set 2, x € {2, and A is
a subset of 2 of Lebesgue measure zero, then u(x) = liminf, ., o auga) u(y);
in particular, u(z) = iminfy ., y2, u(y).

Proof: By lLs.c.,

w(z) < liminf u(y) <  liminf  u(y)

YT, YF£T y—a,ygAu{z}
If B, s is any ball with B;,a C £2, then
u(z) > Au:z,0) > inf{u(y);y € Bys,y € AU{z}}

Thus, u(z) > liminf, ., ygaufz) u(y) and the two are equal. W

Convergence properties of monotone sequences of superharmonic functions
will be considered; more generally, right-directed families of such functions
will be considered.

Theorem 2.4.8 If {u;;1 € I} is a right-directed family of superharmonic
functions on the open set {2, then on each component of 2 the function
U = Sup;ey u; 45 either superharmonic or identically +oo.

Proof: Since each u; is l.s.c. and the supremum of any collection of l.s.c.
functions is again l.s.c., u is l.s.c. on 2. For any i € I,u > u;, > —oo on 2.
If B 5 C {2, then by Lemma 2.2.10

u(x) = supu;(x) > supL(u; : x,8) = L(supw; : 2,9) = L(u : z,9).
iel iel iel

Thus, u is super-mean-valued and is superharmonic on each component of {2
provided it is not +oo thereon. M

The preceding theorem applies to monotone increasing sequences of su-
perharmonic functions, but the analogous theorem for monotone decreasing
sequences is not true. Consider, for example, the superharmonic function u,,
on R3 with pole y. For j > 1, define u; = u,/j. Then {u;} is a monotone
decreasing sequence of superharmonic functions. Letting u = inf;>; u;,u =0
except at y where it is equal to +00. Clearly, u is not superharmonic since
it is not Ls.c. at y. Not only is the lack of semicontinuity of the limit a diffi-
culty, but the requirement that the limit not take on the value —oo is another
problem.
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Theorem 2.4.9 If{u;;i € 1} is a left-directed family of superharmonic func-
tions on the open set £2 which is locally bounded below, then the lower regu-
larization 4 of w = inf;c1 u; is superharmonic on 2.

Proof: The fact that the family is locally bounded below implies that
@ cannot take on the value —oo. For any ¢ € I, u; > wu and u;(x) =
liminf, g yzqeui(y) > liminf, ., 2 u(y) = 4(z),x € 2, by Theorem 2.4.7
and @ is not identically +o00 on any component of 2. It will be shown that
4 is superharmonic using the definition of superharmonic function following
Theorem 2.3.8. Let U be an open subset of {2 with compact closure U~ C (2.
Let A be harmonic on U, continuous on U, and @ > h on OU. Then u; > h
on QU for each 7 € I. Since each wu; is superharmonic on {2, u; > h on U
for each i € I. Then v > h on U and o > h =honU. Therefore, @ is
superharmonic on 2. W

It is apparent that the maximum of a convex function and a linear function
is again a convex function that is partially linear. There is an analogous
operation on superharmonic functions defined as follows.

Definition 2.4.10 If u is superharmonic on the open set {2 and B is a ball
with B~ C (2, let

_ [PI(u:B) on B
YBE= on {2 ~ B.
If u is subharmonic on 2, u? is defined similarly. The function up(u?) is
called the lowering (lifting) of u over B.

Lemma 2.4.11 If u is superharmonic on the open set §2 and B is a ball
with B~ C {2, then ugp < uw on {2, harmonic on B, and superharmonic on
2. Moreover, if v is a superharmonic function on B with v > upg on B, then
the function
w {min(u,v) on B
U on 2~ B

18 superharmonic on {2.

Proof: By Theorem 2.4.3, up is defined, harmonic on B, and up < u on {2.
The fact that up is superharmonic is a special case of the second assertion
by taking v = up on B, in which case w = up. Let v be any superharmonic
function on B satisfying v > up on B. Then w > up on {2 with w = ug = u
on {2 ~ B. Clearly, w is superharmonic on {2 ~ 9B so that it suffices to show
that w is 1.s.c. and super-mean-valued at points of 0B. Consider any = € 0B.
Then

lim inf = liminf > liminf > — w(x).
yJ?yIQNBw(y) y;g}ylgNBu(y)fygg’lyré L u(y) 2 u(e) = w(z)
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Since u is l.s.c. on 9B,

o S Tan S i - _
Jmint, () 2 imint us(y) 2 T ) 2 u(e) = w(e)
by Lemma 1.7.5. This shows that w is Ls.c. at points of OB and therefore
l.s.c. on §2. Consider again = € dB. Since w < w on {2, for any closed ball
B, sC
w(z) =u(z) > L(u:z,0) > L(w: x,0),

which shows that w is super-mean-valued at points of B and therefore locally
super-mean-valued on (2. H

2.5 Approximation of Superharmonic Functions

Consider an extended real-valued function v on an open set 2 C R". In
order to smoothen u, at the expense of reducing its domain, a mollifier
m: R" — R defined by

_ ce” T if 2] <1 9.4
m() { 0 if |z > 1, (24)

will be employed, where ¢ is a constant chosen so that m is a probability
density. It is known that m € C§°(R").

Let u be a locally integrable function on (2 and let A > 0. For x € (2, =
{y € 2;d(y,00) > h}, define

Boate) = gz [ (2 )ty = - [ m (55) a9

It is easily seen that the operator J; has the following properties:

(i) w >0 on £ implies that Jou > 0 on (2.
(il) Jpu € C®(£2).

(lll) Jhl =1on Qh.

(iv) u linear on {2 implies that Jpu = u on (2.

The limit limp_,o Jpu(x),x € {2, is understood to be over those h for which
T € 2.

Lemma 2.5.1 Ifu is superharmonic on the open set {2 and h > 0, then J,u
is a C°°(£2p,) superharmonic function on 2y, Jpu < Jpu < u on 2, whenever
0 < k < h, and limp—o0 Jpu(z) = u(xz) for each x € 2; if, in addition, u is
harmonic on §2, then Jpu = u on (2.
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Proof: That Jpu € C°°({2;,) follows from the fact that m € C§°(R™). It will

be shown now that u is locally super-mean-valued on {2;,. Consider any ball
B, s C B, 5C (. Then

AJpu:x,9) / / u(y + hz)dzdy
Vn Ba,s ||<1

:/|Z|<1m(z) (m /B (y—l—hz)dy) dz

< m(z)u(x 4+ hz) dz
< [ mEute+h)
= Jpu(z),

and Jpu is locally super-mean-valued on (2. Using spherical coordinates
(p, 0) relative to the pole x € 2y, the fact that m(pd/h) is independent of 6,
and the superharmonicity of u,

Jhu(z) = — //6 » ( ) u(z + p)p™ " db dp
_ hin Ohm (%) - (/0:1u(x+p9) d&) d

1 g pe n—1
] m (7) P o) dp

= u(x)Jp1l(x)
= u(x).
Thus, Jpu < u on £2;,. Consider any = € 2. Since u(x) = liminf, ., 2. u(y),

given € > 0 there is a neighborhood N of = such that inf,c(nno)~{a} u(y) >
u(z) — e. Consider any h > 0 for which € (2, and B, C N. Then

IN

1 -
Soae) = gz [ (5 )ty
z,h

(u(x) — €)Inl(z)

=u(z) —e

IV

Thus for each x € 2, limj,_o Jpu(z) = u(x). If u is harmonic on 2, then the
above argument is applicable to both u and —u so that Jpu < w and Jpu > u
on {2, and the two are equal. It remains only to show that 0 < k < h implies
Jhu < Jpu on §2),. Consider any x € 2, and k < h. Letting pf = (y — z)/h
where # is a point on the unit sphere with center at 0,

V) = g [ (55 )
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1
:// m(p)u(z + phf)p™ ' db dp.
o Jigj=1

Since m(pd) does not depend upon 6, by Theorem 2.4.4
Jhu(x / m(pf)p 2L(u :x, ph)dp

/ m(p0)p" o, Lu : x, pk) dp

and Jpu < Jpu < wuwon 2, whenever 0 <k < h. N

Theorem 2.5.2 If u is superharmonic on the open set 2 C R™ and har-
monic on {2 ~ I" where I" is a compact subset of £2, then there is an increasing
sequence of superharmonic functions {u;} on §2 such that

(i) wj € C®(N) forall j > 1,

(1) limj oo uj = u on §2, and

(1it) if U is any neighborhood of I' with compact closure U~ C {2, thenuj = u
on 2 ~ U~ for sufficiently large j.

Proof: Let U be a neighborhood of I" with compact closure U~ C 2. Since
{2;h > 0} is an open covering of the compact set U™, there is an hg > 0
such that I' C U C U™ C {2, and ho < d(I',~ U). Let {h;} be a sequence
in (0, ho) that decreases to 0 and let

(2) = I, u(x) if v € (2,
A B if €2~ Q.

Since the {2, increase to {2, the sequence {u;} increases to u on 2. Since
uj is superharmonic on 2, D U™, u; is superharmonic on U; moreover,
uj € C™({2y,) implies that u; € C°°(U). It will be shown now that u; = u
on a neighborhood of 2 ~ U, thus implying that u; € C*°({2) and is harmonic
on {2 ~ U™. By definition, u; = u on £ ~ §2;,,. Consider any = € 2, ~ U.
Since x € £2y,; and h; < d(I',~ U), §; > 0 can be chosen so that B, s, C {2,
and h; +60; <d(I,~U). Fory € B, ;5,,d(y, I') > d(x,I") — d(z,y) > d(I,~
U) —6; > hj so that By 5, C £2 ~ I'. Thus, u;j(y) = Ju,u(y) = u(y) for all
y € B, s,;. This proves that u; = u on a neighborhood of 2 ~U. N

It was shown in Lemma 2.4.4 that L(u : x,0) is a decreasing function of §
if u is superharmonic. Much more is true. Recall that a function ¢ is concave
on an interval (a,b) if —¢ is convex on the interval; that is,

oAz + (1= Ay) = Ap(x) + (1 — N)o(y)

whenever a <z <y <band 0 < A < 1.
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Theorem 2.5.3 Let u be superharmonic on the open set {2 and let B, , be
a ball with 0By, C §2 for i < p <ry. Then L(u: x,p) is a concave function
of —logp if n = 2 and a concave function of p~"*2 if n. > 3 on (r1,72); in
particular, L(u : x, p) is a continuous function of p on (r1,72). If, in addition,
w is harmonic on {2, then

L(u:zp) = (% /813 Dnu(z) da(z)) log p + const. (2.6)

on (r1,r2) if n =2, and

L(u:z,p) = <—ﬁ /an1 Dpu(z) do’(z)) p "2 const.  (2.7)

on (ri,m2) if n > 3.

Proof: Assume first that u € C?(£2). Letting A, denote the closed annulus
B, , ~ Bz r,m1 < p < r2,u has a bounded normal derivative on 0A,. Since
u is superharmonic on 2, Au < 0 on {2 by Lemma 2.3.4. Applying Green’s
theorem to the region A,,

oz/Ap Audz:/an Dnu(z)do(z)—/ Dau(z) do(2)

OBy,

for 11 < p < ry. Using the fact that Dyu is bounded on 0A,,

/ Dou(z) do(z) = / 1D, (& + 1)), do(0)
9B.., 16]=1

|6

Therefore,

onp" 'D,L(u: z,p) = Au(z)dz + / Dyu(z)do(z).
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If w is harmonic on {2, then the first term on the right is zero, the second term
is a constant, and an integration with respect to p results in Equations (2.6)
and (2.7). Suppose now that n > 3. Letting ¢ = 1/p""2, p(¢) the inverse
function, and k the second term on the right of the last equation,

—on(n—2)DcLu : z, p(C)) = /A Au(z)dz + k.

P(<)

As p increases, [, Au(z)dz decreases; thus, D¢L(u : x,p(C)) increases as
P

¢ decreases on ((1,C2) where ¢; = 1/ry~2 (o = 1/r}"2 Therefore, L(u :
x,p(C)) is a concave function of ¢ = 1/p"~2; that is, L(u : z, p) is a concave
function of 1/p"~2. The proof of the n = 2 case is accomplished in the same
way by letting { = —log p. Consider now an arbitrary superharmonic function
u and the n = 3 case. By Lemma 2.5.1, there is a C*°(2) sequence {u;} of
superharmonic functions on a neighborhood of B, ,, ~ By, with u; T u.
Note that the sequence {L(u; : z,p)} is increasing and uniformly bounded
on (ry,rse) since

L(uj:z,p) <L(uj : z,71) <L(u:z,r) < 4oo,

the latter inequality holding because u is bounded on 0B, ,,. For each j > 1,
there is a concave function v, defined on ({1,(2) such that L(u; : z,p) =
;i (p~" %) = 1;(¢). Note that the sequence {t;} is increasing and uniformly
bounded on ({1, (2). It is easily seen that ¢ = lim;_,, ¢, is also a concave
function and that L(u : z, p) = ¥(p~"*2) for p € (r1,72). The same argument
applies to the n = 2 case. Continuity of L(u : z,p) on (rq,rz2) follows from
the fact that a concave function on an open interval is continuous. W

2.6 Perron-Wiener Method

Let 2 be an open subset of R™ with nonempty boundary, and let f be an
extended real-valued function on 9f2. The generalized Dirichlet problem is
that of finding a harmonic function h corresponding to the boundary function
f. Having shown that such a function exists, there is then the problem of
relating the limiting behavior of h at boundary points of {2 to the values
of f at such points. A standard method of proving the existence of an h is
to approximate from above and below, and then show that the difference
between the two can be made arbitrarily small.

Definition 2.6.1 A family F of superharmonic functions on an open set {2
is saturated if

(i) w,v € F implies min (u,v) € F
(ii) w € F and B a ball with B~ C {2 implies up € F where
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_ [PI(u:B) on B
UB = u on 2 ~ B.
Theorem 2.6.2 If F is a saturated family of superharmonic functions on

2, then inf,cru is either identically —oo or harmonic on each component
of £2.

Proof: Let w = inf,cru and consider any closed ball B~ C 2. Since the
assertion of the theorem pertains to the components of {2, it can be assumed
that 2 is connected. For v € F,up < u, harmonic on B, and superharmonic
on {2 by Lemma 2.4.11. Moreover, w = inf{up;u € F}. Consider any u,v € F
and the corresponding up,vp. Since F is left-directed, min (u,v) € F so
that (min (u,v); < min(up,vp). It follows that the family {up;u € F}
is left-directed. By Theorem 2.4.8, w = inf{up;u € F} is identically —oo
or superharmonic on (2. Since the functions up are harmonic on B, w is
identically —oco or harmonic on B by Theorem 2.2.7. If w is not identically
—oo on {2, then it is superharmonic on {2 and therefore harmonic on each
ball B since superharmonic functions are finite a.e. on compact subsets of {2
by Theorem 2.4.2. W

Given a boundary function f, classes of functions that approximate the
solution of the Dirichlet problem from above and from below will be consid-
ered.

Definition 2.6.3 An extended real-valued function w on (2 is hyperhar-
monic (hypoharmonic) if it is superharmonic (subharmonic) or identically
~+00 (—00) on each component of 2.

Definition 2.6.4 The upper class i of functions determined by the func-
tion f on J{2 is given by

Uy = {u; u hyperharmonic on {2, lim ian u(y) > f(x)
y—.ye

for all x € 012, u bounded below on 2}.

The lower class £ of functions determined by the function f on 02 is given
by

£ = {u; v hypoharmonic on 2, limsup u(y) < f(z)
y—z,yes?

for all € 92, u bounded above on 2}.

Note that iy contains the function that is identically +o0o on (2, and £y
contains the function that is identically —oco on {2. Also note that H; (£¢)
may contain only the identically +o0o (—o0o) function, and also that the re-
quirement that elements of s be bounded below may not be fulfilled by any
nontrivial hyperharmonic function.
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Definition 2.6.5 The Perron upper solution for the boundary function
f is given by H ¢ = inf {u;u € 4s}. The Perron lower solution is given by
H,; =sup{u;u € £¢}.

Whenever it is necessary to compare upper classes and upper solutions
for two different regions {2 and X, the upper clabses will be denoted by il?

and LLE and the upper solutions by H and H , respectively, with a similar
conventlon for lower classes and 1ower solutlons As a result of the following
lemma, it can be assumed usually that (2 is connected.

Lemma 2. 6 6 If f is a function on 082 and A is a component of §2, then
Hf\é)A*Hf |A andHflaA—H |A

Proof: Let ilj}‘a/l be the upper class for A and f|pa. It will be shown first
that ilj}laA C U [a= {ulasu € U¥}. Ifu € u?\am let v* = u on A and

*=+4o00on 2~ A Then u* € 11? and ﬂ?‘aA C LIJQ |4. Suppose now that
u € ﬂ? and x € JA. Then z € 012 and

1 f > 1 f > o0A.
SR 2 i 2 ), ee

Therefore, u|s € ujém and 11? [4C u}‘m. Thus, ﬂ;}k‘m = ﬂ?|A and F}l\aA =
=0
Hf |A.

Lemma 2.6.7 H; (H ) is identically —oc (+00) or harmonic on each com-
ponent of §2.

Proof: It can be assumed that {2 is connected. If {; contains only the iden-
tically +oo function, then Ff = +oo and the assertion is true. Suppose iy
contains a hyperharmonic function that is not identically +o0o on 2. Then
H; = inf {u;u € 8, u superharmonic on 2}. If it can be shown that the
family of superharmonic functions in il is a saturated family, it would then
follow from Theorem 2.6.2 that ﬁf is either identically —oo or harmonic
on §2. Accordingly, let u; and us be two superharmonic members of ;. If
x € 02, then liminf, ., yeou;(y) > f(z) and it is easy to show that

liminf min (u1,u2)(y) > f(2).
y—x,yEe2

Since u; and us are each bounded below on {2, the same is true of the super-
harmonic function min (u1, uz) and it has been shown that min (uq, ug) € LUy.
If u is a superharmonic function in 4y and B is a ball with B~ C (2, then

u® is superharmonic on {2 by Lemma 2.4.11,

R W) = i) 2
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for all x € 982, and u®” is bounded below by the same constant bounding
u; that is, u? is a superharmonic member of . Therefore, the family of
superharmonic functions in {; is a saturated family. W

Definition 2.6.8 If Ff = H; and both are harmonic, then f is called a

resolutive boundary function ; in this case, Hy = Ff = H is called the
Dirichlet solution for f.

The solution of the Dirichlet problem need not be unique. In fact, given a
continuous boundary function f on the half-space R’} = {(x1,...,2n;2, >
0} C R™, according to Theorem 1.9.1 there is a one-parameter family of
Dirichlet solutions corresponding to f. The difficulty here is related to the
fact that the region R is unbounded. This difficulty will be avoided by
assuming that {2 is bounded for the remainder of this section. It is also
possible that the Perron-Wiener method will result in the same harmonic
function for two different, but not too different, boundary functions. Let
2= B071 ~ {0} - RS, let B = BO,l» and let

1 at 0
F= { 0 on 0B.

Consider the function u(z) = 1/|z|,z € §2, the restriction of the fundamental
harmonic function ug to {2. For every j > 1,u/j € Uy, so that Ff =0
on (2. Since the zero function belongs to £7,0 < ﬂf < Ff = 0 and so
Hy = Hy = Ff = 0 on §2. On the other hand, if ¢ = 0 on 942, then
H, = 0. Thus, f and g determine the same harmonic function although
0 = g(0) # f(0) = 1. In this case, the set of points at which f and ¢ differ
does not affect the Dirichlet solution. Such sets will be studied in greater
detail later.

What follows in this section is dependent upon Corollary 2.3.6 in which it
is assumed that (2 is bounded. Since the conclusions of the corollary will be

extended to unbounded (2 in Theorem 5.2.5, the results of the remainder of
this section are valid for unbounded sets.

Lemma 2.6.9 Let {2 be a bounded open subset of R". If u € £¢ and v € Uy,
then u < v andﬂf < Hyf on (2.

Proof: It can be assumed that (2 is connected. If either v is not superhar-
monic or u is not subharmonic, then u < v trivially. It suffices to consider
the case where v — u is superharmonic. If 2 € 92 and f(x) is finite, then

liminf (v —wu)(y) > liminf v(y) — limsup u(y) > f(z) — f(x) = 0;
y—x,yc? y—x,yef y—x,yEeN

if f(z) = o0, then liminf, ., yenv(y) = +oo and liminf, ., yen(v —
u)(y) > 0 by virtue of the fact that u € £; is bounded above on (2 and,
similarly, if f(xr) = —oo. Therefore, liminf, ., yen(v — u)(y) > 0 for all
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x € 012, and v > w on {2 by Corollary 2.3.6. Using the fact that v > u for all
v € iy and each u € L4, Hy > u for all u € £5 and therefore H; > H,. |

If there is any merit to the Perron-Wiener method, it should give solutions
that are consistent with certain natural solutions.

Theorem 2.6.10 Let {2 be a bounded open subset of R™. If f is bounded on
012 and there is a harmonic function h on 2 such that lim,_., ,en h(y) =
f(x),x € 012, then f is resolutive and Hy = h.

Proof: As was noted in Section 0.1, h has a continuous extension to {2~ and is
bounded on 2. Therefore, h belongs to both £ and { and ﬁf <h< ﬂf.
Thus, H = ﬁf = h, and since h is a harmonic function, f is a resolutive
boundary function and h = Hy. W

In particular, if A is harmonic on a neighborhood of a compact set {2 and
the Perron-Wiener method is applied to hlgg, the solution is just what it
should be.

Eventually necessary and sufficient conditions will be determined in or-
der that a boundary function be resolutive. For the time being, it is more
convenient to study the class of resolutive functions. Each of the assertions
of the following lemma has been proved already or is easily proved from the
definitions.

Lemma 2.6.11 Let 2 be a bounded open subset of R™, let f and g be ex-
tended real-valued functions on 02, and let ¢ be any real number.

(i) If f =c on 9L, then f is resolutive and Hy = c on 2.

(i) Hfre=Hyf+cand Hp . = H; + c. If f is resolutive, then f + c is
resolutive and Hﬁc = HL"" c.

(iii) If ¢ > 0, then Hep = cHy and H,.; = cH . If f is resolutive, then cf is
resolutive and Hﬂ = cgf for ¢ > 0.

(iv) If f < g, then Hy < H, and H; < H .

(v) E_f = —H;. If [ is resolutive, then —f is resolutive with H_j = —Hy.

(vi) Hr1g < Hy+H, and ﬂfﬂ, > ﬂf —&—EQ whenever the sums are defined.
If f and g are resolutive and f + g is defined, then f+ g is resolutive with
Hi g=Hy+ H,.

Lemma 2.6.12 Let §2 be a bounded open subset of R™. The resolutive bound-
ary functions form a linear class. Moreover, if {f;} is a sequence of such
functions that converges uniformly to f, then f is resolutive and the sequence
{Hy,} converges uniformly to Hy.

Proof: If |[f; — f| < e then f; —e < f < fj+ ¢ Hy < Efj+€ = Ffj + €,
and Hf > Hfj,E = HfJ — €. Therefore, |Hf — Hfj| = |Hf — Hfj| < €,
and the sequence {Hy,} converges uniformly to Hy. In the same way, the
sequence {Hy, } converges uniformly to H - Thus, Ff = H; and since both
are finite by the above inequalities, f is resolutive. W
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Lemma 2.6.13 Let {2 be a bounded open subset of R". If {f;} is an increas-
ing sequence of boundary functions, f = lim;_. f;, and Hy > —o0 on £2,
then Hy =lim;_,oc Hy,; if, in addition, the f; are resolutive, then Hy = H,
and f is resolutive if at least one of Hy or H s finite on each component

of £2.

Proof: It can be assumed that 2 is connected. Since H 5 < H f, there is noth-
ing to prove if lim;_, o Ffj = 400 on §2. Therefore, it can be assumed that
lim; o0 Hy, (z0) < 400 for some zg € 2. Then —oo < Hy, (zg) < Hy, (x0) <
lim; o Ff]. (z9) < 400 for all 7 > 1 and each of the functions Ff]. is har-
monic by Lemma 2.6.7. Since the limit of an increasing sequence of harmonic
functions is either harmonic or identically +o00 and lim;_, ﬁfj (x0) < +00,
lim; o0 Ff]. is harmonic on §2. Suppose € > 0. For each j > 1, choose v; € iy,
such that
vj(w0) < Hy, (o) + €277,

and define

v= lim Hy, + Z(vj — Hy,).
j=1

For each j > 1,v; — Ffj is superharmonic on {2, nonnegative, and less than
€277 at x¢. From the inequality
v > lim Hf +( ﬁfj):(.lim ﬁf,i—ﬁfj)—i-vj
71— 00 1— 00
and the fact that lim; . Ffi > ﬁfj,v > v; for each j > 1. Since v; is

bounded below, the same is true of v. By Theorem 2.4.8, v is superharmonic
on {2. Moreover, for each x € 92 and each j > 1,

> > fi .
Jiminf v(y) > Tminf v;(y) > f;(x)

Therefore, liminf, . yeov(y) > f(x) for all € 9(2 and consequently v €
iy, This means that v(zo) > H ¢(x0). Since

lim Hy, (z0) < Hy(zo) < v(wo) < lim Hy, (o) + €
j—oo

Jj—00

and e is arbitrary, Hy(zo) = limj_.oo Hy,(20). Since the latter quantity is
finite at xo by assumption, H ¢(x0) is finite and H is therefore harmonic.
Now H p—limj H #; is a nonnegative harmonic function that vanishes at xg
and therefore must be the constant zero function by the minimum principle.
This proves the first assertion that H F=limj_ H f,;- Suppose now that the
f; are resolutive. Then Ffj =H; and

= lim Hf = hm Hf = lim HfJ < Hy;

]4)00 j*?OO
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it follows that Ff = H; and that f is resolutive if at least one of Ff and
H; is finite on each component of 2. W

Lemma 2.6.14 If u is a bounded superharmonic function on the bounded
open set £2 such that f(x) = limy_, yenu(y) exists for all x € 012, then f is
a resolutive boundary function.

Proof: Note that f, ﬁf, and H ; are all bounded and that the latter two are
harmonic functions. Clearly, u € £y and u > H ;. Then lim SUPy .y yen H; <
limsup, . e u(y) = f(z) for all z € 912 and therefore Hy € £4. Tt follows

that Ff < H; since the opposite inequality always holds, the two are equal
and f is resolutive. W

Lemma 2.6.15 Let K be a compact subset of R™, and let f be a continuous
function on K. Given € > 0 and a ball B D K, there is a function u that is
the difference of two continuous superharmonic functions defined on B such

that sup,c i |u(z) — f(z)] <e.

Proof: By the Stone-Weierstrass theorem, there is a polynomial function u of
the n coordinate variables such that sup,¢ s |f(z) — u(z)| < e. Let B be any
ball containing K, and let v(y) = —|y|?. Then Av = —2n, v is superharmonic
by Lemma 2.3.4, and Av is a continuous superharmonic function on B for
A > 0. Choose Ag such that A(u + Agv) <0 on B. Then u = (u+ Agv) — Agv
with u + Agv and Agv continuous superharmonic functions on B. W

The existence of a harmonic function associated with each continuous
boundary function will be established now.

Theorem 2.6.16 (Wiener) If f is a continuous function on the boundary
092 of a bounded open set §2, then f is resolutive.

Proof: Since 02 is compact, the preceding lemma is applicable. Let B be a
ball containing 9f2. Then there is a function of the form u = v — w, where
v and w are continuous superharmonic functions on B, which approximates
f uniformly on 9f2. Since v|p and w|sg are resolutive by Lemma 2.6.14,
ulon = vlan — w|ag is resolutive. Since u|spg; approximates f uniformly on
0f2, f is resolutive by Lemma 2.6.12. W

Although Wiener’s theorem associates a harmonic function with each
continuous boundary function, it leaves open the connection between the
boundary behavior of the harmonic function and the boundary function.

Definition 2.6.17 A point = € {2 is a regular boundary point if

li H =
A Hy(y) = f(z)
for all f € C(912). Otherwise, x is an irregular boundary point. {2 is
a regular region or Dirichlet region if every point of 0f2 is a regular
boundary point.
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Example 2.6.18 Let 2 = By ~ {0} C R? Then 0 is an irregular bound-
ary point. This follows from the fact that Hy = 0 on {2 for the continuous

boundary function
1 ifx=0
f(x)_{o if |2 = 1.

In this case, lim, o e Hf(y) =0# 1 = f(0).

The irregular boundary point of this example is an isolated point of the
boundary. It will be seen later that this is true of all isolated boundary points.
Necessary and sufficient conditions for a boundary point to be a regular
boundary point will be taken up now.

Definition 2.6.19 A function w is a local barrier at € 02 if w is defined
on AN (2 for some neighborhood A of z and (i) w is superharmonic on AN (2,
(ii) w > 0 on AN 2, and (iii) limy .z yeano w(y) = 0. The function w is a
barrier at z € 92 on 2 if (i), (ii), and (iii) are satisfied with A = 2, and
a strong barrier at x € 9f? if, in addition, inf {w(z);z € 2 ~ A} > 0 for
each neighborhood A of x.

Theorem 2.6.20 (Bouligand) Let 2 be a bounded open subset of R™. If
there is a local barrier at © € 0f2, then there is a harmonic strong barrier h
at © on §2 satisfying

(1) liminf, .. yeoh(y) >0  forall 2’ € 02 ~ {x}, and
(ii) inf {h(y);y € 2 ~ A} > 0 for each neighborhood A, of x.

Proof: Let w be a local barrier at € 0f2. Define a function m on 0f2 by
putting m(y) = |y — x|,y € 9f2. It will be shown that the function h = H,,
has the required properties. Since the function |y — x| on (2 is subharmonic
by Lemma 2.3.4 and belongs to the lower class £,,, |y — x| < H,,(y) on 2.
Moreover,

. . /
Jinf Hy(y) > liminf Jy —of =[o"— x| >0
for all ' € 02,2’ # x. It remains only to show that limy_, e Hm(y) = 0.
Since w is a local barrier at z, there is a ball B; , such that w > 0 on B, N {2,
superharmonic on B, N2 and limy ., yen, .ne w(y) = 0. Consider any p for
which 0 < p < r and let B = B, ,. Two cases will be considered depending
upon whether or not 9B N {2 is empty. Assume first that OB N 2 = 0, in
which case (BN {2) C B~ NaS2. Since m > 0 on 042, it can be assumed that
H,, =sup{u;u € £,,,u > 0}. For any such v and y € 9(BN ) C B~ NI,

limsup wu(z) < limsup u(z) < m(y) < p.
z—y,z€BN2 z—y,z€82

By Corollary 2.3.6, u < p on B N {2, and since this is true of all such
u € Ly, Hy < pon BN (2. Now assume that 9B N 2 # (), and choose
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a closed set F' C 0B N {2 such that o((0B N 2) ~ F) < p/M where M =
sup{|ly — z|;y € 002}. Note that m < M on 92 and let k = inf {w(y);y € F}
> (. Define a function f on 0B by putting

M ifye (0BNN)~F
fly) = {O otherwise .

For w € £,,,u > 0, consider the function
v=u—p— (M/k)w—-PI(f:B)

which is subharmonic on BN (2. It will be shown that limsup,_,, .cpno v(2)
<0 for all y € (B N 2). Note first the following facts pertaining to such y:

(i) Since w is L.s.c. at points of F,

— liminf w(z) < -k  forye F;
z—y,zEBNR
otherwise,
— liminf w(z) <0.
z—y,zEBNN
(ii) Since m < M and limsup,_,, ,cpnou(z) < M for y € 092,u < M on §2
by Corollary 2.3.6 and

limsup wu(z) <M  fory € BN,
z—y,z€BN2

also,

limsup wu(z) <m(y) <p forye BNof.
z—y,zEBN2

(iii) On the set (9B N {2) ~ F, f is a continuous function and

z—»ygngmQ PI(f:B)=f(y)=M forye (0BNN)~F;

otherwise,
— liminf PI(f:B)<0.

z—y,zEBN2

Note also that (BN 2) C (0BNN) ~ F)UFU (02N B~). By considering
the three cases y € (0BNN) ~ F),y € F,and y € (02N B~7), it is easily
seen that limsup,_,, .cpnnov(2) < 0fory € (BN{2) so that v <0 on BN
by Corollary 2.3.6. Thus,

u<p+ (M/k)w+PI(f:B) on BN
But since u is an arbitrary element of £,,,

Hyp < p+ (M/k)w+PI(f:B) on BN



84 2 The Dirichlet Problem

Since the average value of f is p/M and PI(f : B)(xz) = L(f : ,B) <
M(p/M) = p and PI(f : B) is continuous at x, limsup,_,, ,cpno PI(f :
B)(y) < p. Since limy,_, yen w(y) =0,

0 < limsup H,,(y) = limsup H,,(y) <2p
y—z,yes? y—xz,ye BNN

in the 9B N2 # () case. In either case, limsup, ., ,cn Hn(y) = 0 and (i) is
satisfied. The function h = H,, clearly satisfies (i¢). W

Simply put, if there is a local barrier at € 9f2 for the bounded open set
(2, then the function H),_,| is a strong barrier at z. It should also be noted
that the existence of a barrier at a boundary point is a local property of §2;
that is, the existence of a barrier at x € {2 depends only upon the relationship
between x and the part of {2 near x. Since the assumption that there is a
local barrier at a boundary point can be replaced by the assumption of a
barrier or a strong barrier, the shorter term will be used in the statement of
theorems.

Lemma 2.6.21 Let 2 be a bounded open set. If f is bounded above on 02
and there is a barrier at x € 02, then

limsup Hy(y) < limsup f(y);
y—x,yeNR ’ y—x,y€0s?

or if f is bounded below on 02 and there is a barrier at x € OS2, then

liminf H(y) > liminf f(y).

y—z,yeR T y—x,ycon

Proof: By the preceding theorem, there is a barrier w at = defined on 2
such that inf {w(y);y € 2 ~ Ay} > 0 for each neighborhood A, of z. If L =
limsup, ., ,con f(y) and € > 0, then there is a neighborhood V' of = such
that f(y) < L+ ¢ for all y € 92N V. Choose ¢ > 0 such that

L+e+c inf w > su
<y€Q~V (y)> Sup fy)

and let w = L+e+cw. Then u is superharmonic on {2 and bounded below since
w > 0 on 2. Moreover, liminf, ., yeou(y) > L+ e+ climinf, ../ yen w(y)
forz’ € 0. If 2/ € 92 ~ V, then liminf, ., yen w(y) > infyc o~y w(y) and

liminf w(y) >L+e+c| inf w > su > f(x)).
y—a’ yeN (y)_ (yGQNV (y)> yea%f(y)_f( )

On the other hand, if 2’ € 92NV, then L + ¢ > f(z’) and

liminf u(y) > L+e> f(a').
y—a’ yeN
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This shows that iminf, . yen u(y) > f(2') for all 2’ € 042 and that u € ;.
Therefore, Hf < on {2 and

limsup H¢(y) < limsup u(y) < L+ e+ c limsup w(y) = L +e.
y—x,yeNR y—x,yEeN y—x,yEe

Since € is arbitrary, limsup, ., ,co Hy(y) < L =limsup, ., ,co0 f(y). W

Corollary 2.6.22 Let {2 be a bounded open set with a barrier at x € 0f2. If
f is bounded on 02 and continuous at x, then

lim He(y)= lim H,(y) = .
am () yé;{gen_f(y) f(z)

Proof: By the preceding lemma, continuity of f at z, and the fact that

limsup Hy(y) < f(z) < liminf H,(y) < liminf H(y).
y—xz,ye y—x,yc 2 y—x,yc

Thus, limy ., yeo Hf(y) = f(z). Similarly, limy ., yeo H(y) = f(z). B

Theorem 2.6.23 Let 2 be a bounded open set. A point x € 012 is a regqular
boundary point if and only if there is a barrier at x.

Proof: The sufficiency is immediate from the definition of a regular boundary
point, the preceding corollary and Theorem 2.6.16. As to the necessity, assume
that x is a regular boundary point, and let m(y) = |y — x|,y € 02. As in the
proof of Theorem 2.6.20, H,,,(y) > |y — x| > 0,y € {2. Since z is a regular
boundary point and m is continuous on 0f2,lim,_., yen Hy,(y) = m(xz) = 0.
This shows that H,, is a barrier at z. Il

Theorem 2.6.24 If x is a regular boundary point for the bounded open set
0 and (2 is a subset of £2 for which x € 02y, then x is reqular for (2.

Proof: A barrier at = relative to 2 is a barrier at x relative to {25 when
restricted to the latter. W

Theorem 2.6.25 (Poincaré) If (2 is a bounded open set, if x € 012, and
there is a ball B with BN Q2 = 0 and x € OB, then x is a reqular boundary
point for 2.

Proof: By taking a ball internally tangent to B at z, it can be assumed that
0BNoN2 ={z}.1f B=B,,, aconstant ¢ can be added to the fundamental
harmonic function u, having pole y so that u, + c¢ vanishes on dB. The
function w = wuy + ¢, restricted to {2, is then a barrier at = for 2. It follows
that x is regular by Theorem 2.6.23. W
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Example 2.6.26 The boundary points of a disk, square, and annulus in
R? are regular boundary points. The boundary points of a bounded convex
subset of R™ are regular boundary points.

In the one example of an irregular boundary point that has been consid-
ered, namely the point 0 of the boundary of 2 = By ~ {0} C R?, the region
{2 is not simply connected. Generally speaking, irregular boundary points are
more difficult to illustrate in R? than in R™,n > 3.

Theorem 2.6.27 If = is a boundary point of the bounded open set 2 C R?
having the property that there is a line segment I C~ (2 with x as an end
point, then x is a reqular boundary point.

Proof: Points of R? will be regarded as complex numbers. Let B = B bea
ball such that INJB # () and 6§ < 1. The function log (z — z) can be defined
to be continuous on B ~ [ by taking the branch cut along the ray starting
at  and in the direction I. Letting

et \___loglz—a|
wiz) =~k <1og<zx>) Tog(z )

w is harmonic on 2N B since it is the real part of a function that is analytic
on 2N B. Moreover, w > 0 on §2N B since |z — x| <1 on 2N B. It is easily
seen that w is a barrier at z. W

More is true in the n = 2 case than is stated in this theorem. Recall that
a continuum is a set containing more than one point which is closed and
connected. For the sake of completeness, the following theorem is included
here but the proof is deferred until Section 5.7.

Theorem 2.6.28 (Lebesgue) If x is a boundary point of the bounded open
set 2 C R? having the property that there is a continuum { C~ 2 with x € £,
then x s a reqular boundary point.

The phrase “right circular cone” in the statement of the following theorem
excludes a cone with zero half-angle.

Theorem 2.6.29 (Zaremba) If x is a boundary point of the bounded open
set 2 C R™,n > 2, and there is a truncated right circular cone in ~ (2 with
verter at x, then x is a reqular boundary point.

Proof: By reducing the half-angle of the cone, it can be assumed that the
truncated cone intersects 92 only in {z}. Let C, be a closed right circular
cone with vertex z such that C;, N By, N 2 = ) for some p > 0, and let
20 = 2U (B, ~ C;). Then z is a boundary point for 2. If it can be
shown that x is a regular boundary point for {2, then it would follow from
Theorem 2.6.24 that = is a regular boundary point for (2. Since a barrier at
x on By, ~ C, is a local barrier at = on 2N (By,, ~ Cy), it is enough to
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show that there is a barrier at z on B, , ~ C; that is, there is a positive
superharmonic function w on By , ~ C, for which lim, ., yen, ,~c, w(y) =
0. In other words, it suffices to prove that x is a regular boundary point for
B, , ~ C,. Henceforth, it will be assumed that {2 = B, , ~ C,. According to
Theorem 2.6.25, all boundary points of 2, except possibly for x, are regular
boundary points. Let 25 be a magnification of {2 by a factor of 2; that is,
={o+2(y—=x):yec 22} Also let r(y) = |y — x|,y € 02. Consider the
Dirichlet solution H, on {25 corresponding to the boundary function r on 9{2s.
Since H, is harmonic on {25 and, as in the proof of Theorem 2.6.20, H,.(z) >
|z — 2| > 0 for z € (29, it remains only to show that lim, ., .c o H,(z) = 0.
Define a function u on 25 ~ {z} by putting

_ Hr(y) y € (2
“@){r(y) y €2~ {x)

and a second function v on 27 ~ {z} by putting v(y) = u(x+2(y — x)). The
functions u and v are continuous on {2, ~ {x} and 2 ~ {x}, respectively. It
will be shown next that u < v on 92N0B, ,. Since r < 2p on 9§22, 2p € i, so
that u = H, < 2p on {2. Since u is harmonic on {25, it satisfies the maximum
principle on 25 by Corollary 1.5.10, and since it is clearly not constant on {25,
it cannot attain its maximum value at a point of (2. Thus, u < 2p on (25 and
on {2,N0N2NAOB, , in particular. But since v = 2p on {2, NON2NIOB, p,u < v
on the same set. Since points y € 92 N L2 are regular boundary points
for (25,lim,_.,, .connn, u(z) = p; for such points, u(y) = p < 2p = v(y).
Thus, v < v on 02N 0B, ,. Since both functions are continuous on the
compact set 02 N 0B, ,, there is a constant « with 1/2 < o < 1 such
that u < av on 02N 0B, ,. On the remainder of 92 ~ {z},u = (1/2)v.
Therefore, u < av on 92 ~ {z}. Since w and v are continuous on 2= ~
{z},lim,_y .eo(av(z) —u(z)) > 0 for y € 92 ~ {z}. Consider the function
av — u + €(uy + ¢) where € > 0 and ¢ has been chosen so that u, + ¢ > 0 on
2. Then

liminf (av —u+ €(uy +¢)) >
z—y,zE€0

0 if y € 002 ~ {z}
400 if y =ux.

By Theorem 2.3.6, av — u+¢(ugz +¢) > 0 on 2. For any closed ball B, s C 2,
aA(v:y,0) —A(u:y,0)+ e(Alug : y,0) +¢) > 0.

Fixing 6 > 0 and letting e — 0, and then letting § — 0, av(y) — u(y) > 0 for
arbitrary y € §2. Therefore,

limsup u(z) < « limsup v(z) = a limsup u(z + 2(z — x)).
z—x,z€S2 z—x,z€(2 z—x,zE€0
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Since the two extreme limits are the same,

limsup H,(z) = limsup u(z) =0. W

z—x,zE€0 z2—T,2€82

Remark 2.6.30 It is worth noting an interesting fact in the preceding proof.
Namely, the fact that lim,_., .co(av(z) —u(z)) > 0 for all y € 92 except
possibly for a single point was enough to prove that av —u > 0 on {2, as
though a single point is negligible. The proof was accomplished by exploiting
the fact that u, = 400 at z. The same proof would have worked for more
than one point if a superharmonic function u could be found that takes on
the value 400 on the set of points where lim,_.,, e (av(z) — u(z)) > 0 fails
to hold. This suggests that sets of points where a superharmonic function
takes on the value +oo are negligible. Such sets are called polar sets and
will be taken up later.

Corollary 2.6.31 If §2 is an open subset of R",n > 2, then there is an
increasing sequence {£2;} of regular bounded open sets with closures in {2
such that 2 = US2;.

Proof: Let {I;} be an increasing sequence of compact sets such that 2 =
UIly. Consider I and a finite covering of I'1 by balls B;l), e ,B,Ei) having
closures in {2. By slightly increasing the radii of some of the balls, it can
be assumed that each boundary point of 21 = U?lle;l) is the vertex of a
truncated closed solid cone lying outside {27; that is, it can be assumed that
{21 is a regular region containing Ij. Apply the same procedure to 27 U I3,
etc. W

2.7 The Radial Limit Theorem

If h = PI(p : B) on the ball B and p is the indefinite integral of a continuous
boundary function f relative to surface area o on 0B, then lim,_., ,ep h(z) =
f(z) for all z € OB. Since the Radon-Nikodym derivative of p with respect to
o is equal to f a.e.(0), the boundary behavior of h is related to the derivative
du/do. Since there are several ways of defining a derivate, different boundary
limit theorems may be obtained depending upon the definition of the derivate
used. Generally speaking, a definition that places stringent conditions on p
for the existence of the derivate will yield the strongest results. In this section,
a weak derivate will be used first to describe the behavior of h along radial
approaches to the boundary of B.

As a matter of notational convenience, let B = By . It is not essential
the 0 is the center of the ball or that the radius is equal to 1. If z € 9B and
0 < a < 7/2,C, owill denote a closed cone with vertex 0, axis coincident
with the vector z, and half-angle «; that is,
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Cro ={y;cosa < (v, 2) <1}
lyll=|
Each such cone determines a closed polar cap K, o = C, oNIB having center
z and spherical angle a.

Let 1 be a signed measure of bounded variation on the Borel subsets of
0B.

Definition 2.7.1 If lim,x)—o u(K)/o(K) exists, where K is any closed po-
lar cap centered at x, the limit is called the symmetric derivate of p with
respect to o at  and is denoted by Dsu(z).

The symmetric derivate is a weak derivate and results in the following
weak boundary limit theorem. Although the theorem is stated for harmonic
functions, versions of the theorem are true for superharmonic functions.
Littlewood [41] proved an a.e. radial limit theorem for potentials Gpu in
the n = 2 case, F. Riesz [53] extended Littlewood’s theorem to positive su-
perharmonic functions in the n = 2 case, and Privalov [51, 52] extended the
latter to the n > 3 case.

Theorem 2.7.2 Let u be a signed measure of bounded variation on the Borel
subsets of OB and let h = PI(u : B). If Dypu ewists at x € OB, then
limy_,1- h(Ax) = Dsp(z).

Proof: (B = By1) It will be shown first that a = Dyu(x), x fixed, can be
assumed to be zero. Consider the signed measure p — ao which is also of
bounded variation. For this measure, Dy(p—ao)(x) = Dspu(x) —aDso(z) =0
and PI(y—ao : B) = PI(u: B)—aPI(o : B) = h—a. If it can be shown that
limy_ ;- (h(Ax) —a) = 0, it would follow that limy_ ;- h(Ax) = a. Therefore,
by replacing p by p — ao, it can be assumed that a = 0. For x € 0B,

1 1—[\z)?

h(Ar) = — - d
(Az) s T2 aapr @)

1 1— )2
- 2= ).
on /(93 |z — Az|™ #z)

If v denotes the angle between Ax and the point z € 0B, then

1 1— )2
h(Ax) = — d
() o (1+ A2 — 2\ cosvy)n/2 Hz)
1 1— )2

= o Jon (122 1 trei? (/22 )

With ) fixed, the integrand depends only upon « and a “zonal region” method
can be used to evaluate the integral. Letting a(y) = u(K,,),0 <y < mais
of bounded variation on [0, 7] and
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how) = [ PO)data)

1 1— )2
PO\ 7y) = — . 0<A<l0<y<m
%) on (1 = \)2 4+ 4Asin? (y/2))n/2 T=T

Since lim, o pu(Kz)/0(Kzy) = 0,a(0) = p(Kzo) = 0. For each X €
(0,1), P(A,-) is positive, monotone decreasing on [0, 7], and has a continuous
derivative Py (A, -) on [0,n]. Consider also the function 3(y) = o(Ky ),0 <
~ < m, for which

la(y)]

=0 B(y) =0

N’(KI,W
U(Kx,w)

— [D.u(a)] = 0.

Expressing the surface area of K, - as an integral and transforming to spher-
ical coordinates (r, @),

o S Tn-
[ e

ﬁ(’y) N U(Kxﬁ) o /Osm’)’ (

and so

Ayt n—-1/~v\""' n-1
lim sup < limsup ( - ) = < +00.
y—0 6(7) y—0 Onp—1 \S17Y On—1

Choose € > 0 such that

n—1

lim sup < -

v—0 B(Y) €

and then choose ¢ € (0, ) such that |a(v)] < €B(y) and ey~ < B(vy) for
all v € [0, ¢]. Integrating by parts and noting that P,(\,v) <0,

9} ¢
/ P(\ ) da(y) = a(¢)P(\.6) / a(7)Py (A7) dy
0 0
¢
< a(6)P(\, ) - / () [Py (A, ) dy
]
< a()P(\6) — ¢ /0 B Py (A7) dy
[
= P\, §)(a(6) — eB(@)) + ¢ / P(\ ) dB(7)

¢
< POV, @) (a(d)] — eB(6)) + ¢ / P(\ ) dB(~)

¢
<e /0 P(\,~) dB().



2.7 The Radial Limit Theorem

Since
1=PIo: B)0) = [ POy o) = / " POy dB(y),

integrating by parts
¢
1> [ PO ds)
0

)
—/O B(Y) Py (N, ) dy

¢
> B(B)P(A.¢) ¢ / YR (A, ) dy
]
= P(\ )(8(6) — e6" 1) + e(n— 1) / PO )2 dy
¢
> 6/0 P\, y)y" 2 dy.

Hence,

¢ T
h(\x) = / P(\7) da(y) + /¢ P(A ) do()

6fo +f¢7f A7) da(y)
- fo B(v)
f¢ ™
6f0 Ay dy

Letting V,, denote the total variation of «,

f¢ /\'de()

h(Az)| <
o < ek S
f¢ V()
efo A, )2 dy
<et |

= ® PO 2 5"
S M o w o]

91
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By Fatou’s Lemma, applied sequentially,

) n—2 ) n—2
hmﬂ/gﬁﬂl—mz/hmmﬂﬁm;my
0 0

A=l P()‘7¢> A—17 P()‘v(b)
¢ n 2
/0 sin” (¢/2)m dy

= —"—O()7

and therefore limsup,_,;- |h(Az)| < €. Since € can be taken arbitrarily small,
limy ;- A(Az) =0. W

Example 2.7.3 Consider B = By ; and the function

_J1 (z,y)€0B,y>0
f(nmy)—{o (xz,y) € 0B,y < 0.

Let u(M) = [,, f do for each Borel set M C dB. Then D,y exists for (z,y) €
OB and is equal to 1,0, or 1/2 according to y > 0,y < 0, or y = 0, respectively.
Consider the harmonic function h = PI(x : B). Then limy ;- h(Az, \y) =
1,0, or 1/2 for (z,y) € OB according to y > 0,y < 0, or y = 0, respectively.

2.8 Nontangential Boundary Limit Theorem

Obtaining stronger results concerning the boundary behavior of harmonic
functions necessitates replacement of the symmetric derivate by a more re-
strictive derviate.

Definition 2.8.1 If lim,(x)_o u(K)/o(K) exists, where K is any closed po-
lar cap containing z, the limit is called the derivate of ;1 with respect to o
at = and is denoted by Du(x).

Proof of the existence of a derivate requires a discussion of the Vitali
covering theorem. Let X be a metric space with metric d. If F C X, the
diameter of F' is defined to be d(F) = sup {d(z,y);z,y € F}.If F C X and
x € X, the distance from F to z is denoted by d(F,x) = inf {d(y,z);y € F}.
An e-neighborhood of F' C X is denoted by N (F,e) = {z;d(F,x) < €}.

Definition 2.8.2 Let u be a measure defined on the Borel subsets of a com-
pact metric space X. A set A C X is said to be covered in the sense of
Vitali by a family F of closed sets if each F' € F has positive u measure and
there is a constant o such that each point of A is contained in elements F € F
of arbitrarily small positive diameter for which p(N(F,3d(F)))/u(F) < «

Note that if A is covered in the sense of Vitali by F, then any subset of A
is also. A proof of the following theorem can be found in [18].
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Theorem 2.8.3 (Vitali Covering Theorem) Let p be the completion of
a finite measure on the o-algebra of Borel subsets of a compact metric space
X. If A C X is covered in the sense of Vitali by a family F of closed sets,
then there is a sequence {F;} of disjoint sets in F such that p(A ~ UF;) = 0.

The Vitali covering theorem will be applied in the following context. For X
take 0B where B = By , C R". The family F will consist of all nondegenerate
closed polar caps K C 0B. To show that F covers B in the sense of Vitali,
it is necessary to estimate the surface area of polar caps.

Let K = K; 0,0 < o < 7/2, be a closed polar cap on 0B. Making free
use of the fact that surface area is invariant under rotations of the sphere by
assuming that x = (0,0....,0, p),

p
o) = [ [ dys - dyn .
Vey?_ <prsinta (PP —yE— o —y2 )12 "

Introducing the spherical coordinates (r,0) for (y1,...,Yn—1),

psina ,r,n72
J(K):po’nfl‘/o' md?"

It is easy to see that d(K) = 2psina. There is also an ag with 0 < ag < 7/2
such that for a < ag

Tpsin rn72
J(N(K, 3d(K)) < p0n71/0 md?‘

S Ll [
I SN e TR RE

Therefore,

O'(N(K,3d( 777, 1fpSan¢ n— 2/ 49,,,2)1/2)d7,
o(K) - Pbm@( n=2/(p2 — r2)1/2) dr '

Considering the integrals as functions of their upper limits and applying the
second mean value theorem of the differential calculus, there is a point & with
0 < & < psina such that the quotient on the right is equal to

THE (p? - 49€%)1 )
§n—2/(p2 _ 52)1/2 !

Therefore,
oW BA(K)) _ oy (02— €)'
R s TS DR
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As o — 0,& — 0 and the right member has the limit 777!, This shows that
there is a constant o, with 0 < of, < 7/2 such that

o(N(k, 3d(K)))

< constant
o(K) -

whenever K = K, ,, is a closed polar cap with spherical angle a < af. There-
fore, the family F of closed polar caps covers OB in the sense of Vitali. Unless
stated otherwise, K will denote a closed polar cap in 9B where B = By ,.

Lemma 2.8.4 Let u be a measure on the Borel subsets of 0B, and let
0<r<+oo.

(i) If for each x in a set A C OB

K
lim inf HEK)

<
o(K)—0,xeK CT(K) "

then each neighborhood of A contains an open set O such that o(A ~ O) =
0 and p(0) < ro(0).
(it) If for each x in a set A C OB

lim sup HE)
o(K)—0,xeK U(K)

>,

then each meighborhood of A contains a Borel set Ay such that o(A ~
Ap) =0 and u(Ap) > ro(Ap).

Proof: To prove (i), let U be any open set with A C U C 9B, and let F be
the family of all closed polar caps K C U satisfying u(K) < ro(K). Then
F covers A in the sense of Vitali. By the Vitali covering theorem, there is a
sequence {K;} of disjoint closed polar caps in F such that o(A ~ UK;) = 0.
Let K3 be the interior, relative to 0B, of K;. Since o(K; ~ K37) =0,0(A ~
UKS) =0 and

W(KS) < () < ro(K;) = ra(KS).

Letting O = [J K7, O is open, O C U, and o(A ~ O) = 0. Moreover,

oo

w(0) = ZM(K;) < TZU(K;’) =ro(0).

j=1

To prove (ii), let U be an open set such that A C U C 0B. By hypothesis,
the family F of closed polar caps K C U satisfying u(K) > ro(K) covers
A in the sense of Vitali. By the Vitali covering theorem, there is a sequence
{K;} of disjoint closed polar caps in F such that o(A ~ |JK;) = 0. Let
Ao =J K. Since
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plAo) = 3" u(K) > 73" (k) = ro(Ao)

]:1 =

Ay satisfies the requirements of (i¢). W
It is assumed throughout the remainder of this section that ¢ is a complete
measure.

Lemma 2.8.5 Let p be a measure on the Borel subsets of OB such that
Du(x) = lim,(x)—o,zex H(K)/o(K) exists for almost all (o) points v € 0B,
and define Dy arbitrarily at points where the limit does not exist. Then Dy
is Lebesgue measurable on OB.

Proof: For each positive integer m, let {kp1,. .., km;,, } be a finite collection
of closed polar caps which covers 0B and o(K,,;) < 1/m,j = 1,...,jm.
Define a sequence of functions {f,,} on 0B as follows. Let Ko = 0. If
€ Kpj ~ U Kpiyj = 1,..0,jm, let f(z) = p(Km;)/0(Km;). Then
each f,, is measurable and the sequence {f,,} converges a.e.(c) to Du. M

Theorem 2.8.6 (Lebesgue) Let p be a signed measure of bounded varia-
tion on the Borel subsets of 0B. Then Du(x) exists for almost all (o) points
x € OB and is Lebesgue measurable.

Proof: By decomposing u into its positive and negative variations, it can be

assumed that p is a measure. Let A be the set of points © € 9B for which
K K

1K) i AE)

lim sup > _
o(K)—0,ze K o(K) = o(K)—0,zek o(K)

If 7 is a nonnegative integer and j is a positive integer, let A;; be the set of
x € OB where

~—

lim sup > i > liminf K
o(K)—0,5€K O'(K) J J o(K)—0,2eK U(K)

Suppose 0*(A) > 0 where ¢* is the outer measure on 9B induced by o. Since
A=\JAi;j,0%(A;;) > 0 for some i and j. Given € > 0, there is an open set U
such that A;; C U and o(U) < 0*(A;j)+e€. Applying (i) of Lemma 2.8.4 with
r replaced by i/j, there is an open set O such that O C U,0(4;; ~ O) =0,
and
n(0) < 30(0) < 3(0 (Aij) +e).

Applying (i7) of Lemma 2.8.4 to the set A;; N O, there is a Borel set M C O
such that o((4;; NO) ~ M) =0 and p(M) > ((i +1)/j)o(M). Since

Aij CMU(AZ'J' NO)U((AWQO)NM)
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and
o(Aij ~0)=0=0((A;; NO) ~ M),
o(M) > 0*(A;;). Thus,
(0" (Ag) ) > (0) = W) > (M) =

O'*(AZ])

Letting € — 0, (i/7)0*(Ai;) > ((i +1)/j)o*(Aij;), a contradiction. Therefore,
o(A) = 0and Du(x) = limy(x)—o,zex 1K )/o(K) exists as a finite or infinite
limit for all x € A. Let Z = {x €~ A;Du(x) = +o0}. By (i) of Lemma 2.8.4,
for each positive integer j there is a Borel set Z; C 0B such that o(Z ~
Zj) = 0 and p(Z;) > jo(Z;). Since 0*(Z) < 6" (Z N Z;) + 0*(Z ~ Z;) =
0" (2N Z;) < 0" (Z;),

oo > u(0B) > (Z;) > jo(Z;) = jo*(Z)

for all positive integers j. Therefore, 0*(Z) = 0 and Du < 4ooa.e.(c) on
~ A. The measurability of Dy follows from the preceding lemma. W

The proof of the principal boundary limit theorem requires the exclusion
of null sets of boundary points in addition to those where Dy is not defined.

Theorem 2.8.7 (Lebesgue) Let p be a signed measure of bounded varia-
tion on the Borel subsets of OB.

(i) If f is an integrable function on OB and (M) = [, f du for each Borel
set M C OB, then Du = fa.e.(o).
(i) If u is singular relative to o, then Dyp = 0a.e.(0).

Proof: Suppose u(M) = fM fdo with f integrable. It can be assumed that
f > 0 by decomposing f into its positive and negative parts, if necessary.
Let A= {z € 0B; f(z) > Du(x)} and assume that o(A) > 0. There are then
positive numbers « and [ such that A3 = { € OB; f(x) > a > 3 > Du(z)}
and o(Asg) > 0. Since o is a regular Borel measure, there is a compact set
I' € Ayp with (") > 0. Thus,

w(I) = /F fdo > ao(D). (2.8)

Since Du(x) = limy(g)—0,0ex H(K)/o(K) < 8 for all z € I', each neighbor-
hood of I" contains an open set O such that u(0) < 8o(0) and o(I" ~ O) =0
by part (i) of Lemma 2.8.4. Since o(I" ~ O) = 0 and p is the indefinite
integral of an integrable function, a small open set can be adjoined to O
so that I' C O and p(O) < Bo(0). Since I' is the intersection of a se-
quence of such open sets O, u(I") < fo(I') < ao(I') < p(I), the latter
inequality holding by Inequality (2.8), a contradiction. Therefore, o(A) = 0.
In a similar manner, using part (i7) of Lemma 2.8.4, it can be shown that
o({x € 0B; f(x) < Du(x)}) = 0. Therefore, Dy = fa.e.(o). Suppose now



2.8 Nontangential Boundary Limit Theorem 97

that p is singular relative to o. Since p = p™ — p~ and the positive and
negative variations of u are singular relative to o, it can be assumed that g
is a measure and Dy > 0. There is then a measurable set M C 9B such that
o(M)=0and (0B ~ M) =0. Let P = {2 € 9B; Du(x) > 0} and assume
that o(P) > 0. Since Dy is measurable and o(M) = 0, there is an € > 0 and
a compact set I' C P ~ M such that o(I") > 0 and Du(xz) > € for z € I
By (ii) of Lemma 2.8.4, each neighborhood I" has p measure greater than
ec(I"). Since I" is the intersection of such neighborhoods, p(I") > eo(I") > 0;
but this contradicts the fact that 0 < p(I") < u(P ~ M) < u(0B ~ M) = 0.
Therefore, o(P) =0 and Dy = 0a.e.(o). W

Points x € 0B satisfying the equation of the following theorem are called
Lebesgue points.

Theorem 2.8.8 (Lebesgue) Let f be a measurable function on OB which is
integrable relative to o, and let p(M) = fM fdo for each Borel set M C 0B.

Then )
el [ 1) - @)l dot) =0
a.e.(c) on OB.

Proof: Let {r;} be an enumeration of the rationals. By the preceding the-
orem, for each ¢ > 1 there is a set Z; C 0B with o(Z;) = 0 such that for
x & Zi,

. 1
ILIEIEKm/I( |f(y) —rildo(y) = | f(x) — 7]

Then Z = |J Z; has surface area zero. Let x € 0B ~ Z, let € > 0, and choose
rj such that |f(x) — ;| < ¢/2. Then

o(K)

. 1
1%MKR§14M@—f@Mﬂm

o(K)

< limsup
oc(K)—0,2eK U(K)
1 €

lim sup —/ |f(y) —rjldo(y) + 5
o(K)—0,zek 0(K) Jk ’ 2

:|f(x)—rj\+§<e. n

/Oﬂw—w%Hw—ﬂ@wa)
K

IA

It is not difficult to construct examples of harmonic functions h on 0B C
R? that behave badly in a neighborhood of a point z € dB. In fact, suppose
h =PI, : B) on B = By, where ¢, is a unit measure supported by the
singleton {z}. For x € B,

2 .2
h(x)_ip ||

S 2mp |z -2
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Suppose z = Az and A T 1. Then

— A\2p? LT 14+ A

27p AlL (1 NP2 ampani—a T

hm h(Az) =

Thus, if © € B approaches z along a radial line to z, then h(z) — +oo.
Suppose now that z — z in the following manner. Taking the radial line
through z as a polar axis, let (r,0) be the polar coordinates of x where r = ||
and 6 is the angle between the x and z vectors. Now let © — z subject to the
condition r = pcosf. In this case,

, 1 . p*(l—cos?0) 1
lim h(x) = S &5 % -_—.
x—z,|x|=pcosb 27Tp 0~>O P (1 — cos? 0) 27'(',0

The values +oco and 1/27wp are not the only possible limiting values; for
example, if x — 2 subject to the condition 7 = pcos? 6, then the limiting
value is 1/mp. In the latter two cases, & approaches z along a path that is
internally tangent to OB. If anything is to be said about the limiting behavior
of h at z, then such tangential approaches to z must be excluded.

For the remainder of this section, B will denote a fixed ball with center at
0 of radius p.

Definition 2.8.9 (i) A Stolz domain with vertex z € B and half-angle
6, denoted by S g, is defined to be an open circular cone with vertex z, with
the radial line to z as axis, and half-angle § < /2. (i7) A function v on B is
said to have nontangential limit ¢ at z € 9B, denoted by 6 — lim,_., u(x),
if limg .. zes, ynp u(z) = £ for all Stolz domains S, 4.

Lemma 2.8.10 Let z € 0B, S ¢ a Stolz domain, 0 < 6 < 1, and Bs.,» a ball
with center 0z which is internally tangent to 05, 9. Then there is a constant
m, depending only upon 0, such that if x,x' € Bs,, and h is any positive
harmonic function on B, then h(x)/h(z") < m; the constant m is given by

1 1+sinf\"
m= —_—
cos26 \ 1 —sinf
Proof: Consider any € > 0 for that 6 +¢ < 7/2 and a ball Bs, ,» that is inter-

nally tangent to C, g4.. The ball By, ,» has radius v’ = (r/sinf)sin (6 + €).
Applying Theorem 2.2.1 to Bs. , C Bz,

h(x) - (r/sin0)? sin” (0 + ¢) <(r/sin0) sin (6 + €) +r)n
h(z') = (r/sin@)2sin? (0 +¢) — r2 \ (r/sinf)sin (0 +¢€) —r

for all positive harmonic functions h on B and all z, 2" € B;, . The constant
m is obtained by letting 6 + ¢ — 7/2. W
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Theorem 2.8.11 (Fatou [20]) Let u be a signed measure of bounded vari-
ation on the Borel subsets of the boundary of B, and let h = PI(n : B) on
B. Then 6 —lim,_, h(x) exists and is equal to Du(z) a.e.(o).

Proof: It will be shown first that it suffices to prove that

v is a measure on 0B, Dv(z) =0 =0 — il_)IIlZ PI(v: B)(z) =0a.e.(0). (2.9)
Assume that this is the case and consider the decomposition p = g + ps of
w relative to o, where p, and us are the absolutely continuous and singular
parts of p, respectively. Since ps = put—pu;, where uf and p; are the positive
and negative parts of us, respectively, Dus = Dut —Du; = 0 a.e.(o) by (ii)
of Theorem 2.8.7 and it follows that

6 — lim PI(us : B)(z) = 0a.e.(0). (2.10)

r—z

Now consider p, which can be written

po0n) = [ fao

for each Borel set M C 0B and some integrable function f on 9B. By (i) of
Theorem 2.8.7, Du, = f a.e.(o). For each Borel set M C 9B and z € 9B,

(1= £ = [ ()= ) doty)

and

e — F(2)0|(M) = /M @) — £(2)] do(y).

By Theorem 2.8.8, D|u, — f(z)o|(z) = 0 for almost all (o) points z € OB. Let
Z, be the exceptional set of o-measure zero. For z € Z,, D|pg— f(2)o](2) =0
and by (2.9)

0 — lim PL(j1, — £(2)o : B)(x) = 0.

Since
[PI(pa — f(2)o : B)(z)| < PI(|pa — f(2)o] : B)(2),
0 — lim (P(1, - B)(z) — £(2)) =0

Tr—z

for z € Z,. Include in the set Z, the null set {z € 9B; Dua(z) # f(2)}. Then
for z & Z,,
0 — lim PX(u, : B)(x) = £(2) = Dpal2).

In other words, 6 — limy,_,, PI(u, : B)(z) = Due(z) a.e.(o). It follows from
this result and Equation (2.10) that

6 — lim h(z) = 0 — lim PI(x: B)(z) = 0 — lim (PI(u, : B)(z) = Dpy = D

r—z r—z rT—z
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for almost all (o) points z € 9B. This shows that it suffices to prove (2.9).
Suppose v is a measure on 9B and Dv(z) = 0. Letting h = PI(v : B) on
B,limy ;- h(Az) = 0 by Theorem 2.7.2. If S, 4 is a Stolz domain, by the
preceding lemma there is a constant m, depending only upon 6, such that
h(z)/h(z") < m whenever z is sufficiently close to z and 2’ is the projection
of = onto the radial line through z. Then

h(z)

= he)

|h(z') = h(z)| = h(z")

< h(z')(1 +m).

Since h(z') - 0as @ — z,h(z) = 0asx — zin S, 9. M

2.9 Harmonic Measure

Wiener’s theorem settles the problem of showing that each continuous func-
tion on the boundary of a bounded open set {2 C R™ determines a harmonic
function. The same problem can be considered for more general boundary
functions. By Wiener’s theorem, Theorem 2.6.16, each f € C°(9§2) and x € 2
determines a real number H¢(x). Consider the map L, : C°(02) — R de-
fined by L.(f) = Hf(z). Using Lemma 2.6.11, it is easily seen that L, is
positive linear functional on C°(942). It follows from the Riesz representa-
tion theorem that there is a unique unit measure p, on the Borel subsets of
042 such that Hy(z) = L,(f) = [ fdu, for all z € 2, f € C°(942).

Showing that two measures are equal can be a tedious process involving
several steps, the first of which is to show that the two measures agree on
certain elementary sets. The following digression into measure theory will
simplify this process.

Let Fo be a collection of subsets of df2 that contains 92 and is closed
under finite intersections. A system G of subsets of 92 is called a Dynkin
system or d-system if

(i) 092¢g,
(ii) E,F € G with E C F implies that F ~ E € G, and
(iii) if {E;} is an increasing sequence in G, then E = UE; € G.

Let d(Fy) denote the smallest d-system containing Fo; that is, d(Fp) is the
intersection of all d-systems containing Fy and is itself a d-system. Then
d(Fo) D Fo. Also, let o(Fy) denote the smallest o-algebra containing Fy.
Since o(Fp) is a d-system containing Fo, d(Fo) C o(Fp). It will be shown
now that d(Fy) = o(Fp). Since a d-system is closed under complementation,
it is closed under unions if closed under intersections. It will be shown first
that d(Fo) is closed under finite intersections. Let

Hi={E €d(Fo); ENF €d(Fy) for all F € Fy} C d(Fp).
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Since Fy is closed under finite intersections, Fy C Hj. It is easily checked
that H; is a d-system, and therefore that d(Fy) C Hi. Since Hy C d(Fo),
the two are equal. Now let

He ={E € d(Fo); ENF € d(Fy) for all F' € d(Fo)} C d(Fo).

Again, Hs is a d-system. If F' € Fy, then ENF € d(Fy) for all E € Hy =
d(Fp) by definition of H; and consequently Fo C Ha. Therefore, d(Fy) C
Ho and the two are equal. But this shows that d(Fp) is closed under finite
intersections, and therefore under finite unions. Since d(Fp) is closed under
monotone increasing limits and finite unions, d(F) is closed under countable
unions; that is, d(Fp) is a o-algebra and d(Fy) = o(Fy). The advantage of
using d-systems will be apparent in the proof of the following theorem.

Theorem 2.9.1 If f is a lower bounded (or upper bounded) Borel measurable
function on 092, then H ;(x) = Hy(x) = [ f dus for allx € 2; if, in addition,
[ is bounded, then f is resolutive and Hy(x) = [ fdu, for all x € 0.

Proof: Let Fy be the collection of compact (=closed) subsets of 912. If C €
Fo, there is a sequence {f;} in CY(d2) such that f; | x¢, the indicator
function of C, with 0 < f; <1 for all j > 1. It follows from Lemma 2.6.13
that xc is a resolutive boundary function and that H, () = [ x¢ dpa,z €
2. Let G be the collection of sets £ C 0f2 such that xg is resolutive and
Hy,(z) = [ xgdus,x € 2. Then Fy C G. Note that 912 € G since o =1
and the constant functions are resolutive. If E, F € G with F C F, then
XF~E = XF — XE. Since xp and yg are resolutive, xp~p is resolutive by
Lemma 2.6.11 and

HXFNE (.’E) = HXF (SU) - HXE (SL’) = /XF dlufz - /XE d/im = /XFNE dﬂm

for all x € (2. This shows that G is closed under relative complements. Sup-
pose {E;} is an increasing sequence in G and E = UE;. By Lemma 2.6.13,
X E is resolutive and

HXE(x) = ]liglo HXEj (iL’) = jli{&/XEj d/im = /XE dﬂza x € {2

This shows that G is closed under unions of increasing sequences and there-
fore that G is a d-system containing Fy. Thus, G = d(G) = o(G) D o(Fo)
so that G contains all Borel subsets of d2; that is, the indicator function of
any Borel subset of 02 is resolutive. It follows that any simple Borel mea-
surable function x on 942 is resolutive with H, (z) = [ x dpy,x € 2.1f f is a
nonnegative Borel measurable function on 942, then there is a sequence {f;}
of simple Borel measurable functions such that 0 < f; < f and f; T f. By
Lemma 2.6.13,
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Hy(z) = Hy(z) = lim Hy (x) _lim/fjdum:/fdum, x € 2,
j—o0 j—o0

by the Lebesgue monotone convergence theorem. If f is only bounded below
by « on 942, the result can be applied to f — c. If f is bounded, then H ¢
and H ; are finite on {2 by Lemma 2.6.11 and harmonic by Lemma 2.6.7. ll

Theorem 2.9.2 If A is a component of the bounded open set §2, the collec-
tion of Borel subsets of 02 of p, measure zero is independent of x € A.

Proof: If E is a Borel subset of 02, then xg is resolutive and H, ,(z) =
J xEdps = pa(E),x € 2.1If pugy  (E) = 0 for some xg € A, then the nonneg-
ative harmonic function H,, = u.(E) must be identically zero on A by the
minimum principle, Corollary 1.5.10. W

Let f be a bounded Borel measurable function on 9f2 and let A be a
component of 2. Using the notation of Lemma 2.6.6, HJ? = Hf/l‘8 on A, so

that the value of Hy = H J{? at a point x € A is independent of the values of
f on 92 ~ OA. Therefore, . (02 ~ 0A) = 0 for all x € A; that is, each p,
has support on the boundary of the component containing x. This argument
shows that p4 is just the restriction of p, to 9A.

If E denotes any Borel subset of 02 and Z denotes any subset of a Borel
subset of 0f2 of p, measure zero, the class F, of sets of the form (E ~
ZYU(Z ~ E) is a o-algebra of subsets of 9f2. Letting F = NyenF,, F is a
o-algebra of subsets of 02 which includes the Borel subsets of 9f2. Since each
[tz can be uniquely extended to F,, the same is true of F. The extension of
1, to F will be denoted by the same symbol.

Definition 2.9.3 Sets in F are called p,-measurable sets and extended
real-valued functions measurable relative to F are called u,-measurable.
The measure p, on F is called the harmonic measure relative to {2 and z.
A p.-measurable function f on 0f?2 is u.-integrable if it is integrable relative
to each g,z € £2.

Lemma 2.9.4 If f is a nomnegative p,-measurable function on 0f2, then

Hy(z) = Hf = [ fduy for all x € 2; if [ is any p.-measurable function
on 082 which is uy-mtegmble for some y in each component of §2, then f is
w.-integrable, resolutive, and Hy(z) = [ f dpg,x € £2.

Proof: Consider any F' € F. For each x € 2, F € F,, and F has the form
(E~ Z)U(Z ~ E) where E is a Borel subset of 02 and Z is a subset of a
Borel set A C 02 with p,(A) =0 (E and Z may depend upon z). Note that

XF = XE+Xz—2XxEnz and that y g is resolutive by Theorem 2.9.1. Since 0 <

H  (r) <H,,(z) < Hy,(z) and Hy,(z) = pt(A) = 0 by Theorem 2.9.1,

the nonnegative functions H, and H,, are harmonic on the component
of £2 containing x. Since H, () = Hy,(z) = 0,H,, = H,, = 0 on the
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component of 2 containing x by the minimum principle, Corollary 1.5.10.
Likewise, H,, =~ = Hy,,, = 0 on the component of {2 containing z. By

Lemma 2.6.11,

0 S ﬂXF S FXF S FXE + FXZ 2H - HXE

—XEnz

on the component of {2 containing x. Likewise,

=H

HXF 2 EXF ZEXE +EXZ —-2H XE

XENZ
on the component of {2 containing z so that H, , = H,, = H,,. Thus, xr
is resolutive and

l{XF(m)::t/PXF‘dM$7 , L S (L

by Theorem 2.9.1. Suppose now that f is a simple u,-measurable function.
Then f is resolutive by Lemma 2.6.11 and

1) = ;@) = [ fdus, we

by the preceding step. Now let f be a nonnegative u,-measurable function
on 0f2. Then there is a sequence { f;} of y.-measurable simple functions such
that 0 < f; < fand f; T f on 0f2. By Lemma 2.6.13,

H(z) = Hy(z) = Jlinolon hm /fjdux—/fdum, x € (2.
If, in addition, f is yiy-integrable for some y in each component of {2, then this
equation shows that H, and H y are finite at some point of each component
of 2 and therefore are harmonic on (2. It follows that f is resolutive and

Hf(x):/fd,uz7 x € L.

Lastly, if f is any p.-measurable function on 0f2 that is p,-integrable for
some y in each component of {2, then the above argument can be applied to
fT and f—, the positive and negative parts of f. H

Theorem 2.9.5 (Brelot [6]) Let 2 be a bounded open set. A function f
on 02 is resolutive if and only if it is p.-integrable; in which case, H¢(x) =
[ fduy for all x € 0.

Proof: The sufficiency is just the preceding lemma. Assume that f is reso-
lutive. If it can be shown that f is measurable relative to each F,,x € (2,
then f is measurable relative to F = NyenFy. Fix o € 2 and let A be the
component of {2 containing x. In order to show that f is F,-measurable,
it suffices to show that f|sa is equal a.e. () to a Borel measurable func-
tion on OA since u(9f2 ~ 0A) = 0 implies that every subset of 92 ~ 94
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belongs to F,. Note also that the finiteness of [ f du, is independent of the
values of f on 02 ~ OA. Therefore it can be assumed that (2 is connected.
Let zp be a fixed point of {2 and let {v;} be a sequence in iy such that
lim;_.o vj(z9) = Hy(xo). It can be assumed that the sequence {v;} is de-
creasing. Consider a fixed j > 1. Since v; € iy, v; is bounded below by some
a; as is the Borel measurable function f;(x) = liminf, ., ,eov;(y). Since
v; € Up,v; > Hf >H; >o; It follows that the functions H s, and Hf are
harmonic on (2. By Theorem 2.9.1, each f; is resolutive. Since {v;} is a de-
creasing sequence, the sequence { f]} is also decreasing and f* = lim;_. f;
is defined. Using the fact that v; € Uy, fj(x) = liminf, ., yenv;(y) > f(x)
and f* > f. Since the f;’s are Borel measurable, the same is true of f*. Since
v;j > Hy > Hf* > Hy > Hy and hmjﬁoovj(:ro) Hy(zo), Hf (z9) =
H.(x9) = Hy(xo). Tt follows that Hy. and H,. are harmonic and equal
to Hy; that is, f* is resolutive with H;« = Hy. Similarly, there is an
increasing sequence {g;} of Borel measurable functions on 0f2 such that
limj .o gj = f« < fand Hy, = Hy. Since f; > f* > f > f. > g; for each j
and fj,g; are p,-integrable for each x € {2, f* and f. are p,-integrable for
each z € 2. In view of the fact that Hy(z) — Hy, (z) = [(f* — f.) dp, and
f* = fe>0,f* = fia.e.(uy). Therefore, f* = f. = fa.e.(uy) for each z € 2
and f is F-measurable for each x € (2. Thus, f is F-measurable. Since f* is
1z-integrable for each x € (2, the same is true of f and so f is p.- integrable.
Lastly,

Hf(a?)sz*(ac):/f*duzz/fduz, ze 2 N

Harmonic measures will now be examined from the viewpoint of the classic
L, spaces, p > 1. Let {2 be a connected, bounded, open subset of R". Accord-
ing to Lemma 2.9.4, the class of u,-integrable boundary functions is indepen-
dent of x € {2. This class constitutes the Banach space Lj(j,) consisting of
pa-integrable functions f on 92 with norm defined by ||fl|1,.. = [ |f|dpa,
under the usual proviso that functions that are equal a.e. relative to u, are
identified. Since the class of Borel subsets of 02 of u, measure zero is inde-
pendent of x, L1 (1) is independent of & € (2; but it need not be true that
Il - |1, is independent of z. For any p > 1, L,(u) consists of equivalence
classes of p -measurable boundary functions f for which

1/p

Since || f[|) .. = H|g»(z) and the latter function is harmonic, the Banach
space L,(fz) is independent of x € (2; but again the norm | f|, ., may
depend upon z. Consider any p > 1. There are two notions of convergence
in L,(uy), weak and strong convergence, which could possibly depend upon
x. Consider any two points x,y € 2. If [|f|[,,, = 0, then Hjzp(x) = 0
and H|pp = 0 on £ in particular, ||f||}, = Hs»(y) = 0. This shows

11
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that || fllp,., = 0 if and only if || f||,,., = 0. Let K = {x,y}. By Harnack’s
inequality, Theorem 2.2.2, there is a constant k such that h(z")/h(z”) < k for
', 2" € K whenever h is a positive harmonic function on §2. If || f||,, .. > 0,
then || f|p,.. > 0 on §2 and

p H »
IIfllp,M, _ Hygr@)
1A pw, — Hipp(y)

that is, || fllp < kYP[|fllp,,, With this inequality obviously holding if

I.fllp,z. = 0. This shows that the norms || - [, ., and [ - ||, ,, are equivalent
norms on L, (u.) = Ly(pe) = Lp(uy). Thus, strong convergence in Ly, (u,) is
independent of = € {2. Since the norms || - |, and || - ||, are equivalent,

the adjoint space Ly () = Lg(pz), (1/p+1/g=1ifp > 1,9 = ccif p=1)
is independent of z and the weak topology on Ly(u.) is independent of z.
Thus, weak convergence in Ly(u,) is independent of z € (2. Moreover, if
{zq; 0 € A} is a convergent net in {2 having the limit = € (2, the fact that
Hj is harmonic whenever f € C°(9£2) implies that

Hy(oa) = [ Fana, = [ £ = y(2),

and therefore that p, w3 pr:- Lastly, note that the measures {p,;x € 2} are
mutually absolutely continuous; if 11, (A) = 0 for some p,-measurable A € 92,
then p,(A) = 0 for any y € {2 since the class of zero sets is independent of x.
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Chapter 3
Green Functions

3.1 Introduction

In 1828, Green introduced a function, which he called a potential, for cal-
culating the distribution of a charge on a surface bounding a region in R"
in the presence of external electromagnetic forces. The argument that led to
the function G'p introduced in Section 1.5 is precisely the argument made
by Green in [26]. The function introduced by Green is now called the Green
function. After Green, the most general existence theorem for Green functions
was proven by Osgood in 1900 for simply connected regions in the plane (see
[49]). In this chapter it will be shown that a Green function can be defined
for some sets, but not all, which serve the same purpose as Gp. The sets
for which this is true are called Greenian sets. This chapter will culminate
in an important theorem of F. Riesz which states that a nonnegative super-
harmonic on a Greenian set has a decomposition into the sum of a Green
potential and a harmonic function.

3.2 Green Functions

In Chapter 1, the Green function for a ball led to a solution of the Dirichlet
problem for a measurable boundary function by way of the Poisson integral
formula. The Green function for the ball B = B, , will be reexamined to
establish certain properties.

Lemma 3.2.1 Gp is symmetric on Bx B; moreover, for each x € B,Gg(x,-)
is stricly positive on B, superharmonic on B, and lim,_,,, Gg(z,z) =0 for
all zg € 0B.

L.L. Helms, Potential Theory, Universitext, 107
(© Springer-Verlag London Limited 2009



108 3 Green Functions

Proof: It will be shown first that G is symmetric on B x B in the n > 3
case, the n = 2 case being essentially the same. If x = y = z, then Gp(z, 2) =
Gp(z,x) = +o0. lf z =y and z € B ~ {x}, then

1 1

GB(*T"Z) = |Z —$|n72 - pn,Q'

Since |y — z||y — 2*| = p? by definition of z*,

1 pn—2

G = —

B S o T ey e
_ 1 B pn72
w22 {ly = 2lly = =2

1 pn72
Tl
= Gpl(x, 2).

Lastly, suppose that © # y,z # y, and z € B ~ {«}. Then

1 pn72
|Z—:C|"_2 |x_y‘n—2|z_x*|n—2’

Gp(x,z) =

and it suffices to show that the second term on the right is a symmetric
function of x and z. To see this, let ¢ be the angle between the line segment
joining = to y and z to y. Then by definition of z*,
"I * = 2|z — ylly — 2*[ cos &
2
—yl—— cos ¢
ly — =

=lz—yP+ly—2*

4
2 P

= |z — 9
|2 yIJr‘y_m‘2 \

|z —

and so
ly — x|z — 2" = [z = yPly — 2> + p* = 20%|2 — ylly — 2| cos ¢.
Similarly,
ly — 2P|z — 2" = |z — yPly — 2> + p" — 20%|z — ylly — 2| cos &
and it follows that
ly —zl|lz — 27| = |y — 2|z — 27|. (3.1)

Thus, Gp(x,z) = Gp(z,2) whenever x # y,z # y, and z € B ~ {x}.
It is clear from the definition that Gp(z,-) is superharmonic on B. Us-
ing Equation (1.5) and the definition of Gg(z,z2), it is easy to see that
lim,_,., Gg(x,z) = 0 for all zy € OB. It follows from Corollary 2.3.6 that
Gp(z,-) > 0on B. If Gg(x,-) attains its minimum value at a point of B, it
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would have to be a constant function in contradiction to the fact that it is
arbitrarily large near x. Therefore, G (x,-) is strictly positive on B. W

According to the following theorem, if a nonnegative function is harmonic
on a neighborhood of a point, then it either has an infinite pole at the point
or has a harmonic extension to all of the neighborhood.

Theorem 3.2.2 (Bocher [3]) Let 2 be a neighborhood of xy € R™, and let
u be defined, harmonic, and nonnegative on §2 ~ {xo}. Then either

(i) w can be defined at xo so as to be harmonic on §2, or
(i) there is a ¢ > 0 such that u = cug, + v where v is harmonic on 2.

Proof: Consider a closed ball B~ = B;O,(; C 2. Define

4o if x =z
w(z) = {u(x) + Uz () if x € 2~ {xo}.

Clearly, w is superharmonic on (2. By Theorem 2.5.2, there is a sequence of
superharmonic functions {w;} in C°°(£2) such that w; T w on {2, with the
additional property that outside of a small neighborhood of zy, w; = w and
is harmonic for sufficiently large j. The rest of the proof will be carried out
for the n > 3 case, the n = 2 case only requiring that o, (n — 2) be replaced
by 27. By Theorem 1.5.3, for each z € B

_
on(n —2)

_ ﬁ/BGB(%Z)ij(Z)dZ.

wj(r) = —

/ w;(2)DnGp(z, 2) do(z)
OB

It can be seen from Equation (1.9) that —D,Gp(z,z) > 0 on B. By the
Lebesgue monotone convergence theorem, for each z € B

/ w(z)DnGp(z, z) do(2)
oB

RO Jlirgo ; Gp(z, z)Aw;(z) dz. (3.2)

For each j > 1 and Borel set M C B™, define

1
w;i(M) = o= /M Awj(z) dz.

By Lemma 2.3.4, Aw; < 0 on {2 and w; is a measure on the Borel subsets
of B~. Moreover, if M C B~ ~ By, , for some p > 0, then w;(M) = 0 for
sufficiently large j and lim; o w;(M) = 0. Now consider any y € B,y # xo,
and a neighborhood X of xp whose closure X~ does not contain y and X~ C
B. Since w(y) < +00, it follows from Equation (3.2) that
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lim [ Gg(y,z)dw;(z) < +oc.

Jj—00 B

Since w;j(B~ ~ X~ ) = 0 for sufficiently large j,

lim Gp(y, z) dw;(z) < +o0.

Jj—+oo Jyo-
By Lemma 3.2.1, Gg(y,+) > 0 on ¥~. By the continuity of Gg(y,-) on X,
there is a constant m > 0 such that Gp(y,z) > m for z € ¥~. Therefore,

- GB(y7 Z) du)j(Z) = mwj(27)7

and it follows that sup;-; w;(X~) < +o0. Since ||w;|| = w;(B~) = w;(X7) +
wj(B™ ~ X7) = w;j(X7), for sufficiently large j there is a constant k > 0
such that ||w;|| <k for all j > 1. By Lemma 0.2.5, there is a measure w and
a subsequence {wj, } such that w; 3 w. It can be assumed that w; > w by
replacing the sequence with the subsequence if necessary. Since w is zero on
the complement of each small neighborhood of xg,w is a nonnegative mass
concentrated on {zo}. If z # x0, then Gp(z,) is continuous at ¢ and

lim [ Gg(x,z)dwj(z) =w({zo})Gp(x,x0)

j—o Jp
and Equation (3.2) becomes
w(z) = PI(w : B)(z) + w({x0})Gp(z, z0).
It follows from the definition of w that
u(z) = PI(w: B)(x) + w({xo})Gp(z, 20) — Uy,

for x € B ~ {x}. Since Gp(z,z9) = Gp(xg,z) by Lemma 3.2.1, Gp(-, zo)
can be expressed as a sum of u,, and a harmonic function. Therefore, for
x € B~ {x0},

u(z) = v(x) + (W({zo}) — Dua,

where v is harmonic on B. If w({zo}) — 1 = 0, then u can be defined at zg
to be harmonic on B by putting u(zg) = v(zg). It is not possible to have
w({zo}) —1 < 0 for in this case it would be true that u(x) — —oc as x — o,
contradicting the fact that u > 0 on 2 ~ {zo}. If w({xo}) — 1 > 0, then the
assertion is true with ¢ = w({zo}) —1. A

Historically, Green functions for general regions were constructed first as-
suming smooth boundaries. It is possible to go directly to arbitrary regions.

Definition 3.2.3 A Green Function for an open set {2 C R", if it exists, is
an extended real-valued function G, on {2 x {2 with the following properties:
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(i) Gal(x, ) = uz + h, where for each x € 2, h, is harmonic on (2.

(ii) Gp > 0.

(iil) If for each = € §2, v, is a nonnegative superharmonic function on {2 and
is the sum of u, and a superharmonic function, then v, > Gq(z,-) on 2.

In other words, for each € 2, G (x, ) is minimal in the class of functions
described in (iii). The Green function for R™,n > 3, will be denoted simply
by G; it will be seen later that this convention does not apply to the n = 2
case since R? does not have a Green function. An open subset 2 of R having
a Green function will be called a Greenian set.

It will now be shown that the Green function G'g for a ball B as defined in
Chapter 1 satisfies (i), (ii), and (iii) of this definition. It is apparent from the
definition of Gp(z,-) that (i) is satisfied. By Lemma 3.2.1, (ii) is satisfied.
Suppose now that for each x € B,v, = u, + w, where v, > 0 and w, is
superharmonic on B. Moreover, let Gg(x,-) = u, + h, where h, is harmonic
on B. Since both u, and h, have limits at points zp € 0B, by Lemma 3.2.1

liminf (wy(2) — hy(z)

z—2z0,2€B

= liminf (uy(2) + we(2) — (ue(2) + he(2)))

z—2z0,2EB

)
(

= liminf (uy(2) +wy(2))— lim Gp(x,z)
(

z—2z0,2€8 z—20,2€

= liminf (ug(z) + w.(2))

z—20,2€B
= liminf wv,(2) > 0.
z—20.2€EB
Since w, — h, is superharmonic on B, w, — h; > 0 on B by Corollary 2.3.6;
that is, v, —Gp(z,) = (Uz +wz) — (Uz+hy) = wy—h, > 0and Gp(z,-) < v,
on B. Thus, Gg(x,-) satisfies (iii) and can be justifiably called the Green
function for the ball B.

Theorem 3.2.4 The Green function for the open set {2 is unique if it exists.

Proof: Let g be a second Green function for {2 according to the above
definition. By (iii) of the above definition, Go(z,-) > go(z,-) and go(x,-) >
Gq(z,-) for each 2 € 2. Thus, Go(x, ) = go(x,-) foreach z € 2. A

Lemma 3.2.5 If the open set 2 has a Green function, theninf,co Go(z,y)=
0 for each x€f2.

Proof: Suppose ¢ = inf e Go(z,y) > 0 for some x € 2. Then Gp(z,-)—c >
0 on 2. Moreover, Gg(x,-) — ¢ is nonnegative superharmonic, and repre-
sentable as the sum of w, and a harmonic function. Since G (z,-) — ¢ <
Gq(z,-), the minimality of G(x,-) is contradicted. W

Lemma 3.2.6 If the open set {2 has a Green function and B is a ball with
x € BC B~ C {2, then Go(x,+) is bounded outside B.
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Proof: Gg(x,-) is continuous and nonnegative on §2 ~ B. It must be strictly
positive on the component of {2 containing z, for if G (x,y) = 0 for some
point y in this component, then G, (z,-) would be identically zero thereon
by the minimum principle, Corollary 2.3.6, in contradiction to the fact that
Gq(z,z) = +00. Since B~ C {2, B~ is a subset of the component containing
r and Go(w,-) is strictly positive on B™. Let m = sup,cop Go(z,y) > 0.
Define o) B

2\T,Y), Yy )

g(x’y):{min(GQ(ac,y)72m)7 ye 2~ B.

Then g(z, ) is superharmonic on B since it agrees with Gg(z,-) on B. Since
g(x,-) is the minimum of two superharmonic functions on 2 ~ B, it is
superharmonic on 2 ~ B~. Since Ggo(x,-) < m < 2m on 9B and Go(z,-)
is continuous at points of 0B, g(z, ) agrees with G (x,-) on a neighborhood
of OB and is superharmonic thereon. It follows that g(z,-) is superharmonic
on f2. Since g(x,) —uy, = Go(x,-) —uy on B ~ {z} and Go(z,-) —uy is
harmonic on B, g(x,-) — u, can be defined at x to be superharmonic on (2.
Denoting the extension by [g(z, ) — ],

0< g(x, ) = Uy + [g(:l?, ) - uw]v

where the bracket function is superharmonic on 2 and Ggo(z,-) < g(x,-)
by the definition of the Green function. But since g(z,:) < 2m on 2 ~
B,Go(x,-)<2mon 2 ~B. A

The existence of a Green function for an open set {2 can be established
by showing that {2 supports sufficiently many nonnegative superharmonic
functions.

Definition 3.2.7 If {2 is an open subset of R™ and = € (2, let
By = {vz;0, > 0,0, = uy + ws, w, € S(02)}.

The class B, will generally depend upon (2 and z. It may well be that B, = 0
for some x € 2.

Lemma 3.2.8 B, is a saturated family of superharmonic functions on §2 ~
{z}.

Proof: Since there is nothing to prove if B, = (), it can be assumed that
B. # 0.1f v1,v2 € By, then v; > 0 and v; = u; + w;,i = 1,2, where w;
and wy are superharmonic on 2. Since min (v1,v2) = u, + min (w1, wz) and
min (wy, wsz) is superharmonic on (2, min (v1,v2) is nonnegative and super-
harmonic on (2; that is, the minimum of two elements of B, belongs to B,.
Suppose now that v = u, + w € B, where w is superharmonic on (2. Let B
be any ball with B~ C 2 ~ {z}. By Lemma 2.4.11,

_ [PI(v:B) on B
UB = v on 2~ B
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is superharmonic on (2. Since u, is harmonic on a neighborhood of B—, PI(v :
B) =PI(u,+w : B) = u, +PI(w : B). Thus, vg = u,+wp is superharmonic
on {2 and vp € B,. This completes the proof that B, is saturated on {2 ~ {x}.
|

Lemma 3.2.9 If B, # 0 for each v € 2, then 2 has a Green function
Go(x, ) =inf {v,; v, € B, }.

Proof: Consider a fixed z € (2 and let w, = inf {v,;v, € B,}. Since B, is
a saturated family of superharmonic functions on {2 ~ {z} and w, > 0, w,
is harmonic on 2 ~ {z} by Theorem 2.6.2. According to Bocher’s theorem,
Theorem 3.2.2, there is a constant ¢ > 0 such that w, = cu,+h, on 2 ~ {x},
where h, is harmonic on 2. It will be shown now that ¢ = 1. Consider a ball
B = B, s with B~ C {2 and the Green function Gg(z,-). It follows from (iii)
of Definition 3.2.3 and the persuant discussion that v, > Gpg(x,-) on B for
all v, € B,, and therefore that w, > Gpg(z,:) on B and that ¢ # 0. Since
Cuy + hy = w, > Gp(x,-) = u, + b’ on B where h% is harmonic on B,

(hy —hg) <(¢c—1)uy  on B~ {z}.

If ¢ < 1, then the harmonic function h} — h, would have a limit —oo at =z,
a contradiction. Therefore, ¢ > 1 and w, /¢ = u, + H, on {2 where H, is
harmonic on {2. Therefore, w,/c € B, and w, < w,/c < w, so that ¢ = 1.
Therefore, G (z, ) = wy(+) is the Green function for £2. W

Theorem 3.2.10 Let 2 be an open subset of R™. If (i) n = 2 and 2 is
bounded, (ii) n =2 and 2 is a subset of a set having a Green function, or
(iii) n > 3, then §2 has a Green function.

Proof:

(i) Ifn=2and {2 is bounded, then for each x € 2 there is a constant ¢,
such that u, + ¢, € B,.

(ii) If n =2 and 2 C X, and X has a Green function Gy, then Gx(z,)|n €
B, for all x € (2.

(i) If n > 3,u, € By forallz € 2. A

Theorem 3.2.11 G(z,y) = u,(y) is the Green function for R™,n > 3.

Proof: By the preceding theorem, the Green function G for R™,n > 3,
exists. Fix © € R"™. Then G(z,:) = u, + h, where h, is harmonic on
R™. Since u, € Bg,uz + hy < wu; and h, < 0. By Picard’s theorem,
Theorem 1.5.7, h, = ¢ with ¢ < 0. Suppose ¢ < 0. Since u,(y) — 0 as
ly| — +o0,G(x,y) < 0O for large |y|. But this contradicts the fact that
infyepn G(z,y) = 0 by Lemma 3.2.5. Therefore, ¢ =0 and h, =0. W

Theorem 3.2.12 If (21, (25 are Greenian subsets of R™ with {21 C (25, then
Go,(x,) < Go,(x,-) for each x € §2;.
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Proof: Let B,(f21) be the B, class relative to 1. Thus, Go,(z,)|, €
B.(£21) and G, (z,-) < Gg,(x,-) for each x € ;. A

Theorem 3.2.13 If the open set {2 is not everywhere dense in R?, then it
is Greenian.

Proof: By hypothesis, there is a point # € R? and a closed ball B, s Cr~ 0.
Suppose, for example, that 2N B, = (). The points of R? will be interpreted
as complex numbers in what follows. For any z,y € 2,27, y~! € By and

1 1‘
——l<2
r oy
Then 5
log = log ] > 0.
1_1 |z =yl
Ty
Consider
vz (y) = log - 1‘ = log2[z| + log |y| — log |z — y|.
z oy

It has just been shown that v, > 0 on {2 for each x € §2. For fixed x € {2, the
first term on the right is a constant on (2, the second term is the fundamental
harmonic function with pole at 0 and is harmonic on {2, and the third term
is the fundamental harmonic function with pole at . Hence

1
Ve \Y :hwy +10g— on 2
(1) = hal) + log
where h, is harmonic on 2. It follows that B, # 0 for each z € 2 and the
Green function for {2 exists by Theorem 3.2.9 W

Theorem 3.2.14 R? does not have a Green function.

Proof: Assume that R? does have a Green function

G(z,y) = —log |z — y| + ha(y)

where h, is harmonic on R? for each x € R?. Consider a fixed z. Since
—loglx —y| — —o0 as |y| — +00,h,(y) — 400 as |y| — +oo. If m is any
positive integer, then there is a ball with its center at 0 such that h, > m
on the boundary of the ball. By the minimum principle, Corollary 1.5.10,
h, > m on the ball. Therefore, h,(0) = +oo, contradicting the fact that a
harmonic function is real-valued. Thus, R? does not have a Green function.
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Theorem 3.2.15 If A C R? is a nonempty closed set consisting only of
isolated points, then 2 = R? ~ A does not have a Green function.

Proof: Consider any = € (2. Since {2 is open, there is a neighborhood U C {2
of = outside of which Gg(x,-) is bounded by Lemma 3.2.6. Consider any
y & §2. There is a neighborhood V' of y that does not contain = or any of the
other points of A such that G (x, ) is bounded and harmonic on V' ~ {y}. By
Theorem 3.2.2, G(x, ) can be defined at y so as to be harmonic on V. Since
this is true of each y ¢ 2, G (x,-) can be extended so that it is harmonic
on 2 ~ {z}. Writing Gg(z,-) = u, + hy, where h, is harmonic on {2, this
means that h, has a harmonic extension to all of R?. The class B,(R?)
relative to R? is then nonempty. The same can be seen to be true of B, (R?)
for any zp € R? by means of a translation taking z to zg, since harmonic
functions map into harmonic functions and u, goes into ug, under such a
translation. It follows that R? has a Green function, contrary to the preceding
theorem. MW

3.3 Symmetry of the Green Function

The principal result of this section is that the Green function is a sym-
metric function of its arguments. This result is achieved by introducing
the concept of harmonic minorant and a smoothing operation known
as balayage or sweeping out, the latter having its origin in the work of
Poincaré [50].

Let {2 be an open subset of R™, let /A be an open subset of 2, and let u be
a superharmonic function on 2. Let {B;} be a sequence of balls such that

(i) B; CcAforall j>1,
(i) A=UX,B;, and
(iii) for each j > 1, B; occurs infinitely often in the sequence.

Define

o . PI(’LL : Bl) on Bl
Ur =1Up, = U on 2 ~ By

and, inductively, for j > 2

o (U ) _ PI(Uj_l : B]) on Bj

J J=1)B; Uj—1 on {2 ~ Bj.
By Theorem 2.4.3, u; < uj—; on {2, u; is harmonic on Bj, and u; is su-
perharmonic on 2. Since the sequence {u;} is monotone decreasing, too, 4 =
lim; o u; is defined on 2.
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Definition 3.3.1 u, 4 is called the reduction of u over A relative to (2.

The second subscript A will be omitted when A = (2. It will be shown shortly
that 1o, is independent of the sequence {B,} whenever u is bounded below
by a harmonic function.

Theorem 3.3.2 If u is superharmonic on the open set £2 and A is an open
subset of (2, then uos, 4 is either harmonic or identically —oo on each com-
ponent of A and us p =u on 2 ~ A.

Proof: By considering components, it can be assumed that A is connected.
Let {B;} be the sequence of balls and {u;} the corresponding sequence of
superharmonic functions defining s, 4. Consider a fixed j > 1. Since B;
occurs infinitely often in the sequence of balls, there is a subsequence {Bj, }
such that B; = Bj, for all k > 1. On Bj, ue 4 = limp_. uj,. Since u;, is
harmonic on Bj, = Bj,ux,a is either harmonic or identically —oo on B; by
Theorem 2.2.5. It is easy to see using a connectedness argument that w.. 4
is either harmonic or identically —oco on A. Since u; = u on {2 ~ A for each
j>lLusoa=uon2~A N

Even if u is not identically —oo on any component of A, it cannot be
concluded that 4. 4 is superharmonic on {2, since the limit of a decreasing
sequence of 1.s.c. functions need not be Ls.c.

Lemma 3.3.3 If u is superharmonic on the open set £2, A is an open subset
of 2, v is subharmonic on A, and v < u on A, then v < us 4 < u on A.

Proof: Let {B;} be the sequence of balls defining ueo, 4. On By, v < PI(v :
B;1) < PI(u: By) = uy. Moreover, v < u = u; on A ~ By. Thus, v < u; on
A and, by induction, v <wuj on Aforall j >1. M

Definition 3.3.4 If u is superharmonic on the open set 2, h is harmonic
on 2, and h < u on {2, then h is called a harmonic minorant of u. The
function h is the greatest harmonic minorant of u, denoted by ghmgh, if
h is a harmonic minorant and v < h whenever v is a harmonic minorant of w.

Theorem 3.3.5 If u is superharmonic on the open set {2 and u has a har-
monic minorant on §2, then w has a unique greatest harmonic minorant,
namely Uoso.

Proof: Let h be a harmonic minorant of u. By the preceding lemma, h <
Uoo < u on §2. Since h is harmonic on {2, us cannot take on the value —oo
on {2 and is therefore harmonic on {2 by Theorem 3.3.2. Since h can be any
harmonic minorant of u, it follows that u is the greatest harmonic minorant
of u. Uniqueness is obvious. W

In defining %o, 4, it was not shown that us 4 is independent of the se-
quence of balls {B,}. If u has a harmonic minorant on A, then uq, 4 is inde-
pendent of the sequence used, since it is the greatest harmonic minorant of u
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over A, which is unique. Since 1,4 Will be considered only when a harmonic
minorant exists, further discussion is not warranted.

Lemma 3.3.6 If ui,us are superharmonic on the open set 2 and have har-
monic minorants on §2, then the greatest harmonic minorant of uy +uo exists
and is the sum of the greatest harmonic minorants of uy and us.

Proof: Let {B;} be a sequence of balls and let {u;} be the corresponding
sequence of superharmonic functions defining u... Since the Poisson integral
is linear in the boundary function, (u; + u2); = (u1); + (u2);. Therefore,
(U1 4+ u2) oo = (U1)oo + (U2)oo and the lemma follows from Theorem 3.3.5. W

Theorem 3.3.7 If the open set {2 is Greenian, then the greatest harmonic
minorant of Go(x,-),x € 2, is the zero function.

Proof: It is known that Gg(z, ) > 0 on 2 and that G(z, -) is superharmonic
on (2. By Theorem 3.3.5, Gp(x,-) has a greatest harmonic minorant, since
the zero function is a harmonic function. Let h, be a harmonic minorant of
Ga(x,-). Then Go(x,-) — hy > 0 and it can be written as the sum of u,
and a harmonic function; that is, Go(z, ") — hy € B,. Therefore, Go(z, ) <
Go(x,-)— h, by the minimality of G(x,-). This shows that h, < 0 and that
the zero function is the greatest harmonic minorant of Go(x,-). W

The following theorem is a classic version of the domination principle
(c.f.Theorem 4.4.8).

Theorem 3.3.8 Let 2 be a Greenian subset of R"™. If x € {2, A is a neigh-
borhood of x with compact closure in 2, and u is a posiltive superharmonic

function defined on a neighborhood of 2 ~ A with uw > Gg(x,-) on a neigh-
borhood of OA, then uw > Gg(x,-) on 2 ~ A.

Proof: Letting

_ Gol(x,-) on A
w= min (Gp(z,-),u) on 2~ A,

w is superharmonic on 2. If Gp(x,-) — w is defined to be 0 at z, then
it is a subharmonic minorant of G (x,:) on (2. By Lemma 3.3.3 and the
fact that the greatest harmonic minorant of Gg(x,-) is the zero function,
Go(z,:) —w < 0so that u > Gz, )on 2~ A. A

The method used to define u., 4 will be used to prove that the Green
function is a symmetric function of its arguments. The proof will require a
modification of the sequence of balls { B;} so that U;il 0B, is closed relative
to £2. Such a sequence can be constructed as follows. Let {§2;} be a sequence
of open sets with compact closures such that 2 T 2 and 2, C 2,k > 1. It
is easily seen using compactness arguments that there is a sequence of balls
{Bj} such that only a finite number of balls intersect any {2, . If the sequence
is modified so that each ball occurs infinitely often in the sequence, then this
will still be true. Suppose now that {x;} is a sequence in U;il 0B, with
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x; — x € §2. Since 2, T (2, x € {2;, for some jo. Since only a finite number
of balls intersect {2; , there is some kg such that z, € U§0:1 0B; for large k,
and it follows that x € 0B; for some j with 1 < j < kq. Thus, x € U;’;l 0B;
and U;’il 0B; is closed relative to f2. It therefore can be assumed that there
is a sequence of balls satisfying

i) 2= U;)i1 Bj,

(i) By Cc R forallj>1,

(i) Uj=, 9B is closed in {2, and

(iv) each B; occurs infinitely often in the sequence.

Theorem 3.3.9 If the open set {2 has a Green function, then G(z,y) =
G(y,x) for all z,y € 2; in particular, G(-,y) is harmonic on 2 ~ {y} for
each y € (2.

Proof: Let {B;} be a sequence of balls satisfying the above four properties.
For each x € 2,G(x,-) = uy + h, where h, is harmonic on 2. To simplify
the notation, u,(y) and h,(y) will be written u(z, y) and h(z, y), respectively.
For each x € (2,

Gj(l’, )= Uj(ft, )+ h(z,)

where G;(z,-) and u;(x,-) denote the jth result of applying the sweeping
out method to functions G(z, -) and u(z, -), respectively. The second term on
the right does not depend upon j because harmonic functions are invariant
under the sweeping out process. As j — oo, G;(z,-) approaches the greatest
harmonic minorant of G(x, ), which is the zero function by Theorem 3.3.7;
likewise, u;(x, ) — U (2, ). Therefore,

0 =too(,) + h(z,-)

and it follows that
G(x7) = U(l‘,) _uoo(ma) (33)

It will be shown next that ue(-,y) is harmonic on {2 for each y € 2 by
reexamining the sweeping out process defining uq (-, y). Consider any fixed
y € 2.1y & By, then uy(z,y) = u(z,y) for all x € 2 and u4 (-, y) is harmonic
on 2 ~ {y}. If y € By, then ui(-,y) is harmonic on {2 ~ B since it agrees
with u(-,y) on £2 ~ By and is harmonic on B; since u;(+,y) = PI(u(-,y) : By)
on Bj. Combining the two cases, u1(+,y) is harmonic on 2 ~ ({y} U 9By).
Now consider us(-,y). Since us(-,y) agrees with uq(-,y) on 2 ~ By, it is
harmonic on (2 ~ ({y} U0By)) ~ B, . Since uz(+,y) is harmonic on By and
therefore on (2 ~ ({y} UIB1)) N Ba, it follows that uz(-,y) is harmonic on
2 ~ ({y} UIB; UIBs). By an induction argument, u;(-,y) is harmonic on
2 ~ ({y} U], 8B;). Since each ball occurs infinitely often in the sequence
{Bj;}, there is a subsequence {B,, } such that y € B,,,k > 1. Since u;, (-,y)
is harmonic on 2 ~ (JI£, B; D 2 ~ |J;2, B, and the sequence {u;, (-,y)}
decreases to uoo(+,y) on each component of the open set 2 ~ |J;=, 9B; and
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each u;, (-,4) > 0, uoo is harmonic on each component by Lemma 2.2.5 and
therefore is harmonic on 2 ~ | J:2, dB;. Since uso(+,y) is independent of the
sequence of balls {B;}, uxo(-,y) is harmonic on {2 for each y € (2. Since
Go(w,y) = ua(y) — too(x,y) = uy(x) — too(x,y), for each y € 2

(i) u(,y) —uso(,y) >0 on 2, and

(i) u(-,y) — uoo(-,y) is the sum of u, and a harmonic function.

By the minimality of the Green function Go(y,z) < u(z,y) — vso(x,y) =
Gq(z,y). Interchanging = and y, Gp(z,y) = Go(y,x). N

Corollary 3.3.10 Let {2 be a Greenian set, and let {29 be a component of 2.
If © € $2, then Go(x,y) = 0 fory € 2 ~ y and Go(x,:) > 0 on (2.
Moreover, the Green function for (y is given by Ga, = Galaox 0 -

Proof: Consider a fixed z € . Since Gp(x,:) = uy + hy > 0, u, has a
harmonic minorant on {2, namely, —h,. It therefore has a greatest harmonic
minorant hg on (2. Letting

B — ho on 90
T Uy on 2 ~ (g,

h% is harmonic on {2 and u, > h% on 2. By Equation (3.3), —h, is the
greatest harmonic minorant of u, and therefore —h, > h%. Thus, Go(z,-) =
Ug + hy <uy —hE =0on 2~ 2. Since it is always true that Go(x,) > 0,
Go=0o0n 2~ Q. If Go(x,y) = 0 for some point y € 2, then G (z,) =0
on {2y by the minimum principle, contradicting the fact that G (x, z) = +oo.
As to the second assertion, let {B;, } be a subsequence of the sequence {B,}
of balls defining the reduction of u, () = u(z,-) over £ such that B; C (2.
Using such a sequence, it is easy to see that

Uoo, 20 (T, ) = Uoo(,-)  on (2.
By Equation (3.3), for z € {2
Gop(,) = u(@, ) = too,2y (2, ) = u(x,") —ueo(x,) = Gz, )
on (2. Hence, G, = Goloyxn,- M

Theorem 3.3.11 If {(2;} is an increasing sequence of Greenian sets with
=9y, then either
(i) §2is Greenian and lim; . G, = Ggo on 2 x £2, or

(ii) $2 is not Greenian and lim;j_.o. G, = +00 on £2 x (2.

Proof: Since G, (z,-) and Go(z,-), if defined, vanish on components of {2
not containing x, it can be assumed that {2 is connected. For j > 1 and
x € {2;, by Equation (3.3) Gg,(z,-) = uy — h) where b is the greatest
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harmonic minorant of u, on £2;. Since the G, (x, -) are eventually defined and

increase at each point of {2 by Theorem 3.2.12, the hggj ) are eventually defined
and decrease at each point of 2, and h, = lim; . hgf) is defined on 2. By
Lemma 2.2.7, h, is either identically —oo or harmonic on (2. If h,, is harmonic
on {2 for some z, then h,, is harmonic on {2 for all y € (2 since hg(f) (z) = h) (y)
by the symmetry of the Green function, and so hy(x) = h,(y); in this case,
Uy = Uy — hy € B, for each z € (2 and the Green function Gy, exists by
Lemma 3.2.9. If 2}, is any harmonic minorant of u; on (2, then A} < hY) on
{2;, and therefore h} < h; on §2; that is, h; is the greatest harmonic minorant
of u, on {2, and therefore Go(x,-) = uy — hy = lim; .o G, (z,-) on 2. On
the other hand, if h, is identically —oco for some x € §2, then h,, is identically
—oo for all x € £2; if 2 were Greenian, the fact that Ggo,(z,-) < Ga(z,-)
would imply that Ggo(z, ) = +00 on {2, a contradiction. W

Theorem 3.3.12 If the open set (2 is Greenian, then Gg is continuous on
2 x §2, in the extended sense at points of the diagonal of {2 x §2. Moreover,
if B, 5 C £, then L(Gg(z,") : 2,6) is a continuous function of z € £2.

Proof: G is obviously continuous in the extended sense at points of the
diagonal of 2 x £2. If (xq, yo) € 2 X 2,29 # Yo, let B,, and By, be balls with
centers xg and g, respectively, with disjoint closures in 2. If zg and yq are
in different components of {2, then G, = 0 on B,, x By, and G is trivially
continuous at (zg,yo). It therefore can be assumed that x¢ and yo are in the
same component of 2. By Lemma 3.2.6, there is a constant m > 0 such that
Gao(zo,) < m on By,. Since Gg(-,y) is positive and harmonic on By, for
each y € By,, there is a constant k£ > 0 such that Go(z,y)/Gao(xo,y)
k for all x € By, and y € By, by Theorem 2.2.2. Therefore, Gpo(z,y)
(Ga(zr,y)/Ga(z0,y)Ga(xo,y) < km for all & € By, and y € B,,. This
shows that the family {Go(z,-);x € By} is uniformly bounded on By,.
Since Go(z,y) = ug(y) + he(y) and ugz(y) is bounded on By, x B,,, the
family of harmonic functions {hy;z € By, } is uniformly bounded on B,, and
equicontinuous on any compact subset of By, according to Theorem 2.2.4.
Since h;(y) is a symmetric function,

I IA

|G o(r,y) — Galwo,yo)| < [ue(y) — tay (yo)| + [ha(y) — hao (o)
< fua(y) = Uz, (Yo)| + [ha(y) — ha(yo)]
+ |hy0($) - hyu(330)|

The first term on the right can be made arbitrarily small by the joint continu-
ity of u,(y) at (xg,yo), the second term can be made arbitrarily small by the
equicontinuity of the family {h,;z € By, }, and the last term can be made ar-
bitrarily small by the continuity of hy, at zo. Thus, Go(x,y) is continuous at
(x0,10). Now let B 5 C §2, and let v, 5 be a unit mass uniformly distributed
on 0By 5. Con51der any 20 € {2 ~ 0By 5. If z is not in the component of {2 con-
taining By g5, then G (z,-) = 0 on 0By s for all z near zp and L(Go(z,-) : x,0)
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is obviously continuous at zp. Suppose now that zyp and B, s belong to the
same component {2y of §2. Choose p > 0 such that B, ,N9IB,s = 0. By
the preceding corollary, the functions Go(z,-), 2 € B, ,, are harmonic and
positive on (2o ~ B . By Harnack’s inequality, Theorem 2.2.2, there is a
constant K such that Go(z,y) < KGn(20,y),y € 0By s and z € B, ,. Since
G (20, ) is bounded on 0B, s, the functions G (%, -) are dominated on 0B, s
by the integrable function G, (2o, ). By the Lebesgue dominated convergence

theorem,
L(Gn(z,:):x,8) = /Gg(z,y) dvy s

is continuous at zp. Finally, suppose that zp € 0Bgs. Since the func-
tions L(Gn(z,+) : x,0 + r),r > 0 are continuous at zy and increase to
L(Ga(z,-) : x,0) as r | 0,L(Gp(z,-) : x,0) is Ls.c. at zp; likewise,
the functions L(Gn(z,-) : z,0 — r) are continuous at zp and decrease to
L(Ga(z) : x,0) as r | 0, so that L(Gp(z:) : 2,d) is ws.c. at zg. Thus,
L(G@o(z,-) : x,d) is continuous at zo. W

According to Theorem 3.2.10, every open subset 2 of R™,n > 3, has a
Green function. The following theorem will help to narrow the class of open
subsets of R? without Green functions.

Theorem 3.3.13 If 2 C R? is a nonconnected open set, then 2 is Greenian.

Proof: Let {£2;} be the components of (2, of which there are at least two.
Suppose x € (21. By Theorem 3.2.13, {21 has a Green function; that is, there
is a nonnegative superharmonic function v, on {21 of the form v, = u, + h,
where h, is harmonic on (2. Note that u, is harmonic on the remaining
components of 2. Extend h, to {2 by putting h, = —u, on {2 ~ §2;. Then
Uy + he € B, and B, # (. Since this can be done for each component of (2,
B, # () for all x € 2 and (2 has a Green function. H

Combining this theorem with Theorem 3.2.13, only the connected dense
subsets of R? present a problem in so far as the existence of a Green function
is concerned.

The boundary behavior of the Green function can be related to regular
boundary points for the Dirichlet problem.

Lemma 3.3.14 If 2 is a bounded open set, then Go(x,) = uy — H,, .

Proof: Since u, is in the upper class defining H,, ,u, — H,, > 0 on 2.
By Lemma 3.2.9, u, — H,, > Ggq(z,-) on 2. Also from the definition of
the Green function, G (x, ) = u; + hy, where h, is harmonic on (2. Since
Go(x,-) > 0,u; > —h, on £2 and —h, belongs to the lower class defining H,,_;
that is, —h, < H,,,. Moreover, u, — H,, > uy, + h, implies that —h, > H,,.
This shows that —h, = H,, and that Go(z:) = u, — H,,. W

Theorem 3.3.15 Let {2 be a bounded open set. Then x € 012 is a regular
boundary point for 2 if and only if lim,_., yen Go(z,y) =0 for all z € £2.
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Proof: Suppose z is a regular boundary point for the Dirichlet problem. Con-
sider any z € 2. Since u, is continuous at z,limy_., yen Go(z,y) = u.(x) —
lim,_., yen Hy, = u.(x) —u,(r) = 0. Now suppose that lim,_., yeo Go(z,y)
=0 for all z € 2. Let {£2,;} be the set of components of 2 and let z; be a
fixed point of 2;,7 > 1. It is easy to see that the function w = Zj Gal(zj,-)
is a barrier at x. W

3.4 Green Potentials

Physically, a potential function represents the potential energy of a unit mass
(charge) at a point of R™ due to a mass (charge) distribution on R™. As such,
potential functions are of interest in their own right.

Definition 3.4.1 If p is a signed measure on the Greenian set (2, let

Gop(z) = o Go(z,y) du(y),

if defined for all z € 2. If 11 is a measure on {2 and G is superharmonic on
2, then Gopu is called the potential of p. If 4 = p+ — p~ is a signed measure
and both Gou' and Gou~ are superharmonic functions, then G ou is called
a Green potential.

Under suitable conditions on p, Gpop is defined and superharmonic on {2 or
a difference of two such functions.

Lemma 3.4.2 If p is a Borel measure on the Greenian set §2, then Gou is
either superharmonic or identically +o00 on each component of 2.

Proof: Let{{2;} be an increasing sequence of open subsets of {2 with compact
closures (2, C {2 such that 2 = Uj‘;l £2;. For each x € (2, define m;(z,-) =
min (Gp(z,-),7) and

wi@) = [ i) duto)

Since  is a Borel measure, p(§2;) < p(£2;) < +oo for j > 1. Since G is
continuous in the extended sense on 2 x 2, Go(z;,y) — Go(zr,y) as z; — x
and the same is true of m;. Since m; is bounded by j,

ui(s) = /Q ) dnty) /Q ) () = )

as x; — x by the Lebesgue dominated convergence theorem. Thus, each u; is
continuous on {2. Since £2; T 2 and m;(z, ) T Go(z,-) as j — oo,u; | Goup
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as j — oo by the Lebesgue monotone convergence theorem. As the limit of
an increasing sequence of continuous functions, Gou is l.s.c. on 2. For any
B_sC 2

x,0 ’

I(GQM1%5%=;;%—Il;LJ([;G9@40W4w>dU@)

Using Tonelli’s theorem and the fact that G (-, y) = Gn(y, ), is superhar-
monic on {2,

L(Gop: z,9) :/Qﬁ (/83 Gn(z,y)d0(2)> du(y)
~ [ LiGatn) 2.0 duty)
S/QGn(fc,y)du(y) = Gop(z).

It follows that G is nonnegative on {2, 1.s.c. on {2, super-mean-valued on (2,
and therefore superharmonic on any component on which it is not identically
+oo. W

Lemma 3.4.3 If i is a measure on the Greenian set 2 such that u(£2) <
+o0 and p(B) = 0 for some closed ball B~ C {2, then Gqu is superharmonic
on the component of {2 containing B.

Proof: If B = B, s, then Gg(z,-) is bounded outside B by Lemma 3.2.6.
Since pu(B) =0,

Gou(r) = | Go(r,y)duy) = Golz,y)du(y) < +oo.
[0 2~B
Therefore, G ou is not identically +00 on the component of {2 containing B
and is superharmonic on that component by the preceding lemma. H

Theorem 3.4.4 If 1 is a measure on the Greenian set £2 and p(§2) < +oo,
then G is a potential.

Proof: Assume first that (2 is connected. Consider any = € (2 and a closed
ball B~ = B ; C 2. Then p = plp + plo~p where u|lp and ploop
are measures vanishing on {2 ~ B and B, respectively. Clearly, Gou =
GQ/L‘B—FGQ/L‘_QNB. Since ,u|_QNB(B) =0and ,LL|_QNB(Q) < 400, GQ,u|QNB is
superharmonic on {2 by the preceding lemma. Since B~ C {2, there is a closed
ball By C £2 ~ B~ such that pu|p(B1) = 0. Since p|p(£2) < +o00, Goulp is
superharmonic on {2 by the preceding lemma. It follows from Theorem 2.4.5
that Gou = Gopls + Gaplo~p is superharmonic on 2, assuming that 2
is connected. Suppose now that {2 is not connected, and let 2 = |J ; 2,
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where {f2;} is the countable collection of components of 2. Let p; = pfo,.
Then 11(£2;) < 400. By Corollary 3.3.10, G, = Go|e,xe,- Since Go(z,-)
vanishes outside of the component of {2 containing x by the same corollary

Goulz) = /Q Gz, y) duly) = / G, (2.y) du(y) = G, ()

J

for all z € £2;. By the first part of the proof, G, u1; is superharmonic on (2;
and therefore G is superharmonic on 2. W

Theorem 3.4.5 Let (2 be a Greenian set and let Gou be the potential of a
measure p. Then the greatest harmonic minorant of G ou is the zero function.

Proof: Let © = Gou and let {B;} be a sequence of balls satisfying the re-
quirements for defining the reduction us, of the superharmonic function u
over (2. By Theorem 3.3.5, u, is the greatest harmonic minorant of u so that
the assertion requires proving that u. = 0 on 2. Let {u;} and {Gp ;(-,y)}
be the sequences of functions defining 1., and G o (-, y), respectively. By
Theorem 3.3.7, the sequence {Gg ;(-,y)} decreases to zero on (2. The rest of
the proof is based on the following result which will be proved using mathe-
matical induction.

x) = / Goj(x,y)duly), z=€2,j>1. (3.4)
Q

The first step in the induction proof will be omitted because of its similarity
with the general case. By definition,

) N PI(U]',1 : B])(.’[) ifx e Bj
’U,J(.Z‘) o { Uj,1($) ifexe 2~ Bj,

with a similar definition of Gg ;(z,y) for fixed y. Assuming that Equa-

tion (3.4) holds for j — 1, two cases will be considered. Suppose first that
x & Bj' Then U’j(‘r) = uj—l(x)7GQ7j(way) = GQ,]‘—1(37,Z/)7 and

we) =uy1(0) = [ Goyrlen)dnts) = [ o) duly
for « ¢ B;,j > 1. Now suppose that « € B;. By Tonelli’s theorem,

uj(2) = PI(uj1 : B))(x)

_PI</ Gaj-( (y):Bj) (2)

= [ PIGa 1.0 By) @) duty)

= /Q Goj(r,y)duly), =€ Bj,j>1
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Thus, Equation (3.4) is true for all j > 1. Since G is superharmonic on (2,
it is finite a.e. on §2. Choose any point zg € {2 such that Gou(zg) < +oo.
Then

Gop(ro) = / Galao.y) duty) < +oc:

that is, Go(xo, -) is integrable relative to p. Since 0 < G j(zo,-) < Ga(zo, )
and limjﬁoo GQJ(IO, ) = 07

Uno (T0) = jlim uj(zo) = jlim Gg,j(xo,y)du(y) =0
by the Lebesgue dominated convergence theorem. Since us(zg) > 0 and is
harmonic on {2, 4y, = 0 on 2 by the minimum principle. W

Corollary 3.4.6 If (2 is a Greenian set, p is a measure on 2, and Gou is
harmonic on {2, then p is the zero measure.

Proof: Let h = Ggu be harmonic on (2. Since h is a harmonic mi-
norant of itself, h = 0 by the preceding theorem. Thus, for any z €
2, [, Gaol(x,y)du(y) = 0. Since Go(z,-) > 0 on the component of {2 con-
taining x, each component of {2 has pu-measure zero. H

It is possible for a potential to be harmonic on a proper subset of (2.

Theorem 3.4.7 If i1 is a measure on the Greenian set {2 such that Gou is
a potential on §2, then Gou is harmonic on any open set of p-measure zero.

Proof: Let A be a nonempty open subset of {2 with u(A) = 0. For any = € (2,

Gou(z) :/QNA Go(z,y) du(y).

Suppose B, ; C A. By Tonelli’s theorem,

AGan:0.0) = A ([ Gal)autn:.0)

N~A

= A(Goly) z,6)du(y).
QnA
For y € 2 ~ A,Ggn(-,y) is harmonic on A. Since B, s C A A(Go(y) -
z,0) = Go(x,y) and

A(Gop:xz,0) = , AA(GQ('7Z/) x,0) du(y)

= Go(z,y)du(y)
2~A

= Gou(x).
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Since Ggop is superharmonic on (2, it is locally integrable on (2 by
Theorem 2.4.2 and, as in the proof of Theorem 1.7.11, continuous on 2.
It follows from Theorem 2.4.1 that Ggou is harmonic on 4. W

It is possible to compare the Green potential for a region with that of
another region, especially when one is a subset of the other.

Theorem 3.4.8 Let {2 be a Greenian set, let A be an open subset of (2, and
let p be a measure on 2 such that u(2 ~ A) =0 and Gou is a potential. Then

there is a nonnegative harmonic function h on A such that Gou = Gapla+h
on A.

Proof: Since A C 2, G4 < G on A by Theorem 3.2.12. Thus, for each x € A,

Gapla(x /GA x,y) du(y /GQ x,y) du(y) = Gop(x).

This proves that G,ulsx is a potential. Since G is superharmonic, it is
finite-valued a.e. on (2. Except possibly for x in a subset of A of Lebesgue
measure zero,

Gﬂu@)—chuh@ﬂ=:A«%ﬂ%y%—GM@wau@)

Since Go(z,y) = uy(y) + ha(y) and Ga(x,y) = uy(y) + hE(y), where hy
and h% are harmonic on {2 and A, respectively, Go(z,y) — Ga(x,y) = Hy(z)
where Hy(z) is the symmetric function h,(y) — hi(y) on A x A. For each
y € A, Hy, is harmonic on A, and for each z € A, H,(z) is harmonic on A.
Suppose B, sC A. By Tonelli’s theorem, for x € A as described above

400 > A(Gop— Gapla: x,0) = /AA(GQ(-,y) —Gal,y)) 1 2,6) du(y)

— [ A, 2.8 duty)
A

= / Hy(z) du(y)
A

The last integral is harmonic on A by Theorem 1.7.13. Writing the last equa-
tion as

AGop:x,0)=A(Gapla:x,0) +//1Hy(55) du(y)

and noting that the solid ball averages increase to Gou(x) and Gapla(x),
respectively, as § | 0 by Lemma 2.4.4,

Gou(z) = Gapla(z /H ) du(y

on/A. W

The above theorem can be used to prove a converse to Theorem 3.4.7.
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Theorem 3.4.9 Let (2 be a Greenian set. If Gu is the potential of a measure
w and is harmonic on the open set A C £2, then u(A) = 0.

Proof: Since Gop = Gopla + Goplooa and Goplo~a is harmonic on
A by Theorem 3.4.7, Ggopula is harmonic on A. By the preceding theorem,
Gopla = Gapla + h where h is harmonic on A. This implies that G apla is
harmonic on A4, and by Corollary 3.4.6, pa(A) =0 = pu(4). N

Historically, the Green potential was preceded by the logarithmic potential
in the n = 2 case and the Newtonian potential in the n > 3 case. The
logarithmic potential of a measure x on R? having compact support is
defined by

Ut (z) = — /log |z —yldu(y), =z € R?%

the Newtonian potential U* of a measure on R, n > 3, is defined by
(L 1 n
Ut (z) = /ﬁdu(y), re R
|z -yl

Since the Newtonian potential U* of a measure is just the Green potential
G, where G is the Green function for R™, the preceding results apply di-
rectly to U* in the n > 3 case; for example, if u(R?) < +oo, then UH is
superharmonic on R3. A similar argument for the logarithmic potential can-
not be made since R? does not have a Green function. In order to show that
U* is superharmonic in the n = 2 case when p has compact support, let
By, s be any ball and let C' be the support of u. Since —log |z — y| is con-
tinuous in the extended sense on B;m s X C, there is a constant ¢ such that

—loglr —y|+c>0forz € B, 5,y€C.Forze B ;,

U(2) + cp(C) = / (—logz — y| +c) du(y).

As in the proof of Lemma 3.4.2, U* is Ls.c. on R2. Calculating spherical
averages and using Tonelli’s theorem,

L(U* : 20,0) + cu(C) = /L(— log|z —y| + ¢ : xo,0) du(y)

< [ (- toglan — ] + ©) du(w)

= U"(x0) + cpu(C).
Therefore, Ut (zg) > L(U* : x9,0) for any ball B, s and U* is super-mean-
valued. Using the compactness of the support of u, it can be seen that U

cannot take on the value —oo. If 2y ¢ C', then —log|zo — y| is bounded on
C and U*(zy) < +00. This shows that U* is not identically +oco on R? and
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therefore that U# is superharmonic on R? whenever p has compact support.
The potentials U* and G can be compared in a sense.

Theorem 3.4.10 If 2 C R",n > 2, is Greenian and p is a measure with
compact support, then UF is superharmonic and differs from Gop on 2 by
a harmonic function.

Proof: Letting Go(z, ) = ugy + hy,

Gop(z) = /uz(y) du(y) +/hx(y) duly), xe€ R

Since h, is bounded on the support of y, [ h,(y) du(y) < 400 and the second
term of the above equation is harmonic on 2 by Theorem 1.7.13. Thus,
Gop = UH* + h with h harmonic on 2. H

As an application of the results of this section, a region 2 C R? having an
irregular boundary point will be constructed using a potential function.

Example 3.4.11 (Lebesgue Spine[37, 38]) Consider a measure concen-
trated on the line segment {(z,0,0);0 < z < 1} and having a density
f(z,0,0) = 2,0 < < 1. The Newtonian potential u(x,y, z) of this mea-
sure at a point not on the z-axis is given by

1
£
u(z,y, 2) :/0 ((5—x)2+y2+22)1/2

dg

1 1
€—=) / 1
= dé +x dg.
/o (G R R M (S ERa R ek
Using elementary calculus, the integrals can be evaluated to obtain

u(@,y,2) = (1—2)> +9° +2°)% = (@ + y* + 22)/?
+zlog(l—z+ (1 —z)% +32 +22)1?)
—zlog (—z + (2% 4+ y? + 22)1/?)
— ((1 _ l‘)2 _|_y2 —|—22)1/2 _ (x2 _|_y2 + 22)1/2
Falog(1— 2+ ((1— 2)° + 2 + 22)1/2)
+xlog (x + (2° +y* + 2°)/%) — zlog (v* + 2°),
the last term arising as a result of multiplying and dividing the expression
1 1
—z+ (22 + 9%+ 222 by o+ (22 + 9% + 22)2. It is easily seen that u has the
limit 1 as (x,y,2) — (0,0,0) subject to the condition that y? 4+ 2% > 0, has
the limit 0 as |(z,y, 2)| — +00, and has the limit +00 as (x,y, z) approaches
any point on the line segment {(x,0,0);0 < 2 < 1}. Consider the open set

2= {(Ivyaz);e < u(a:,y,z) <1 + CO}a
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where 0 < € < 1 and ¢g > 1. The set {(x,y,2);u(z,y,z) > €} is a neighbor-
hood of (0,0,0) and the set {(z,y, 2); u(z,y,2) < 1+co} is an open set which
excludes the line segment {(x,0,0);0 < x < 1}. Tt is easily seen that

im  wu(z,y,z)=1— lim xlogp?
[(z,y,2)|—0 ( ) [(z,y,2)|—0 P

where p? = y% + 22. If (x,5,2) — (0,0,0) along a path for which z > 0,2 +
22 # 0 and 2% = p? for some positive integer k, then u(x,y,z) — 1; note
also that such points will be in 2 if sufficiently close to (0,0,0). If, however,
(x,y,2) — (0,0,0) along a path for which x > 0,y% + 22 # 0 and p =
exp (—c¢/2x) with ¢ > ¢p, then u(x,y,z) — 1+ ¢; note also that such points
will be in ~ £ if sufficiently close to (0,0,0). It follows that (0,0,0) is a
boundary point for 2. It remains only to show that (0,0,0) is an irregular
boundary point for the region (2. The function u, as the Newtonian potential
of a measure with compact support, is harmonic on the open set 2. As such,
it is the solution of the Dirichlet problem for the boundary function which is
equal to € on the boundary of the region u > ¢ and equal to 1 4+ ¢g on the
boundary of the region u < 1 4 ¢g. For z < 0,

1
u(x,0,0):/ Ldfz 1+ zlog (1 —z) — xlog ||
0

so that lim,_,o— u(2,0,0) =1<14c¢. W

In general, little can be said about the continuity of a Green potential
G op unless the measure 1 is absolutely continuous with respect to Lebesgue
measure. If 2 is a Greenian set and f is a measurable function on 2, let

Gof@) = [ Gate.s) i) dy
provided the integral is defined for all = € 2.

Theorem 3.4.12 If (2 is a Greenian set and f is a bounded Lebesgue inte-
grable function on §2, then Gaof is continuous on {2.

Proof: Since the positive and negative parts fT and f~ are integrable over
R and Gof = Goft — Ggof™, it can be assumed that 0 < f < m for some
constant m. By Theorem 3.4.4, G f is a potential. Let B = B, , be a ball
with B~ C {2 of radius less that 1/2. Then Gof = Gofxs + Gofxa~B-
Since the density fxn~p assigns zero measure to B, G fxo~p is harmonic
on B by Theorem 3.4.7 and therefore continuous on B. Consider now G fx 5.
If it can be shown that G, fx 5 is continuous on B ~ {y}, it would follow that
Gy f is continuous on B ~ {y}; but since B = B, ,, is an arbitrary ball with
closure in 2, this would imply that G f is continuous on (2. Since G fxB
differs from Gpf by a function harmonic on B by Theorem 3.4.8, it suffices
to prove that G f is continuous on B ~ {y}. It is necessary to consider the
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n = 2 and n > 3 cases separately for the rest of the proof. Suppose n = 2
and z¢ € B ~ {y} and consider any ball B, , with closure in B. Since

Gp(z,z) =log —\y—x\ |z — 2]

p|z—al

for z € B ~ {z}, where z* is the inverse of z relative to 0B,
(G f(z) = Gpf(xo)|

[ el g,
B~Bag.r

< X
ly = @ol |2 = 2| |z — g

+/B GB(:E,z)f(z)der/B Gp(xo,2)f(z)dz.

T, x0T

Recall that Gp(z,z) is minimal in the class of nonnegative functions of the
form —log|x — z| + ws(z) where w, is harmonic on B. Since |z — z| < 1 for
x,z € B,—log |z — z| is positive and majorizes G g (z, z). Thus for any x € B,

/ Gp(z,z)f(z)dz <m —log|z — z|dz.
B:zo,r Bwo,r

The integral on the right becomes larger if taken over B, , rather than B, ;.

Thus,
/;

GB(x,z)f(z)dzgm/ —log|z — z|dz
Ba,r

xQg,T

= 27rm/ —plogpdp.
0

Since the latter integral approaches zero as r — 0, given € > 0, rg can be
chosen so that o < |z¢ — y| and

/ GB(:E,z)f(z)der/ Gp(zo,2)f(z)dz <€
B

B

Z0>T0 0,70

for any z € B. It follows that
G f(z) — Gpf(zo)]

/ log v — ] |Zix||z*x2‘f(z)dz +e.
BaBagny 1Y — %ol [z =2l [z —af]

<

Consider only those x € By, /2. Since the logarithmic factor in the in-
tegral approaches zero boundedly as * — xg, by the Lebesgue dominated
convergence theorem,
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limsup |Gpf(x) — Gpf(wo)| <e.

r—xo,tEB

Since € is arbitrary, lim, .., ze8 Gpf(z) = Gpf(x¢) and G f is continuous
on B ~ {y}. The proof of the n > 3 case is just the same except for the fact
that Gp(x,z) < |z — 2|7"*2 and the estimate

/ GB(x,z)f(z)dzgan/rpdp. |
Bug.» 0

A digression into approximation theory is necessary in order to simplify
later proofs.

Lemma 3.4.13 If ¢ is a finite-valued, continuous function on the Greenian
set £2 with compact support in a closed ball B~ C (2 and By is a ball with
B~ C By C By C 2, then there is a sequence of differences {u; — v;} of
finite-valued, continuous potentials on {2 supported by measures in By such
that u; = v; on 2 ~ By and lim;_. o (u; —v;) = ¢ uniformly on {2.

Proof: (n > 3) Put ¢(z) =0 forx € R" ~ 2,B = B, 5 and By = By5,.
Consider any jo > 1 for which 1/jo < (01 — 6)/4 and the ball B, 5 where
5 = (61 + 9)/2. For j > jo, define Ji/;¢ to be zero on 2 ~ B;. Then
{J1/;6} >4, is a sequence in Cg°(R™) which converges uniformly to ¢ on 2.
By Theorem 1.5.3, for x € B;

1

_Jn(n -2) /g,

Jy)io(x) = G, (7,2)(AJy);0)(2) dz

1 p—
= o [, O AT
— #/ G, (2,2) (AT ,;¢)T(2)dz
on(n—2) Jp, 7 /i
! - 1
- mGBl(AJI/j(b) - mGBI(AJw(b)*.

The functions on the right are potentials of measures having supports in B, 5
and are continuous by Theorem 3.4.12. By Theorem 3.4.8,

1 1
150 = on(n—2) on(n—2)

where h; is harmonic on B;. Since Ji/j¢ =0on 2 ~ B, 5and GQ(AJl/qu)i
are harmonic on 2 ~ B_ 5, h; has a harmonic extension to {2. Letting

Go(AJy/0)” — Go(AJy/;0)" +hy  (35)

1 _ _ 1 4
mGQ(AJl/j¢) and v = crn(n — 2) GQ(AJ1/3¢) s

Uj =
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']l/j¢ = Uy —Uj+hj. Since J1/j¢ =0on 2~ Bm,&vj —U; = ]’L]‘ on {2 ~ Bm,g'
Thus, vj = u;+h; = hj on {2 ~ B, 5 and, in particular, v; > h; on 0B, 5. By
the minimum pr1nc1ple v; > h; on B o3 and therefore v; > h on Q Slnce
the greatest harmonic minorant of v; on {2 is the zero function, h; < 0 on 2.
A similar argument applied to u; shows that h; > 0. Thus, h; = 0 on (2 and
Ji/;¢ = uj — v;. Since the sequence {J;,;¢} converges uniformly to ¢, the
same is true of the sequence {u; —v;}. Finally, it follows from Equation (3.5)
that u; = v; on {2 ~ By since Ji/j¢=0o0n 2~Byand hj=00n 2. W

The result of the following theorem is known as a partition of unity.
The proof is taken from [48].

Theorem 3.4.14 (L. Schwartz [55]) Let I" be a compact subset of R™ and
let {Uy,...,Upn} be an open covering of I'. For j = 1,...,m, there is a
¢; € C3°(U;) with 0 < ¢; <1 such that

rel =Y ¢ =

j=1
Proof: For j =1,...,m, let V; be an open subset of U; with compact closure
V" C Uj such that {V4,...,V,,} is an open covering of I". Then
dist(I',~ U7, V;) > 0,

and for each j = 1,...,m,dist(Vj7,6Uj) > 0. Let Vip1 =~ UL,V and
choose § > 0 such that
dist(I,~ UL V;) > 6
dist(V;”,0U;) > 6, j=1,...m.
EachVj,j =1,...,m+1, can be covered by balls with centers y;; € V;”,1 > 1,

of radius  so that at most finitely many of the balls intersect any compact
set. Choosing the constant ¢ of Section 2.5 so that m(0) = 1, let

o) = Eom (F5) =t

i

Then each ¢; € C§°(U;) and

xEFéZwJ ) # 0, Ymar(z)=0.
Jj=1
Letting
V()
Y i)’

the functions ¢y, ..., ¢, satisfy the above requirements. W

oj(z) = reR" j=1,...,m,
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Theorem 3.4.15 If ¢ is a finite-valued, continuous function on R™ having
compact support I' in the Greenian set £2 and O is a neighborhood of I' with
compact closure O~ C 2, then there is a sequence of differences {u; — v;}
of finite-valued, continuous potentials of measures having support in O such
that u; = v; on 2 ~ O~ and limj_,o (u; — vj) = ¢ uniformly on (2.

Proof: Let By, ..., B, be a finite collection of balls covering I" with U}”ZIB;
C O. Consider a partition of unity 1, .., %Y, where each ¢; € C§°(R™) has
compact support in B; and Z;n:l Yj(x) =1for x € I'. Then ¢ = Z;"’:l ;i
where each ¢1); is finite-valued and continuous with compact support in B;.
For j =1,...,m, there is a sequence of differences {u} — v}} of finite-valued,
continuous potentials such that u} = vi on 2 ~ B; D 2 ~ UL B;j D 2 ~
O, and lim;_ (u% — v%) = ¢1p; uniformly on 2. Thus,

i
m m
7 7 o
Jim | 205 = 30 ) =0
Jj=1 Jj=1
. m i m i —
uniformly on 2 and 377 uf =300 v;on 2~0". W

Generally speaking, the boundary behavior of a potential on a region hav-
ing a Green function reflects the boundary behavior of the Green function.

Theorem 3.4.16 If 1 is a measure with compact support I in an open ball
B, then lim, .. zep Gpu(z) =0 for xy € 0B.

Proof: Let B = B, , and let zy be a fixed point of I". Also let A be a con-
nected neighborhood of I" such that A~ C B. For x € B ~ A~ the functions
Gp(x,-) are strictly positive harmonic functions on A. By Harnack’s inequal-
ity, Theorem 2.2.2, there is a constant & (depending upon A and I") such that
Gp(z,2) < kGp(z,2p) for all x € B ~ A,z € I'. Since Gp(z, ) — 0 as
x — 29 € OB by Lemma 3.2.1, Gg(x,z) — 0 as x — x9 € 9B uniformly for
z € I'. Since the integrand in the equation Ggu(z) = [, Gp(z, z) du(z) can
be made uniformly small as  — xg, limy_,, Gpu(z) =0. W

The requirement that the support of u be compact can be relaxed provided
it has a density.

Lemma 3.4.17 Let (2 be a Greenian connected set with finite Lebesque mea-
sure if n > 3 and bounded if n = 2, and let xg € Of2. If [ is a bounded
measurable function on 2 and lim,_.., ze0 Go(x,20) = 0 for some zy € £2,
then limy, .4 ze0 Gof(xz) = 0.

Proof: Suppose n > 3. By consideration of the positive and negative parts
of f, it can be assumed that 0 < f < m. Since f is integrable on 2, G f
is a potential by Theorem 3.4.4. Now let {I;} be an increasing sequence of
compact subsets of 2 such that {2 = U;I; and let

0i@) = [ Gata, 1) d

J
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Then ¢; T Ggof by the Lebesgue monotone convergence theorem. Given
€ > 0, choose jg such that the Lebesgue measure A\g of {2 ~ I'j; is less than €

and let o denote the Lebesgue measure of £2. Since G, (x, z) is majorized by
|z — 2|7 +2,

1
165045(2) — 650 ()] < / S Y
Lo +i~T; |z — 2|
1
<m ——dz.

a~ry, 1T =272

Now choose p such that the volume of B , is Ag; that is, Ag = vpp™ or
p = (Mo/vn)"/™. Then

1
|$jo+5 () — @jo (T)] < m (2
0~y |z — 2|
1
<m T 42
B,y |z — 2]
1 2 1 AO 2/ 1 € 2/
— — _ Y n < _ _ n
S0P = 5onm( )7 < gowm(T=)

uniformly with respect to x € 2 and j > 1. As in the preceding proof,
lim, .z ze0 Go(z,z) = 0 uniformly with respect to z € I, and there is a
0 > 0 such that Go(xz,z) < € for all z € I, and all x satisfying |z — x| < J;
for such x,

1650 (2)] < / Golz, 2)f(2) dz < ema.
Fjo
Thus, if |z — z¢| < 6 and j > 1, then

|Pjoti ()] < |Djors () = Pjo ()| + [ g, ()]
< 1 € 2/n
< Eonm(z) + ema.

Letting j — oo,
1
\an(x)| < §gnm(i)2/n + ema;
1%

n
but since € > 0 is arbitrary and the constants on the right do not depend upon
e and z, G, f(x) can be made arbitrarily small by taking x sufficiently close
to zo. The proof in the n = 2 case is precisely the same except that G (x, 2)
need not be majorized by — log |z — z|. Assuming that (2 is bounded, there is

a constant ¢ such that log (¢/|z — z|) is positive on {2 and therefore majorizes
GQ (1’, Z) [ |
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3.5 Riesz Decomposition

It will be shown in this section that a nonnegative superharmonic function can
be represented as the sum of a potential and a harmonic function. A potential
theory version of Tonelli’s theorem will be proved first.

Theorem 3.5.1 (Reciprocity Theorem) Let 2 be a Greenian subset of
R™, and let pi,v be two measures on the Borel subsets of {2. Then

/Gudu:/Gyd,u.
Q Q

Proof: By Tonelli’'s theorem and the symmetry of the Green function,

/QGu(x)du(x)Z/Q(/QG(%?/)dM(y)> dv ()
—/Q</QG(z,y)dV(o:)> du(y)
_ /Q < /Q G(y,x)du(x)> dp(y)

~ [ Grt)duy).
(9]

Note that the reciprocity theorem holds even if G is not integrable relative
to v, in which case the same is true of Gv relative to pu.

A digression is necessary in order to develop some tools for showing that
two measures are equal if they produce the same potential function. K will
denote the subset of CY({2) consisting of nonnegative, continuous functions
with compact support.

Definition 3.5.2 A subset K;j C K* is called total if for each v € K7
with compact support I, each neighborhood A of I, and each ¢ > 0 there
corresponds a finite linear combination f = Zle o f; of elements of KS'

with a; > 0, f; € K, and f; having compact support in A for each j such
that

[o=fll = sup [v(z) — fz)] <e
el

If it is necessary to consider more than one region, the notation KT (§2) will
be used.

Theorem 3.5.3 (Cartan [10]) Let K be a subset of K+ with the follow-
1mng properties:

(i) If f € K, then every translate of f is in K .
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(ii) If x € 2 and § > 0, then there is an f € K that vanishes outside By s
but does not vanish identically.

Then K is a total subset of K+.

Proof: Without loss of generality, it can be assumed that 0 € §2. Let v be an
element of K+ with compact support I'. If v is identically zero and € > 0, then
a scalar multiple of any function satisfying (i7) will approximate v uniformly
on {2 within e. It therefore can be assumed that v is not identically zero. Let
A be a neighborhood of I with A~ C 2, let A = d(I,2 ~ A) > 0, and let
e > 0. Since v is uniformly continuous on 2, there is a 6 < A\/2 such that
[v(x) —v(y)] < 6/2 whenever |z — y| < 6. Then d(T, 2 ~ A) > 26. By (ii),
there is an fs € K that vanishes outside By s, does not vanish identically,
and [ fs(z)dz = 1. Since fs is uniformly continuous, there is a p > 0 such
that

[fs(x) = fs(y)l < 2 [v(z)dz

whenever |z — y| < p. It can be assumed that 6 + p < A. Moreover, there
is a sequence {M;} of disjoint measurable sets such that R" = U;M;, diam
M; < p, and thus d+ diam M; < 6 + p < A. It can be assumed that
only finitely many of the M; have a nonempty intersection with I'. Such a
sequence of M;’s can be constructed by covering R" by a sequence of balls
each of diameter less than p with only a finite number intersecting I" and
then forming a disjoint sequence of measurable sets from the sequence of
balls. Define the real-valued function A by

/f5 x—yv(y)dy, x< R"

Then

ha) =@ < [ fstwlots) ~v@ldy < 5 [ ot du =3

for all x € R™; that is, h approximates v uniformly within ¢/2. It will now
be shown that h can be approximated uniformly within €/2 by a finite linear
combination of translates of fs. For each j > 1, choose y; € M;. Then for
any z € R",

o) =S ste =) [ vy
= ‘/fa(:v—y)v(y)dy—Zfa(w—yj)/M v(y)dy‘

J

/fsx— fa(fc—yg)()dy‘-
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Since diam M; < p,|(z —y) — (x —y;)| = |y; —y| < p for y € M; and the
first factor in the integral is bounded in absolute value by /(2 f y) dy).
Therefore,

h(x) — f(;x—y'/ v(y) ‘_ /
o) St [, STa S
This shows that h is approximated uniformly within €/2 by the function
=Y dile ) [ o) dy
J M;

so that f approximates v uniformly within e. Note that the sum in the last
equation is a finite sum since only a finite number of the M; have a nonempty
intersection with the support of v. It remains only to show that each function

9;(2) = fole — ;) /M o(y) dy

J
has support in A provided it is not identically zero. Suppose M; N I" # () and
fs(x—y;) #0. Then |z —y;| < d and d(x, I') < d(z,y;)+d(y;, I') < d+p < A.
Since A =d(I, 2 ~ A),x & 2 ~ A. This means that the support of those g;
that are not identically zero is contained in A. W

Theorem 3.5.4 If (2 is an open subset of R™, 1 and ps are measures on
Q,K{ is a total subset of K+, and [, f dpy = [, f dus for all f € K, then
M1 = H2-

Proof: Since any g € K+ can be approximated uniformly by a finite linear
combination of elements of K, the above equation holds for all f € K. Let
I" be a compact subset of {2 and let y be its indicator function. Then there
is a sequence {¢;} in Kt such that ¢; | xp with 0 < ¢; < 1; for example,
let ¢;(z) = max (2¢~4®1) —1,0). Since [, ¢;du1 = [, ¢ dp2,j > 1,

m(F)=/Xde:/Xquz:uz(F)
2 2

by the Lebesgue dominated convergence theorem. Hence, j11 = o since both
are regular Borel measures. W

The following examples will be needed to construct total sets of continuous
functions.

Example 3.5.5 (n=2) Let {2 be a Greenian set, let B, 5 C 2,0 > 0, and
let v s be a unit measure uniformly distributed on 0B, 5. Letting

1
Ug,5 = / log ——dvy 5(2), y¢€ R?,
OB..s ly — z|
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according to Lemma 1.6.1

log + ifly—az| <o
g 5(y) =

Putting 7, s = Vg.5/2 — Va8 G, 5 is a continuous potential with

>0 on {2
Gaorss(y) ¢ =0 on 2~ By (3.6)
£ 0.

To see this, consider u; 5/2 — uz,s. Then
(i) fory € B, 50,

1 1
g sy) =1 Clog = = log2 > 0:
Uy 5/2(y) — Uz,6(y) = log /2 og = = log >0

(ii) for y € B, s~ Bzs/2:

1 1 T —
—u, 5(y) =1 —log = =—1 > 0;
Uz, 5/2(y) — Uz,5(y) = log PEiCY: 0g =520

(iii) for y ¢ B, s,

1 1
Uz,5/2(y) = ta,5(y) = log lz—y| log z—y| 0

Since Go(y, ) = uy + hy, where hy is harmonic on 2,

Gates(y) = /Q(uy(Z) +hy(2)) dve 52 = /Q(uy(Z) + hy(2)) dva,5(2)

= g /2(y) — Uas(y) + /Q hy(2) dy 52(2) — /Q hy(2) o 5(2).

Since the last two integrals are just averages of the harmonic function h,,
their difference is equal to hy(x) — hy(z) = 0. Thus,

GQTz,ﬁ(y) = uz,é/?(y) - uwﬁ(y)a Yy e (2

and Gg7,,s has the properties listed in (3.6). Since it is easily seen that a
translate of G 7, 5 is again a potential of the same kind, the collection K
of potentials {Go7y.5; B, s C 2} is a total subset of K. W

Example 3.5.6 (n > 3) Let {2 be a Greenian set, let B, s C 2,6 > 0,
and let v, 5/2 and v, s be defined as in the precedlng example If T, s =
Vg 5/2 — Va5, then the GgoT, s have the same properties as in the preceding
example.
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Theorem 3.5.7 (Cartan [10],[11],[12]) If 2 is a Greenian set, then the
collection K of Green potentials {Gotes B, s C 2} is a total subset of
K+.

Proof: There is nothing to prove in view of the two preceding examples and
Theorem 3.5.3. A

Theorem 3.5.8 Let i and v be measures on the Greenian set §2 such that
Gou and Gov are potentials. If Gou = Gaov at points where both are
finite, then p = v. More generally, let A be an open subset of {2 such that
Gop = Gov + h on the subset of A where both are finite and where h is
harmonic on A. Then p and v are identical on the Borel subsets of A.

Proof: Let X be the set of points in A where G and G are both finite.
For x € X, Gou(z) = Gou(x) + h(z). Since Gop = Gopla + Goploon
and Goplo~a is harmonic on A, Gou(x) = Gaopla(z) + b/ (z),z € X,
where A/ is harmonic on A. Applying the same argument to G v, Gor(z) =
Gov|a(z) + h'(z),x € ¥, where h” is harmonic on A. Letting fi = pla,
U = v|a, Gop(z) = Gov(x) + h*(z),r € X, where h* is harmonic on A.
Since A ~ X has Lebesgue measure zero,

A(Gofi:x,0) =A(Gqv:z,0)+ h"(z)

whenever B ; C A. Letting 6 | 0 and applying Lemma 2.4.4, Goji(z) =

D

Gov(x) + h*(x) for all x € A. Since A is an open subset of {2, it has a Green
function G 4. Applying Theorem 3.4.8 to G i and G,7, there is a harmonic
function A* on A such that G i = G0 + h* on A. For B;(; C A,

L(Gafi:z,0) = L(GaD: x,0) + h*(x).

Recalling that Ga(x,y) = ux(y) + he(y), the symmetry of the latter two
functions, and applying Tonelli’s theorem

L(Gai:0.8) = [ Tla()+h(0): 2.6 di(y)
_ /A L((uy () + hy () : ,8) dji(y)
_ /A (.5 (y) + ha(y)) dfi(y)
— /A up 5(y) dii(y) + /A ha(y) di(y).

Applying the same argument to G 7,

/A e (1) dfi(y) + /A ha(y) dfi(y) = /A e (y) dD(y) + / hay) di(y) + h*(z).

A
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Replacing 0 by §/2 and subtracting,

/ (2 5(4) — 110 52(4)) dfi(y) = / (a5 (9) — ts.5/20)) Pw).
A

A

Since the functions u, s — uy 5/ form a total subset of K*(A), i = by
Theorem 3.5.4. It follows that p and v agree on the Borel subsets of A. W

Lemma 3.5.9 Let u be superharmonic on the open set {2, and let B be a ball
with B~ C {2. Then there is a unique measure p on B such that u = Ggu+h
where h is the greatest harmonic minorant of u on B.

Proof: The proof will be carried out only in the n > 3 case, the n = 2 differ-
ing only by certain constants appearing before integrals. Since the conclusion
concerns only the representation of v on B, it can be assumed that (2 is a ball
on which u is bounded below. It also can be assumed that u is harmonic on
2 ~ B~ for the following reason. Let us, be the reduction of v over 2 ~ B~.
Since u is bounded below on {2, s, is harmonic on 2 ~ B~ and us = u on
B by Theorem 3.3.2. The function us, need not be superharmonic on {2 but
the lower regularization v of us is superharmonic on {2 by Theorem 2.4.9
since U is the limit of a decreasing sequence of superharmonic functions.
The lower regularization v differs from us, only on dB. Therefore, v is su-
perharmonic on {2, v = v on B, and v is harmonic on {2 ~ B~. In so far as
the representation of u over B is concerned, it can be assumed that u has
the same properties as v; that is, w is harmonic on {2 ~ B~. Let By be a
ball such that B~ C By C B, C {2 and let A be a neighborhood of B~ such
that A~ C By. By Theorem 2.5.2 there is a sequence {u;} of superharmonic
functions in C°°({2) such that

(i) u; Tuasj— oo,
(ii) uj =u on 2~ A~ for all sufficiently large j, and
(iii) u; is harmonic on 2 ~ A~ for all sufficiently large j.

By discarding a finite number of the u;’s, it can be assumed that (ii) and
(iii) hold for all j. By Theorem 1.5.3, for « € By

1
uj(z) = R /330 uj(2)DnGp, (z, z) do(z)
1
_m/BO GBO(I,Z)AUj(Z)dZ.

Since u; = u on 0By, the first integral does not depend upon j and is, in fact,
PI(u : By) which will be denoted by hg. If M is a Borel subset of By, let

1

D=0

Auj(z) dz.
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Since u; is superharmonic on {2, Au; < 0 and v; is a measure on the Borel
subsets of B, with v;(9By) = 0. The above representation of u; on By then
can be written u; = Gpg,v;+ho on By. Since u; T won 2, w = lim;_.. Gp,v;
is defined on By. It will now be shown that w is the potential of a measure
on By. Consider ||v;|| = i;(Bo). By Green’s identity, Theorem 1.2.2,

1 1

vj(Bo) = Con(n—2) Jp, Auglz)dz = on(n—2) Jog,

Dnuj(z) do(z);
but since u; = u outside A~, Dyu;j(2) = Dyu(z) on 0B, and the latter in-
tegral is independent of j. Therefore, ||v;]| is independent of j and there is
a subsequence of the sequence {v;} that converges to a measure v on B in
the w*-topology by Theorem 0.2.5. It can be assumed that the subsequence
is the sequence itself. Letting 7 — oo in the equation

U’](‘r) = 5 GBO(.’E,Z) dyj(z) + ho(Z), 2 € Dy,

requires justification since the integrand G g, (z, z) is not a bounded contin-
uous function on By . Suppose B, 5 C By. By Tonelli’s theorem,

L(Gp,v,:z,0) = / L(Gpg,(-,2) : x,0) dv;(2).

Bo

By Theorem 3.3.12, L(Gp, (-, 2) : z, ) is a continuous function of z € By and,
in fact, has a continuous extension to B since L(Gp, (-, 2) : ,0) = Gp,(z, 2)
for z € By ~ B;(s. Since

L(u; : z,6) = /B L(Gp, (-, 2) : x,0) dvj(z) + ho(z),
Vj v v, and u; T u,
L(u:z,0)= /B L(GB, (-, 2) : z,0) dv(z) + ho(x).

Since u and Gp, (-, z) are superharmonic functions, the surface averages in-
crease to u(x) and Gp,(z,z), respectively, as § | 0 and u = Gp,v + ho on
By. Since Gp,v = Gp,v|B + Gp,V|By~5 and Gp,V|p,~p is harmonic on
B, u = Gp,v|p + h1 on B where hy is harmonic on B. By Theorem 3.4.8,
Gp,v|p differs from Gpr|p by a function that is harmonic on B. Letting
= v|p, it follows that w = Gpu + h where h is harmonic on B. Since the
greatest harmonic minorant of Gpu on B is the zero function, the greatest
harmonic minorant of w on B is h by Lemma 3.3.6. Let u = Gt + h* be a
second such representation. Since the greatest harmonic minorant of v on B
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is unique, h = h* and so Gpu = Gppi. It follows from the preceding theorem
that 4 = & and that the representation of u is unique. W

Lemma 3.5.10 Let u be superharmonic on the open set {2, and let A be
an open subset of 2 with compact closure A~ C §2. Then there is a unique
measure (1 on A such that w = Gap + h, where h is the greatest harmonic
minorant of u on A.

Proof: Suppose first that A is a subset of a ball B with B~ C (2. By the
preceding lemma, there is a measure v on B such that u = Ggr+hg, where hg
is the greatest harmonic minorant of v on B. Since Gpv = Gpv|a+GpV|pa
and the latter term is harmonic on A,u = Gv|s + h, where h is harmonic
on A. Letting 1 = v| 4, the assertion is true for this particular case. Returning
to the general case, suppose only that A~ is a compact subset of 2. Then
A = UP_, A;, where each A; is an open subset of a ball with closure in £2.
It was just shown that the assertion is true if p = 1. Since the proof is by
induction on p, it suffices to consider the case A = Ay U Ay, where A; and
Ag are open sets with compact closures in 2 for which the assertion is true.
Then there are meausres u; on A; and harmonic functions h; on A;,i = 1,2,
such that

u =G, p1+ hi on A

3.7
u = G, 2 + ho on As. (3.7)

Let Ag = A3 N Az. Comparing potentials, there are harmonic functions h} on
A; such that u = Gy pila, + hi,i = 1,2. It follows from Theorem 3.5.8 that
t1la, = f2]A,- Thus, there is a measure p on the Borel subsets of A = A;UA,y
such that p; = pla;,7 =1,2. Since Gap = Gapla; + Gapt|a~a; and the latter
is harmonic on A;, Gapp = Gapi +h} on A; with A} harmonic on A;,7 =1, 2.
Comparing G 4p; and Gy, p;, there is a harmonic function 2} on A; such that
Gap = G, pi +hfon A i =1,2. It follows from Equations (3.7) that

u=Gau+ Hy on A;
u=Gu+ Hy on Ay,

where H; is harmonic on A;,7 = 1,2. It follows that H; = Hy on A; N Ay
and a harmonic function h can be defined on A = Ay U Ay such that h|a, =
H;,i = 1,2. The above equations then become simply u = Gp + h. As in
the preceding proof, h is the greatest harmonic minorant of v on A and p is
unique. H

The measure v of the following theorem is known as the Riesz measure
associated with the superharmonic function u and the region (2. The result
will be referred to as the Riesz Decomposition Theorem to distinguish
it from the Riesz representation theorem concerning integral representations
of linear functionals on spaces of continuous functions.
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Theorem 3.5.11 (F. Riesz [53]) Let 2 be a Greenian set and let u be su-
perharmonic on 2. Then there is a unique measure v on §2 such that if A is
any open subset of 2 with compact closure A~ C 2, then u = G v|a + ha,
where hp is the greatest harmonic minorant of uw on A; if, in addition, u > 0
on §2, then u = Gour+h where h is the greatest harmonic minorant of u on {2.

Proof: Let {£2;} be an increasing sequence of open sets with compact closures
in 2 such that 2 = U;§2;. Let v; and h; be the measure and harmonic
function on (2, respectively, of the preceding lemma. Then u = Gg,v; + h;
on (2;. By Theorem 3.5.8, v; and v;;, must agree on the Borel subsets of
2; for every k > 1. If A is any Borel subset of (2, then {v;(£2; N A)} is a
nondecreasing sequence and v(A) = lim;_ . v;(£2; N A) is defined. If v; is
extended to be zero on {2 ~ §2;, then v is the limit of an increasing sequence
of measures and therefore is a measure. In particular, if A is a Borel subset
of £2;, then v; (2, NA) = v;(A) = vjpx(A) = Vi1, (24 N A) for all k > 1 so
that vj(A) = limg oo V4 k(2541 N A) = v(A); that is, v; = v]e,. Now let A
be any open set with compact closure A~ C 2 and let u = G, vy + hg be
the decompostion of the preceding lemma. Choose jo such that A C §2; for
all j > jo and consider only such j. Since u = Gg,v; + h; on §2; with h;
harmonic on £2; and Gg,v; = Go,vjla + Go,Vj|0;~a With the latter term
harmonic on A,u = G, vila + h; with h;f harmonic on A. Since G, vila
and G v, 4 differ by a harmonic function on A, u = Gvj|a+ h;f where h; is
harmonic on A. It follows from the uniqueness of the representation of u on A
that v4 = vj|4 = v|a. This shows that u = Gav|s + h} on A. Tt follows from
this equation that A} is independent of j on A, and therefore u = Gava+ha
where h 4 is harmonic on A. Suppose u« > 0 on 2. Then u = ngu|gj +h; on
£2; where h; is harmonic on (2;. Since G, < Gg,,, on 2; x (2;, for x € §2;,

Go,vla,(0) = [ Goyle)dvly)

J

S/ G‘(Zj+1(x7y) dl/(y)

25

S/ G (2, y) dv(y)
241

= G~Qj+11/|-gj+1 (.’E),

showing that the sequence {Gg,,, V|n,,, }x>1 increases on §2; and that the
sequence {hjy}r>1 decreases on £2;. In fact, for x € (25,

GQJ+I¢V|~Qj+k (x) = /XQj+kGQj+k (:&y) dV(y) T/G(Ly) dV(y) = Gf?’/(x)

by Theorem 3.3.11. Since 0 < u = Gg,v|g, + h; on (2, it follows from
Theorem 3.3.6 that h; > 0 for each j > 1. Thus, the sequence {h;i;}r>1 is
a decreasing sequence of nonnegative harmonic functions on {2; which has a
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limit that is harmonic on {2; by Theorem 2.2.7. Thus, a harmonic function
h = limy_,o hj+r can be defined on §2; which does not depend upon j. It
follows that u = Gov + h on (2. Using Theorem 3.3.6 and the fact that the
greatest harmonic function of Ggnv is the zero function, h is the greatest
harmonic minorant of v. W

Corollary 3.5.12 A positive superharmonic function on a Greenian set is
the potential of a measure if and only if its greatest harmonic minorant is the
zero function.

Proof: The necessity is just Theorem 3.3.7. The sufficiency follows from the
preceding theorem. W

3.6 Properties of Potentials

In general, little can be said about the continuity properties of potentials
G without assuming that the measure p has a density. The discontinuities
of a potential of a measure can be removed by giving up a small part of the
measure. This is the point of the second theorem below, but the first theorem
is of interest in its own right.

Theorem 3.6.1 (Evans [19] and Vasilesco [60]) Let 2 be a Greenian
set, let p be a measure with compact support I' C (2, and let u = Ggopu.
If u|r is continuous at xo € I', then u is continuous at xg.

Proof: Only the n > 3 case will be proved. If u(xg) = +o0, the result is
trivially true by the l.s.c. of u. It therefore can be assumed that u(z) < oco.
According to Theorem 3.4.2, the Newtonian potential U#* = Gpu of the mea-
sure p is superharmonic. By Theorem 3.4.10, v and U* differ by a harmonic
function on (2. Since u|p is continuous at zg, the same is true of UH|p. If
U* is continuous at xg, then the same will be true of u so that it suffices to
show that U* is continuous at zg. A map from (2 to I" is defined as follows.
If z € (2, choose a point z, in I" nearest x. Since xg € I,

|22 — xo| < |22 — 2| + & — x| < 2| — 0]
for any x € {2 so that z, — xg as © — xg. Fory € I', | — z,| < |z — y| and
|22 =yl < 2o — 2| + |z —y| < 2Jz —yl.

Therefore,
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If v is any measure with support in ', by integrating

v 1 n—2 1 n—2y1Tv
U¥(z) = / Ty dv(y) <2 /W dv(y) =2"""U" (z).
Since U*(z() < +o00, given € > 0 there is a ball B C {2 with center at xg

such that )
T du(y) < e
/B lzo — y|"—2 (

by absolute continuity of the integral with respect to p. Let p/ = u|p and
1 = p|lo~p. By Theorem 3.4.7, U*  is harmonic on B and, in particular,
continuous at zg. Since U+ = U¥ 4+ UK,

[U*(z) — U*(z0)| < [U* (z) = U* (x0)| + [U* (z) — U* (z0)|

< UM (2) = UM (20)| + 2" UM () + .
Since U¥|p is continuous at xy and U“”\p is continuous at g, UIL/|[' is
continuous at xg. Since z, € I' and z, — x¢ as © — xo, limy_,, U* (2,) =

UH (20) < €. Thus, for z sufficiently close to g,
UM () — U (0)| < [U (@) = UM ()| +2" 2+ e.

By continuity of U’ at g, the first term can be made arbitrarily small by
taking = sufficiently close to zg; that is, U is continuous at zy. Since U¥
differs from u by a harmonic function on (2, u is continuous at zy. H

Theorem 3.6.2 Let 2 be a Greenian set, and let u be a measure with com-
pact support I' C §2 such that Gou < 400 on I'. Then given any € > 0, there
is a compact set Iy C I' such that (1) u(I" ~ Iv) <€, (i) Go(pln,) < +oo
on Iy, and (ili) Go(pln,) is continuous on (2.

Proof: By Lusin’s theorem, given ¢ > 0 there is a compact set Iy C I’
such that p(I" ~ Iy) < € and Gpu is continuous on I. Restrict all func-
tions to Iy for the time being. Since G (u|r,) = Gop — Go(u|r~r,) on
I, Gop is continuous on Iy, and Go(p|r~r,) is Ls.c. on Iy, Go(plr,) is
w.s.c. on Ip. Since the function G (p|r,) is also Ls.c. on Iy, Go(plr,)|m, is
continuous on I'y. By the preceding theorem, G (u|r,) is continuous on Ip.
Since G (p|r,) is harmonic on 2 ~ I, it is continuous on 2. W

The proof of the preceding theorem can be modified to obtain an approx-
imation of a potential by continuous potentials.

Theorem 3.6.3 Let {2 be a Greenian set, and let u be a measure on {2
with the property that there is a Borel set X C 2 with u(2 ~ X) = 0 and
Gop < +oo on X. Then there is a sequence of measures {j,} with disjoint
compact supports in X such that p = >0 | pn, Gop = Y oo Gopn, and
for each n > 1, Gy is finite-valued and continuous on (2.
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Proof: Assume first that p is a finite measure. Applying Lusin’s theorem
to the set X, there is a disjoint sequence of compact sets {I},} in X such
that pu(2 ~ U2 T},) = 0 and Goplr, is finite-valued and continuous on I,.
Let g, be the restriction of u to I',. As in the preceding proof, G, is
finite-valued and continuous on (2. The general case can be reduced to the
finite measure case using the fact that u is o-finite. W

There is not much to be said about convergence properties of sequences of
potentials.

Theorem 3.6.4 Let {{1;} be a sequence of measures on the Greenian set {2
that converges in the w*-topology to the measure p. Then

Gop < liminf Gop;.
J—00

Proof: Consider any = € 2. Then Gn(x,-) is nonnegative and l.s.c. on {2,
and there is an increasing sequence {¢;} in C°(§2) such that ¢; 1 Ge(z, ).
Thus,

/Qﬁi dp = lim /gi)z dpy < liminf/GQ(x,~)duj.
j—o0 j—o00

Letting ¢ — 00, Gopu(x) <liminf; .. Gou;(z). W
More stringent conditions are needed to improve on this result.

Theorem 3.6.5 If 2 is a Greenian subset of R™,{u;} is a sequence of mea-
sures with supports in the compact set I' C {2, j1; ey w, and {Gou;} is an

increasing sequence on {2, then Gop = lim;_. Gou; and is superharmonic
on 2.

Proof: Since p;(I") — w(I), the latter is finite and Ggopu is a potential by
Theorem 3.4.4. By Theorem 2.4.8, the function u = lim; ... Gopu; is either
superharmonic or identically +o0o on each component of (2. It can be assumed
that (2 is connected. Suppose z € 2 ~ I and B, , C 2 ~ I'. Since Gp(z,-)
is bounded outside B, , by a constant M ,,

Gopy(z) = / Goole,y) dp; (y) = /N  Gale)duy () < M),

Thus, w(z) = limj_.o Gopj(z) < My ,u(I) < 400 and it follows that u is
superharmonic on {2. Consider any x € ({2 and any ball B, , with B, , C {2.
According to Theorem 3.3.12, L(G(y,-) : z,r) is a continuous function of
y € 2. By Tonelli’s theorem,

L(u:z,r) = lim L(Gopy; : x,7)

J—00
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= lim [ L(Ggq(-, %) z,r)du;(2)

- / L(Go(-2) : 2,r) dlz)
=L(Gou:z,r).

Letting r | 0,u(z) = Gou(x) by Lemma 2.4.4. W
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Chapter 4
Negligible Sets

4.1 Introduction

In the early development of potential theory, the singularities of superhar-
monic functions gave rise to the concept of a polar set. At the same time,
the classic notion of capacity of a conductor in a grounded sphere became an
object of interest to mathematicians. Both of these concepts are fully devel-
oped in this chapter and will culminate in the characterization of polar sets
as sets of capacity zero. An essential part of this development is Choquet’s
theory of capacities which has important applications to stochastic processes
as well as potential theory. These concepts are used to settle questions per-
taining to equilibrium distribution of charges, the existence of Green function
for regions in R™, and the boundary behavior of Green functions. It will be
shown that an open subset of R? has a Green function if and only if the
region supports a positive superharmonic function.

4.2 Superharmonic Extensions

In the proof of Zaremba’s theorem, Theorem 2.6.29, it was possible to con-
clude that a harmonic function u was nonnegative on {2 knowing that

lim inf >0 € 0N
ygg,;réQU(y), ;T ;

except possibly for a single point in (2. This suggests that a single point
is in some sense negligible. By examining the proof more carefully, it can
be seen that the same proof would work if there were a nonnegative super-
harmonic function taking on the value +oo at those points x € 92 where
liminf, ., yegu(y) > 0 fails to hold. This suggests that the set of points

L.L. Helms, Potential Theory, Universitext, 149
(© Springer-Verlag London Limited 2009
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where a superharmonic function takes on the value 400 constitutes a negli-
gible set as far as boundary behavior of potentials is concerned.

Definition 4.2.1 A set Z € R" is a polar set if there is an open set 4 D Z
and a superharmonic function v on A such that u = +00 on Z (and perhaps
elsewhere); Z is an inner polar set if each compact subset of Z is a polar
set.

Definition 4.2.2 A statement concerning points of R is said to hold quasi
everywhere or q.e. if the set of points where the statement fails to hold is a
polar set; the statement is said to hold inner quasi everywhere or inner
g.e. if the set of points where it fails to hold is an inner polar set.

Example 4.2.3 Let zg be a fixed point of R"™. Then Z = {x¢} is a polar set
since ug, is superharmonic on R™ and ug,(z9) = +00. Also, uy, =0 q.e.

Example 4.2.4 Let {z;} be a sequence of distinct points in R3. Then
7Z = {x1,29,...} is a polar set. To see this, let y be a fixed point in ~ Z.
Choose constants c¢; > 0 such that

¢
S < oo
— ly — ]

Defining wu(z) = 72, ¢jle — x;/7", w is superharmonic on R"
by Theorem 2.4.8 since it is the limit of an increasing sequence of super-
harmonic functions and u(y) < 4+o00. Clearly, u = 400 on Z.

Theorem 4.2.5 If Z is a polar set, then it is a subset of a G5 polar set.
Moreover, any subset of a polar set is a polar set.

Proof: Let u be a superharmonic function on a neighborhood A of Z which
is +o0 on Z. Since {z;u(zr) = +oo} = N;({z;u(xz) > j} and each of the
latter sets is open by the ls.c. of u, {x;u(z) = +00} is a G5 set. The second
statement is immediate from the definition of polar set. W

Theorem 4.2.6 If Z C R" is a polar set, then Z has n-dimensional Lebesgue
measure zero.

Proof: Let u be superharmonic on the open set A D Z and +o0o on Z. Since
w is finite a.e. by Theorem 2.4.2, Z has Lebesgue measure zero. W

Example 4.2.7 A line segment I C R? of positive length is not a polar set.
To see this, assume that there is a superharmonic function u on a neigh-
borhood A of I with u = 400 on I. It follows from the averaging principle
that superharmonicity is invariant under rotations about a point. If  is an
interior point of I, choose p > 0 such that B, , C A and choose a subinterval
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I, of I with an end point at = of length less that p/v/2. Rotating I; about
x, an interval Is can be constructed that is perpendicular to I; and has an
end point at x; a superharmonic function us can be constructed on the ball
containing I; and Iy which is +00 on Iy by means of the rotation about x.
Continuing in this way, a square and four superharmonic functions can be
constructed on a neighborhood of the square with at least one of the four
functions taking on the value 400 on each side of the square. The sum v of
the four functions is then superharmonic on a neighborhood of the square and
is equal to +00 on the boundary of the square. By the minimum principle,
v must be 400 on the square, contradicting the fact that a superharmonic
function is finite a.e. on its domain. Thus, I is not polar.

Example 4.2.8 A line segment in R? is a polar set. Consider, for example,
the line segment I joining (0,0, 0) to (1,0,0), one-dimensional Lebesgue mea-
sure p on I, and the Newtonian potential

1
U’ (z) = /1 P du(z), w€R3
1

[ e
= Z.
o ((z1—2)?+ 23 +23)"/2

By Theorem 3.4.4, U* is superharmonic. If = (21,0,0) € I, then

bl
U“(x):/ ——dz =40
0

|71 — 2|
so that U* = 400 on I. This shows that I is a polar subset of R3.

The definition of a polar set Z requires that a superharmonic function u be
defined only on a neighborhood of Z and that it be infinite on Z. On the one
hand, this definition makes it easy to confirm that some sets are polar, but
on the other hand, makes it difficult to show that the union of two disjoint
polar sets is again polar. A global alternative is essential.

Theorem 4.2.9 If Z C R? is a polar set, then there is a superharmonic
function u such that u = 400 on Z.

Proof: Let A be a neighborhood of Z on which there is defined a superhar-
monic function w such that u = 400 on Z. It can be assumed that v > 0 on
A by replacing A with the open set AN {y;u(y) > 0}, if necessary. Letting
A;j = AN By,,j > 1,Z = U;(A4; N Z). By a change of notation, if nec-
essary, it can be assumed that each A; is nonempty. Since A; is bounded,
it has a Green function G,; by Theorem 3.2.10. By the Riesz decompo-
sition theorem,Theorem 3.5.11, there is a p; associated with u such that
u = G, puj + hj, where h; is harmonic on A;. Since u = +o0 on A; N Z and
GAjuj < G, 11j, the latter is +-00 on A; N Z. Defining
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2j
wj(z) = /Bo,j logm du;(y), x€ R,

w; differs from the logarithmic potential of 1; only by a constant and is
superharmonic by Theorem 3.4.10. Referring to Definition 1.5.2,

2j
|z =yl

log > GBo,j (x,y), z,y € Bo,j,

so that w; = +o00 on A;NZ, since Gp, ,p1; = +00 on A;NZ. In summary, (i)
w; is superharmonic, (ii) w; > 0 on By ;, and (iii) w; = +o00 on A;NZ. Since
each wj is finite a.e. on By 1, there is a point xy € By 1 such that 0 < w;(zg) <
+oo for all j > 1. A sequence of positive numbers {b;} therefore can be
chosen so that the series 3, bjw;(zo) converges. Defining v = -, bjw;,v =
400 on Z. It remains only to show that v is a superharmonic function. By
Theorem 2.4.8, v is either superharmonic or identically 4+o0o on R2?. The
former is true since v(zg) < +oo. M

Theorem 4.2.10 If Z C R",n > 3, is a polar set, then there is a Borel
measure v on R™ such that the potential Gv = +00 on Z.

Proof: By hypothesis, there is an open set A D Z and a superharmonic
function u on A with u = +00 on Z. As in the preceding proof, it can be
agsumed that u > 0 on A. Let p be the measure associated with u and A by
the Riesz decomposition theorem. Extend p to R™ by putting u(~ A) = 0.
Then w = Guu + h, where h is harmonic on A. Let {A4;} be a sequence
of nonempty open sets having compact closures such that R" = U;A;. If
i = pla,, then p;(A;) = p(A;) < 400 for each j > 1. Also extend p; to R™
by putting p;(~ A;) = 0. Letting u; = Gpu;, u; > 0 and is superharmonic
since pj(R™) = p;(A;) < +oo. Since

u=Gpu+h=Gapu; +Gapla~a;, +hon A
and p|a~n,(45) =0,
u=Gap; +h;j on ANA;

where h; is harmonic on A; by Theorem 3.4.7. Since u = 400 on Z, Gt =
+oo on Z N Aj. By Theorem 3.4.8,

GAuj = GAmAj/Lj +ilj on /lﬂ/lj

where l~1j is harmonic on ANA; and it follows that G ana, p; = 400 on ZNA;.
Applying Theorem 3.4.8 again,

G, 15 = Gana, 1ty +h;f on AN A;
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where A} is harmonic on AN A; and it follows that G4, p; = +00 on Z N A;.
Since u; = Gpu; > Gy,pu; = +ooon ZNAj, uj = +oo on ZN A;. Let y
be a fixed point of A; such that u;(y) < +oo for all j > 1, and let {¢;}
be a sequence of positive numbers such that > c;u;(y) converges. Put v =
> ; ¢jug. Since the u;’s are nonnegative superharmonic functions and v(y) <
+00, v is a nonnegative superharmonic function on R™ by Theorem 2.4.8 and
v = 400 on Z. By the Riesz decomposition theorem, there is a Borel measure
v on R"™ and a harmonic function H such that v = Gv + H. Since v = 400
onZ,Grv=+coon Z. l

Since superharmonic functions are finite a.e. according to Theorem 2.4.2,
polar sets have Lebesgue measure zero. The following theorem describes polar
sets as small sets in another way.

Theorem 4.2.11 If Z is a polar set, its intersection with any sphere has
surface area zero.

Proof: By the two preceding theorems, there is a superharmonic function u
such that u = +o00 on Z. If B = B, , is any ball, then L(u : z, p) is finite by
Theorem 2.4.3. It follows that Z N 0B has surface area zero. W

Theorem 4.2.12 If {Z;} is a sequence of polar sets in R™, then U;Z; is a
polar set.

Proof: For each j > 1, let u; be superharmonic and u; = +00 on Z;. Since
the u;’s are finite a.e., there is a point y € By 1 such that u;(y) < 400 for all
J > 1. Since u; is Ls.c., inf|; <, u;(z) is finite. Thus, a sequence of positive
numbers {b;} can be chosen such that

> bi(ui(y) — inf u;(x))

|z|<j

converges. Let

u = b;(u; — inf u;(x)),
zj: j (g < i(@))
and consider a fixed ball By ;. All terms except the first £ — 1 of the series
defining u are nonnegative on By j and the series

o0

> bj(u; — inf uj(x))

s || <j
is superharmonic on By, by Theorem 2.4.8. Since the sum of the first k — 1
terms is superharmonic on By j, u is superharmonic on By j, for every positive
integer k and therefore superharmonic on R". Since u; = +o00 on Z;, u = +00
on 7. N

In the following discussion, { By, ;¢ > 1} will be a countable base for the

Euclidean topology on R™ consisting of balls.
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Remark 4.2.13 Polarity is a local property; that is, if for each x € Z
there is a ball B, containing x such that Z N B, is polar, then Z is polar.
This can be shown as follows. For each x € Z, there is a ball B, ,, such that
T € By, C By with Z N B, ,, polar since it is a subset of the polar set
Z N B,. It therefore can be assumed that each B, belongs to the countable
base { By, r;;t > 1}. Since Z C U(Z N B,) and the latter is a countable union
of polar sets, Z is a subset of a polar set by the preceding theorem and is
therefore polar. Similarly, inner polarity is a local property; that is, if for each
x € Z there is a ball B, containing = such that Z N B, is inner polar, then Z
is inner polar. To see this, let I" be a compact subset of Z. As above, it can
be assumed that each B, is a member of the countable base { By, ,,;i > 1}.
Suppose B, = By, ;. Since I'NB, is inner polar and each I'NB m >

:;j’rjfl/nﬂ
1, is a compact subset of I'N B,,I'N B, =Uy_I'N Bq;j ri—1/m is a polar
R

set. Since I' C (I'N By), I is polar and therefore Z is inner polar.

The preceding results provide a quantitative measure of the smallness of
polar sets. The results will be applied to the problem of extending superhar-
monic functions across polar sets and to the existence of Green functions in
the two-dimensional case.

Lemma 4.2.14 Let (2 be an open set, and let Z be a relatively closed polar
subset of 2. If x € Z and {x;} is a sequence of distinct points in 2 ~ Z such
that x = lim;_. o x;, then there is a superharmonic function v on {2 such that
v =400 on Z and v(z;) < +oo for all j > 1.

Proof: For each j > 1, anumber §; > 0 can be chosen so that B;j 5, C N~Z
and B 5 N B, s, # () for i # j. It is easy to see that lim;_ .. d; = 0. Since
Z is polar, there is a superharmonic function v such that v = +co on Z. By
Lemma 2.4.11, the function

o {PI(U:Bl) on By
L v on {2 ~ By,
where By = B, s,, is superharmonic on 2. Then v = v; = +o00 on Z and
vi(x1) < +oo. Inductively define a sequence of superharmonic functions {v;}
by putting
v — {PI(’Ujl : BJ) on Bj
7 Vj—1 on 2 ~ Bj,

where B; = B, 5;. The sequence {v;} is then a decreasing sequence of su-
perharmonic functions on £2,v; = 400 on Z, and v;(z;) < 4oo for all j > 1.
Consider the function ¥ = lim; . v;. Given any neighborhood of z, the v;’s
agree outside the neighborhood except possibly for a finite number of terms
of the sequence. This means that o is superharmonic on {2 ~ {z}. To show
that o is superharmonic on {2, it suffices to show that v is l.s.c. at x, ¥ being
locally super-mean-valued at z since 0(x) = +oo. By the lLs.c. of v at  and
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the fact that v(z) = +o00, for each integer k& > 1 there is a neighborhood Ay,
of x such that v > k on Aj. Moreover, it can be assumed that there is an
integer jj such that B; C Ay for all j > ji. It follows that v; > k on Ay for
all j > ji, and therefore that © > k on Ay. Thus, +oo = 0(x) = lim,_., 9(y);
that is, ¢ is continuous (in the extended sense) at . W

The following theorem was first proved by Schwarz [56] for a bounded
harmonic function on a deleted neighborhood of a point, then by Bouligand [5]
for bounded harmonic functions and Z compact polar, and then by Vasilesco
[61] for Z a compact polar set.

Theorem 4.2.15 (Brelot [7]) Let {2 be an open set and let Z be a relatively
closed polar subset of £2. If u is superharmonic on {2 ~ Z and locally bounded
below on {2, then it has a unique superharmonic extension to {2.

Proof: Note first that {2 ~ Z is dense in {2, for if this were not the case, then
Z would have a nonempty interior and therefore positive Lebesgue measure,
a contradiction. Since {2 ~ Z is dense in {2, a function @ can be defined on (2
by putting @ = liminf, ., yeo~z u(y) for z € £2. Since u is locally bounded
below on (2, u cannot take on the value —oo. Clearly, @ is l.s.c. on {2. Since
% = u on the open set {2 ~ Z, u is superharmonic on {2 ~ Z and therefore
not identically +o0o on any component of £2. To show that @ is superharmonic
on {2, it remains only to show that @ is locally super-mean-valued on (2. This
is true at points of the open set {2 ~ Z since u = w on this set. Consider
any € Z and let {z;} be a sequence of distinct points in {2 ~ Z such that
limj .o z; = @ and lim;_, @(z;) = @(x). Since Z is a polar set, there is a
superharmonic function v such that v = 400 on Z. By the preceding lemma,
it can be assumed that v(x;) < 400 for each j > 1. Since @ cannot take on
the value —oo and is l.s.c. on {2, @ + ev is defined and l.s.c. on {2 for every
€>0.Fory € Zand B, C 2,+00 = (4 +ev)(y) > L(a + ev : y,p). This
shows that @ + ev is superharmonic on (2. Since v(z;) < 400 and

w(x;) +ev(z;) > A : xj,0) + eA(v : z5,0),
letting € — 0

e) 2 Al 2,,0) = o [ x5 W)il) dy.

Since u is bounded below on the compact closure of a neighborhood of x, a
6 can be chosen so that all but a finite number of the integrands on the right
are bounded below. By Fatou’s Lemma,
(z) = lim a(z;) > A(a : z,0)
J—00
for all sufficiently small §. This concludes the proof that @ is superharmonic
on (2. To prove uniqueness, let @ be a second such extension of u. Since Z
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has Lebesgue measure zero, & = u a.e. on {2 and A(a : x,0) = A(u : z,9)
whenever B, 5 C 2. Letting 6 | 0, @(z) = u(z) for all x € 2 by Lemma 2.4.4.
|

Corollary 4.2.16 Let {2 be an open set, Z a relatively closed polar subset of
2, and u a function that is harmonic on 2 ~ Z and locally bounded on f2.
Then u has a unique harmonic extension.

Proof: By the preceding theorem, u has a superharmonic extension «’ on
(2. Applying the same result to —u, it has a subharmonic extension u” on {2
with v/ = «” on 2 ~ Z. Since Z has Lebesgue measure zero, A(u' : x,0) =
A(u” : z,0) whenever B, 5 C §2. Letting § | 0,4/(z) = u”(z) for all x € 2
and v’ is therefore harmonic on 2. W

Lemma 4.2.17 If {2 is an open set, then 02 is polar if and only if ~ (2 is
polar.

Proof: Since 02 C~ §2,~ (2 polar implies that 92 is polar and the suffi-
ciency is proved. Assume that 92 is polar. By Theorems 4.2.9 and 4.2.10,
there is a superharmonic function u such that v = +o00 on 92. If A is any
component of int(~ §2), then u = 400 on A C I(int(~ §2)) = 02 and
therefore © = +00 on A by the minimum principle, Corollary 2.3.6. Since A
is any component of int(~ (2),u = +00 on int(~ 2) and the same is true on
its boundary. Thus, u = +00 on ~ 2, proving that ~ (2 is polar. W

The concept of polar set can shed some light on the existence of a Green
function for a subset of R2.

Theorem 4.2.18 If (2 is an open subset of R? having a Green function, then
~ (2 is not a polar set (equivalently, OS2 is not a polar set).

Proof: Assume that ~ (2 is polar and fix € 2. Since G(z,-) > 0 on
2, by Theorem 4.2.15 it has a nonnegative superharmonic extension on RZ2,
denoted by the same symbol. By Theorem 2.5.3, L(Gq(x, -) : x,d) is a concave
function ¢ of —logd. If £(£) = a& + b is any supporting line for the convex

set {(§,m);n < B(§), —00 < < +oo}, then
L(Go(z,") : 2,0) = ¢(—logd) < —alogd + b.

Since L(Gg(x,+) : 2,8) T 400 as § | 0,a must be nonnegative; on the other
hand if @ > 0, then —alogd + b is negative for large § and therefore a = 0;
that is, every supporting line for the above convex set is horizontal. This
implies that ¢ is a constant function. Thus, L(Gp(x,-) : x,d) is a constant
function on (0, 400), a contradiction since L(Gp(x,d) : x,0) T +o0 as 6 | 0.
Therefore, ~ {2 cannot be polar. W

In defining the upper class s for a function f on the boundary 02, it was
required of a function u € 4, that it satisfy the condition liminf, ., ,en u(y)
> f(x) for all x € 9£2. This requirement can be relaxed so that the inequality
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holds only quasi everywhere on 02. Let £ and £ be defined in the same way
as Uy and Ly, respectively, except that the boundary condition is required
to hold only quasi everywhere.

Theorem 4.2.19 If [ is a boundary function for the bounded open set (2,
then H ¢ = inf {u;u € U, Y} and Hy = sup {u;u € £4}.

Proof: Consider any u € uf;. Then wu is superharmonic or identically oo on
each component of 2, u is bounded below on 2, and liminf,_, yeo u(y) >
f(x) for all x € 082 ~ Z, where Z is a polar subset of 9f2. Let v be a
superharmonic function such that v = 400 on Z. Since {2 is bounded, it can
be assumed that v > 0 on {2. Then for any € > 0, lim mfyﬁx’yeg(u—kev)(y) >
f(z) for all € 9. Therefore, u+ev > H on _Q If Hy is identically —oco on
a component of {2, then u > H; on that component; if H ; is identically +oo
on a component of 2, thenu > H ¢ a.e. on that component and, consequently,
u > Hj on that component; if H; is harmonic on a component of 2 and
B, 5 is a ball in that component, then

A(u:y,6)+eA(v:y,0) > Hy(y)

and it follows that « > Hy on that component 0 by letting e — 0 first and
then letting ¢ | 0. Therefore, inf {u;u € U7} > H . Since inf {u;u € 8 <
inf {u;u €Uyt =Hy Hy —1nf{u,u€ﬂp}. |

Generally speaking, the values of a boundary function can be changed on
a polar subset of the boundary without affecting the Dirichlet solution.

Corollary 4.2.20 Let §2 be a bounded open set. If f and g are functions on
012 such that f = g on 02 except possibly on a polar subset of 02, then
Hf = H and Hy = H ; if, in addition, [ is resolutive, then g is also and
Hy=H, on (2.

Proof: If u € Uy, then liminf, ., yeou(y) > f(z) = g(z) quasi everywhere
on 0f2 and u € UL; that is, Uy C U so that H, < Hy. Interchanging f and
g Hy=H, N

The following theorem exhibits an essential difference between the n = 2
and n > 3 cases. In the n = 2 case, the point at infinity is a negligible point;
but in the n > 3 case, the point at infinity cannot be ignored.

Theorem 4.2.21 Let 2 be a Greenian set, let u be superharmonic and
bounded below on 2, and suppose there is a constant o such that

liminf w(y) > «
y—x,yeNn

for all x € 082 except possibly for an inner polar set. If (i)n =2, or (ii)n >3
and {2 is bounded, or (iii)n > 3, (2 is unbounded, and liminf),|_ | e u(y)
> «, then u > « on 2.
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Proof: It will be shown first that the exceptional set is a polar set. Letting
Z denote the exceptional set,

Z ={x € 002; liminf u(y) < a}
y—x,yeNR

~ 1
= U {x € 002 x| <n, liminf u(y) <o -— —}
n=1

y—x,ye2 n

Since each of the sets of the countable union is a compact subset of Z, each
is polar and so Z is polar. It therefore can be assumed that the exceptional
set is a polar set. If £2 is bounded, then u > H, = « by Theorem 4.2.19.
Suppose now that (2 is unbounded. The rest of the proof requires separate
consideration of the n = 2 and n > 3 cases. Consider first the n = 2 case.
Since {2 has a Green function, 92 is not a polar set by Theorem 4.2.18. It
follows that there is a point xy € 02 such that liminf, .., ,cou(y) > a. Ifn
is any positive number, then there is a ball B = B, 5 such that u(y) > a—n
for y € 2N B~. By suitable choice of a constant ¢, the function v(y) =
log |y — zo| + ¢ can be made harmonic and nonnegative on A = 2 ~ B~
and will satisfy the condition lim,|_, 4o yea v(y) = +00. For each € > 0, the
function u + ev has the properties that liminf, ., yca(u + ev)(y) > a—n for
x € O/ except possibly for a polar set and lim,|_, o yea(u + €v)(y) = +00.
Thus, for all sufficiently large integers j, (u + ev) > a —n on 0By, ; N A,
and therefore liminf, ., yeann,, ; (v +ev) > a —n for all x € (AN By, ;)
except possibly for a polar set. It follows from the bounded case that u+ev >
a —non AN By, ; for all large j. Therefore, u + ev > o — 1 on A. Letting
e — 0,u>a—non A But sinceu >a—non 2NB ,u>a—mnon .
Since 7 is an arbitrary positive number, u > « on (2. Consider the n > 3
case with liminf),|_ 4 yeou(y) > a. For each n > 0, there is a positive
integer jo such that u(y) > o —n for all y € 2 ~ By j,j > jo. Then
liminf, ., yeonB,, u(y) > a —n for x € 9(£2 N By ;) except possibly for
a polar set. By the first part of the proof for bounded sets, © > o —n on
2N By,; for every j > jo. It follows that u > o —n on {2 and that u > o on
{2 since 7 is an arbitrary positive number. W

4.3 Reduction of Superharmonic Functions

In this section, the notion of “balayage,” due to Poincaré, will be developed.
As conceived by Poincaré, “balayage” or “sweeping out” is just the smoothing
process used to define the reduction u 4 of the superharmonic function w.

Let {2 be a Greenian subset of R", let u be a nonnegative superharmonic
function on 2, and if A is any subset of {2 let

G={veS(2);v>0o0n 2,v>uon A}.
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Definition 4.3.1 RY = inf {v;v € $%} is called the reduction of u over A
relative to (2.

In using the notation RY, it will be understood that w is a superharmonic
function.

Clearly, if u and v are nonnegative superharmonic functions on {2 which
agree on /A, then RY = RY. RY, as the infimum of a family of superharmonic
functions, need not be superharmonic. Consider, for example, the fundamen-
tal harmonic function ug for R? with pole 0. Let 2 = R? and A = {0}. Then

% = +oo on A, zero elsewhere, and therefore not l.s.c.

In the general case, RY fails to be superharmonic on {2 only because of
the Ls.c. requirement. Since v € @ and elements of &Y are nonnegative,
0 < RY < u. Thus, RY > —oo and RY cannot be identically +oo on any
component of {2 since this is true of u. RY can be seen to be super-mean-
valued on 2 as follows. If B, 5 C {2 and v € $%, then v(z) > L(v : z,d) >
L(RY : x,9). Thus, R4 (z) > L(RY : z,0) (assuming that RY is measurable).
This shows that only the lLs.c. requirement stands in the way of RY being
superharmonic on 2.

Lemma 4.3.2 The lower regularization RY of RY is superharmonic on (2.
Moreover,

(i) OSR%gR’}lSu on {2,

(i) uw=RY onAA,

(iii) u = R =R} on the interior of A, and

(iv) RY =RY on 2 ~ A~ and both are harmonic on 2 ~ A~.

Proof: The first three assertions are obvious. To prove (iv), it is only
necessary to show that R is harmonic on 2 ~ A~. As in the proof
of Theorem 2.6.2, ¢ is a saturated family of superharmonic functions on
2 ~ A~ and RY is therefore harmonic on {2 ~ A~ by the same theorem. WM

According to the preceding lemma, If{‘j1 differs from R only on the bound-
ary of A. At such points, it may be that f{}ﬁ < RY. If ug is the funda-
mental harmonic function on R? with pole 0,2 = R? and A = {0}, then
0=R%(0) < R%(0) = 4o0. It will be shown later that, in general, RY differs
from RY only on a polar set.

Remark 4.3.3 If 2 has components {£2;} and A C 2, it is easy to see that
RY = RYno, on 05,5 > 1.

Definition 4.3.4 R}ﬁ is called the regularized reduction of u over A rel-
ative to (2.

Theorem 4.3.5 If u and v are nonnegative superharmonic functions on a
Greenian set {2, then
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(i) Ac ¥ cQ=RY<RYE,

(i) u§vz>f{7jl§f{7/’1,

(iii) A > 0= RY* = ARY,

(iv) R < RY + Ry,

(v) RY is positive or identically zero on each component of §2,
(vi) A open subset of 2 = Ry = RY on (2, and

(vii) I a compact subset of 2 = f{}ﬂ s a potential.

Proof: If A C X, then ¢% C &% and RY < RY%. Assertion (i) follows by
taking the lower regularization of each side of this inequality. Assertions (i7)
and (441) are proved in the same way. If f € % and g € &Y, then f+g € %"
and f{qj{"” < R4 < f+g, where RX’”, f, and g are superharmonic on (2.
For the time being, fix g. If B, ; C {2, then

ARYT :2,8) < A(f:2,0) + Alg : ,0)

<
< f(z)+A(g:x,6).

Taking the infimum over f € &4,
ARYY :2,6) <RY(x) + A(g : z,0).

Since superharmonic functions are integrable on compact subsets of {2 by
Theorem 2.4.2, the two averages are continuous on 25 = {y € 2;d(y,~
£2) > §}. Thus,

A(Ri/frv cx,0) < R%(x) +A(g:x,9), on §25.

Letting § | 0, A A
RTL”(x) < RY(z) + g(x), on (2.

Repeating this argument,

R“Jr” 7/‘1 +R on 2.

Assertion (v) follows from the minimum principle. Consider assertion (vi). By
the preceding lemma, RY% = R% = u on A. Thus, RY € @ and R% < RY% on
(2. Since the opposite inequality is always true, RY 4 = RY on 2. To show that
f{}@ is a potential, it suffices to show that the greatest harmonic minorant of
R’Iﬂ is the zero function by Corollary 3.5.12. Assume first that u is bounded
on I'. Let {29 be any component of {2 and let z¢ € {29. By Theorem 3.3.7 and
Corollary 3.3.10, the greatest harmonic minorant of G (o, -)|n, is the zero
function. Since G (o, ) is superharmonic and strictly positive on 2y, it has
a strictly positive infimum on £y N I". For some A > 0, \G ,(z0, -) majorizes
u on {20 N I" and the function
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[ AGn(xo,-) on (2
= U on 2 ~ (2

belongs to @%; therefore, 0 < f{}ﬂ < RY% < AGgo(zo,-) on 2y and it follows
that the greatest harmonic minorant of R on (2 is the zero function. Since
{29 is any component of 2, the greatest harmonic minorant of f{}& on {2 is
the zero function and R}ﬁ is a potential by Riesz’s representation theorem,
Theorem 3.5.11. Suppose now that w is unbounded on I'. By the Riesz rep-
resentation theorem, u = v + h where v is a potential and h is harmonic on
£2. Since 0 < R” < RY% <w and v is a potential, R is a potential. Since h
is bounded on I RF is a potential on (2 by the first part of the proof. By
(iv), f{% < R% + ﬁ}} Since the sum of two potentials is again a potential,

RY is a potential. M

Corollary 4.3.6 Ifu is a nonnegative superharmonic function on the Green-
ian set {2, then there is an increasing sequence of potentials {u;} having
compact supports such that lim;_,o u; = u.

Proof: Let {2;} be an increasing sequence of open sets with compact closures
27 C (2 such that 2 = Uf2;. For each j > 1,u; = RQ, is a potential that

agrees with v on 2; and u; T u. W

Corollary 4.3.7 If u and v are nonnegative, bounded, superharmonic func-
tions on §2 and A C {2, then

sup [RY (¢) — Ry ()] < sup [u(z) — o(z)].
zE€N €0

Proof: Let ¢ = sup,p, |u(z) — v(z)]. Then v —u < ¢, R4 < R4 < RY +
RS < RY%+c. Interchange u and v and combine the two inequalities to obtain
the result. W

Theorem 4.3.8 If I' is a compact subset of a connected Greenian set 2,
then RY. is identically zero on §2 if and only if I' is a polar set.

Proof: Suppose R} is identically zero on £2. Since RL = Rk on 2 ~ IR}
is identically zero on {2 ~ I'. Let zy be any point of 2 ~ I'. For each
n > 1, choose u,, € ®} such that u,(zg) < 1/2", and let u = Y7 | u,. By
Theorem 2.4.8, w is either superharmonic or identically +oco on (2. Since
u(zog) = >0 up(z9) < 1, u is superharmonic on 2. Since u, > 1 on
I'yu = +o00 on I and I is therefore polar. Suppose now that I" is a compact
polar subset of 2. Let u = R} on 2 ~ I'. Since u is harmonic on {2 ~ I, it
has a unique superharmonic extension to {2 by Theorem 4.2.15, namely Rlp,
by Corollary 4.2.16, the extension is harmonic on (2. Letting RL = Gop, it
must be the zero measure by Corollary 3.4.6 and f{} is identically zero on 2.
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Theorem 4.3.9 If I' is a compact nonpolar subset of a connected Greenian
set 2 having a Green function, then there is a measure p with support in I’
such that Gou is positive, continuous, and bounded on (2.

Proof: Since I" is nonpolar, the potential R} is positive at some point of {2 by
the preceding lemma and therefore positive on {2 by the minimum principle.
Since RL = G for some measure v with support in I, by Theorem 3.6.2
there is a measure p with support in I" such that Gp is positive and con-
tinuous on (2. Since Gou < Gov = R} <1,Ggppu is bounded on 2. A

Lemma 4.3.10 If u is superharmonic on By, and 0 < r < p, then there
is a superharmonic function u that agrees with uw on B, , and is finite on
~ By ;.

Proof: By reducing p slightly it can be assumed that u is bounded below on

B, , and superharmonic on a neighborhood of By p- 1t also can be assumed

that © > 0 on By’p. Let ' = By’,, and consider RF7 the regularized reduction
of u over I' relative to B, ,. Now R} = u on By, and is harmonic on
B
having support in B, C By ,. By Theorem 3.4.16, lim,_., RY%(z) = 0 for
all zg € 0B, ,. Define

[ RY(2) if z€ By,
w(z) = { 0 if 2 € OB, .

y,p ~ B, .. By the preceding theorem, f{}& is the potential of a measure

By Theorem 1.9.4, w can be continued harmonically across 0B, ,; that is,
there is a number § < p — r and a function @ defined on Bip+6 such that

w agrees with w on 9B, , and is harmonic on By ;45 ~ B, . . Now choose
o and 3 such that au, + [ agrees with w on 0B, , and auy + 6 < W on
By pts/2 ~ By,p. Then

. { W on B,
oy, + 3 on ~ B,

has the desired properties. W

Theorem 4.3.11 If Z C R"™ is a polar set and xg € Z, then there is a su-
perharmonic function u such that u = 400 on Z and u(xg) < +00; moreover,
if Z is a polar subset of the Greenian set {2 and xg € {2 ~ Z, then there is a
potential u on {2 with these properties.

Proof: Let v be a superharmonic function taking on the value +oco on Z.
For each y € Z, let By, be a ball such that zo ¢ B,,,. A countable
number of balls corresponding to a sequence {y;} in Z suffices to cover Z.
Let B; be the ball corresponding to y;. By the preceding lemma, there is
a superharmonic function v; such that v; = 400 on B; N Z and is finite



4.4 Capacity 163

outside B . Since v; is bounded below on B, there is a constant a; such
that v; + a; > 0 on B; . Now let {B;} be a sequence of positive numbers
such that 3, 3;(vj(z0) + «j) converges. By Theorem 2.4.8, the function u =
>_; Bj(vj + a;) has the desired properties. As to the second assertion, let p
be the measure associated with the function u by the Riesz representation
theorem, Theorem 3.5.11. Consider the sequence of balls { B} where B;-) =
By,.5,j > 1. Since u(zo) is finite and w(zo) = Gpop|go(xo) + hj(zo) by the
J J
same theorem, where h; is harmonic on B?, G popt|go(zp) is finite for each
J J

j > 1. Since G op|go(z0) = G gop| go (o) +hj where h; is harmonic on Bg by
J J J

Theorem 3.4.8, G | o (o) is also finite for each j > 1. Thus, for each j > 1

a c; > 0 can be chosen so that c;ulpo(£2) < 1/27 and ¢;Gaplpo (o) < 1/27.

Since ZJ>1 cj,u|Bo is a finite measure on 2, G (Z; 1 CJ.UJ‘BO) is a potential
on {2 by Theorem 3.4.4. This fact along with the inequality

oo

k
Z o(ejnlpe) < Ga( esulpo)

J=1

implies that the sequence of superharmonic functions on the left increases
to a potential function v on 2. Note that v(zo) = 372, ¢;Gop|po(zo) < 1.
J

Since u = Gpoplgo + h; where h; is harmonic on Bj, Ggoplpgo = +o0 on
J i N 7 J
B?ﬂZ for each j > 1. Since G| go = G gopt| go+h; where h; is harmonic on
J J J
B?,G_Q,LL|B;) = +00 on B? N Z for each j > 1. Thus, v = Zjoozl CjGQ,LL|B;) =
+ooon Z. N

Corollary 4.3.12 There are discontinuous finite-valued superharmonic
functions.

Proof: Let Z be a nonclosed polar set and let « be a limit point of Z that
is not in Z. By the preceding theorem, there is a superharmonic function v
such that v(x) < 400 and v = +00 on Z. Letting u = min (v, v(z) + 1),uis a
finite-valued superharmonic function that takes on the value v(z)+1on Z. W

4.4 Capacity

If an electrical charge is placed on a conductor in the interior of a grounded
sphere, the charge will distribute itself on the surface of the conductor in
such a way that the potential within the conductor is constant. The ratio
of the total charge to the value of this constant is known as the capacity of
the conductor. As the capacity depends only upon the ratio, the capacity is
equal to the total charge if the potential is equal to 1 within the conductor.
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In the terminology of the preceding section, if the conductor is represented
by a compact subset I" of a ball B, the potential is f{} = Gpu, where pu is
some measure on I, and the capacity of I is just ©(0I"). The mathematical
concept of capacity was defined first by Wiener [63] for compact sets in the
n > 3 case in the following way. Let I' be a compact set and let u be a
harmonic function on ~ I" corresponding to the boundary function 1 on 9I"
and satisfying lim,| . u(z) = 0. Then Wiener defined the capacity C(I") of

I" by the equation
1
- / Dyudo
Tz

where Y is a smooth surface encompassing I

Throughout this section, {2 will be a Greenian subset of R and I', with
or without subscripts, will denote a compact subset of (2. The collection of
compact subsets of 2 will be denoted by K(£2) and the collection of open
subsets by O(£2). When v = 1 on (2, the superscript 1 will be omitted from
R} and RL. As a function of I, the maps I' — Ry and I' — Ry will be

denoted by R, and R, respectively.
Definition 4.4.1 For each I' € K(£2), Ry is called the capacitary po-
tential of I'. The unique measure ur for which Ry = Ggour is called the

capacitary distribution for I'. The capacity of I' relative to {2, denoted
by C(I), is defined by the equation C(I") = pp(I") with C()) =

The definition of capacity of a compact set I" agrees with Wiener’s defini-
tion for the case 2 = R"™,n > 3.

Example 4.4.2 If I" is a compact subset of 2 = R",n > 3, and B is any
ball containing I', then

C(F):*m/ Dn(m)RF( z) do ()

where R is relative to 2. This formula for calculating C(I") can be derived
as follows. In this case,

1
JU)Z/FWur(dy)

Using Tonelli’s theorem,
5 | Daor(a)doa)
- x)do(x
on(n—2) Jop ™"
1 1
! Dy e pr(dy) doz)
= Ton(n— //@B n(@) = 2 |n2 do(z)pr(dy)-
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Letting Bys C B, ; C B and applying Green’s identity, Theorem 1.2.2, to
the region B ~ B, s the last expression is equal to

1
n—2 //BB (z)lx |n 2d o(x)ur(dy) = pr(I) =C(I).

Example 4.4.3 It D = B_ s C 2= R",n > 3, then

. 1 ifye D
RD(:’J) = { n-2 if y & D

o=y 2
so that

1 .
- - D — n72.

Thus, the capacity of a closed ball in R? is its radius.

(D) = -

Example 4.4.4 If A = B ; ~ B, ,,0 < p < 0, is an annulus in 2 =

R"™, n > 3, then f{A is the same as the RD of the preceding example so that
C(A) = 6"~2. This is in keeping with the intuitive notion that an electrical
charge placed on the annulus will gravitate to the outer sphere.

As Lebesgue measure theory commences with the area of simple regions,
it is possible to extend the concept of capacity commencing with compact
sets in an analogous way.

Definition 4.4.5 If E is a subset of {2, the inner capacity of E, denoted
by C.(E), is defined by

Ci(E) =sup{C(K); K € K(£2),K C E}.

Clearly, C.(K) = C(K) if K € K(£2), and C, is a nonnegative extended real-
valued set function on the class of all subsets of 2 with C(0) = C.(0) = 0.

Definition 4.4.6 If E is a subset of the Greenian set (2, the outer capacity
of E, denoted by C*(E), is defined by

C*(E) = inf{C.(0) : 0 € O(£2),0 > E}.

The outer capacity C* is a nonnegative extended real-valued set function on
the class of all subsets of 2.
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Definition 4.4.7 A subset E of (2 is capacitable if C.(E) = C*(E), in
which case the capacity C(FE) is defined to be the common value.

As is the case for Lebesgue measure, every Borel subset of (2 is capacitable.
The proof of this fact requires several steps and will be completed only in the
next section. The initial steps are limited to Greenian sets {2 C R™ having a
certain property, known at this stage to be valid only for balls. The theorems
will be stated, however, for any Greenian set as it will be shown in the next
section that every Greenian set has this property.

Property B: The open set (2 has a Green function and limy,_., yen Gop(y) =
0 quasi everywhere on 92 for all measures p having compact support in 2.

If £2 is an unbounded open subset of R", then lim|y| 4. yen Gopu(y) =0
since G, is dominated by the Green function for R™, namely || = —y || ~"2.
According to Theorem 3.4.16, balls are known to have Property B. It will be
shown in the next section that every open set having a Green function has
Property B. Some of the proofs of the following results do not require that
this property hold. If this property is required, it will be indicated at the
beginning of the proof. The following theorem is known as the domination
principle.

Theorem 4.4.8 (Maria [42], Frostman [22]) Let {2 be a Greenian set,
a measure on 2, and v a positive superharmonic function on 2. If Gou <
+ooa.e.(u) on the support of u and Gou < v inner g.e. on the support of u,
then Gou <wv on f2.

Proof: (Assuming Property B) According to Theorem 3.6.3, there is a se-
quence of measures { i, } such that each p,, in the restriction of y1 to a compact
subset of the support of u, Gy, is finite-valued and continuous on (2, and
Goun T Gop. Since Gop, < Gou < +oca.e.(u), Gopn < +ooa.e.(p,)
and Ggou < v inner quasi everywhere on the support of u,. If it can be
shown that Gou, < v on {2, it would then follow that Goup < v on 2. It
therefore suffices to prove the result assuming that p has compact support
I' C 2 and Ggpp is finite-valued and continuous on 2. If = is a point of I"
for which Gou(x) < v(z), then

liminf v(y) > v(z) > Gop(x) = lim  Gou(y).
y—x,yes y—x,yeN?
Thus,
liminf (v — G >0
Jminf (v —Gop)(y) =
for x € I' except possibly for an inner polar set. This inequality also holds
for € 0f2 except possibly for a polar set and, in case {2 is an unbounded
subset of R™,n > 3, x = oco. By Theorem 4.2.21, v — Gou >0on 2. W
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Remark 4.4.9 Let F = {u;;t € I} be a left-directed family of locally uni-
formly bounded below superharmonic functions on {2, and let % be the lower
regularization of v = inf;e; u;. Then there is a decreasing sequence {w;} in
F such that @ is the lower regularization of inf;>; w;. This can be seen as fol-
lows. By Theorem 2.2.8, there is a countable set Iy C I such that if g is Ls.c.
on 2 and g < infj>1 u;,, then g <inficru;. Letting wy = u;, and inductively
replacing u;; by a w; € F satisfying w; < min (u;;, w;_1), the decreasing
sequence {w;} in F has the property that inf;c; u; <infj>; w; <infjsg ug,.
Letting w = infj>; w;, % < w; but since w is l.s.c. and w < infj>;w; <
infj>1 us;, w < infijer ug. Therefore, 1w < 4 and the two are equal; that is, @
is the lower regularization of a decreasing sequence in F.

It is necessary to prove the following theorem in two steps, the first estab-
lishing the conclusion inner quasi everywhere. The proof will be revisited.

Theorem 4.4.10 (Cartan [11]) Let F = {u;;i € I} be a family of locally
uniformly bounded below superharmonic functions on an open set {2, and let
u = inf;cyu;. Then 4 =u g.e. on §2.

Partial proof:(i = u inner quasi everywhere) Since adjoining the min-
ima of all finite subsets of F to F has no effect on u or @, it can be assumed
that F is left-directed. Since the conclusion is a local property, it can be as-
sumed that (2 is a ball and that all u; are nonnegative on {2. By the preceding
remark, it can be assumed that F is a decreasing sequence {u;} of nonneg-
ative superharmonic functions with v = lim;_. u;. Furthermore, it suffices
to prove that v = 4 inner quasi everywhere on a slightly smaller concentric
ball B C {2. Also, each u; can be replaced by f{g, the regularized reduction
of u; on B relative to {2, since u; = ﬁ;ﬂ on B. Since ng is a potential on
0, R%’ = G  for some measure p; with support in B~ It therefore can be
assumed that u; = Gppu;,j > 1. By taking a concentric ball slightly larger
than B and the reduction of 1 over it, a measure A can be found so that
Gp)\ =1 on B™. By the reciprocity theorem, for 7 > 1,

/.Lj(Bi) :/1dﬂj :/G'_Q)\de :/GQ/J,]' d\ < /G,U1d)\;

by reversing the steps, the latter integral is equal to pi(B7), and therefore,
pi(B7) < pi(B7) < 400 for all j > 1. Thus, the set {p;(B~) : j > 1} is
bounded, and there is a subsequence of the sequence {y;} that converges in
the w*- topology to some measure y with support in B~. It can be assumed
that the sequence itself has this property. If m is any positive number, then

w= lim u; > lim [ min(Ga(-,y),m)du;(y /mm (Gao(,y),m)du(y).

J—o0 J—

Letting m T co,u > Ggou on (2. Consider the set M = {u > 4}, let I" be any
compact subset of M, and assume there is a measure v with support in I’
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such that G v is bounded and continuous on (2. By the reciprocity theorem,
Theorem 3.5.1,

/G_Q/Jdl/:/G_Ql/dM< +00.

Since Gou; < Gop,j > 1,

/udz/: lim /Gnuj dv = lim /Ggydpj :/vadu:/(}gudy;
j—o00 j—oo

that is, [(u— Gou)dr = 0. Since u > Gop on 2,u = Gopa.e.(v),u >0 >
Gop and therefore u = G a.e.(v). Thus, v(I') = v(M) = 0. It follows from
Theorem 4.3.9 that I' is a polar set and that « = @ inner quasi everywhere.

Lemma 4.4.11 If I' € K(2) and w is a finite-valued, nonnegative super-
harmonic function on {2, then R} = R} except possibly at points of 01,
R% =R}% =u ge on I, and R} = RY g.e. on (2.

Proof: (Assuming Property B) The first assertion follows from Lemma 4.3.2.
By the proved part of Theorem 4.4.10, RY. = R} inner quasi everywhere on
£2. Since R} = u on I', R} = w inner quasi everywhere on I'. Since

oo

rofRy<ul = <Fﬂ{f{}i§(1—§)u}>

Jj=1

and each term of the union is polar, the countable union is polar by
Theorem 4.2.12. W

Lemma 4.4.12 If u is a finite-valued, positive, superharmonic function on
(2, then

Rivun, + Rinn, < R +RE, (4.1)
and

R\ ur, + Ry, < RE +RY, (4.2)
for all I, Iy € K(02).

Proof: (Assuming Property B) If x € Iy N I, then (4.1) is true since all
terms are equal to 1. If, for example, x € I} ~ I, then

Rilﬁl Uy (x)+R7;"10F2 (:E) = u(x)+R71ﬁ1ﬁF2 (:C) < u(x)+R7I£2 (CE): 7;"1 (x)+R?2 (:E)

By the preceding lemma, Ry, ,r, = R o R An, = RE A0 RE, = RE,
and f{}ﬁz = R}ﬁz quasi everywhere on Iy U Iy, Thus, (4.2) of the lemma
holds quasi everywhere on I} U I5. By Lemma 3.3.6, the greatest harmonic
minorant of the left side of the latter inequality is the zero function and is
therefore the potential of a measure with support in I'y U I'5. It follows from
the domination principle that



4.4 Capacity 169
R’IIJL‘lUFQ + R,lu;lﬂpz S R}Jl_'l + R71J‘_,2 on 'Q'

Since R, ,p, is harmonic on ~ (I U Fg),fi}ﬁlup2 =RY}, o, on ~ (I71UTy),
etc. Thus, (4.1) holds on ~ (I'7 U I3), and since it already has been seen to
hold on Iy U I, it holds on 2. W

Lemma 4.4.13 If u is a finite-valued, nonnegative superharmonic function
on 2 and I' € K(£2), then RY. is the greatest potential of measures p with
support in I' such that Gou < u.

Proof: (Assuming Property B) Let p be any measure with compact support
in I' satisfying Gou < uw on (2. Since u is finite-valued on 2, Gou < +00
on 2. If v € &}, then Gou < u < v on I so that Gou < v on {2 by the
domination principle Theorem 4.4.8. Thus, R} > Ggop on §2 and since Gopt
is Ls.c. on Q,R}ﬁ > Ggu. Since R}i is the potential of a measure v with
support in I f{% = Gqv > Ggou for all measures p with support in . H

Lemma 4.4.14 Let u be a finite-valued, continuous, positive superharmonic
function on §2 and let {I';} be a monotone sequence in K(£2) with limit I" €
K(£2).

(i) If{I;} is an increasing sequence, then lim; . R}, = R} and
lim; o R}J =RY% on 0.

(it) If {I3} is a decreasing sequence, then lim; .o R}, = R} on (2.

Proof: (Assuming Property B) Suppose first that {I} is an increasing se-
quence. Since R}, = w on I'; and Ry = w on I lim; .o Ry, = R} on I'.
Since R}ij < RY on 2,lim;_, o R}ﬁj <R} on 2~ I and lim;_, R}ﬁj <R}
3 u J— u (7 — u 3
on {2. Since Ry, = Rf q.e. on 2, R}, = R} qee. on 12, afld the union of
countably many polar sets is again polar, lim;_ R’Iﬂj < R} on (2. Since
lim; . R%j is superharmonic on 2 by Theorem 2.4.8, R} = lim; . R}&]
q.e. on I', and f{}ﬁ is a potential, f{% < limjoo f{%] on {2 by the domi-
nation principle, Theorem 4.4.8. Therefore, lim;_, R}] = RY% on 2. Since
R}, =Ry, and R} = R on 2 ~ I lim; oo R}, = Ry on £2. Now let {I}}
be decreasing sequence of compact subsets of §2. Defining w = lim; .. R,
on {2 and applying Theorem 2.4.9, the lower regularization w of w is su-
perharmonic on (2. By the Riesz decomposition theorem, w = Gou + h
where p is a measure on (2 and h is the greatest harmonic minorant of
w. Since 0 < w < R}l on 2,0 < w < R}il on {2. Since R}l is a po-
tential, the greatest harmonic minorant of w is the zero function; that is,
h =0 and w = Ggou. For fixed jo > 1, consider the functions R}Zj,j > Jo,
which are harmonic on 2 ~ I'j,. By Theorem 2.2.5, w is harmonic and
therefore equal to w on 2 ~ I7,. Since jo > 1 is arbitrary, w is har-
monic on {2 ~ I'. By Theorem 3.4.6, the support of p is contained in I
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Since w = Gaopu < uw on 2, w < R}i by the preceding lemma. Since
R’Iﬂj > R} > R}i forall j > 1w > R’Iﬂ Taking the lower regularization
of both sides, w > R} and consequently w = R}. Since w is harmonic on
2~ I =w = limj_, R“fy > R} > R} and R} = limj_,o R}@j on
2~ 1I. Since R}, =wonI"and R} =won I', Rf =lim;_.oc R}, on 2. W

Example 4.4.15 Part (ii) of the preceding lemma is not true for regularized
reduced functions. For example, if v = 1 and I; = {z;|z| < 1/}, then
1= limj_oo R (0) # 0 = Ry (0).

It should be remembered that R, and f{ are functions of two variables x
and I'. Although the variable = will be suppressed in the following, it should
be kept in mind that x is fixed. Except for the last item in the following list,
the following properties of R and R were proved in the preceding section.

(i) 1>Rr>Rr>0o0n .

(ii) Rr=1on .

(iii)1=Rp = R/ on the interior of I'.

(iv) Rr = R on 2 ~ I" and both are harmonic on 2 ~ I.
(v) R is the potential of a measure with support in I.

The last fact follows from Theorems 3.4.4 and 3.4.9. It has been seen that it
is possible to have Rp(z) < Rp(z) for some z. It was shown in Lemma 4.4.11
that the set for which this is true is polar, assuming Property B. It will take
several steps to show that the set of such points is a negligible set for Greenian
sets in general.

Definition 4.4.16 A nonnegative, extended real-valued set function ¢ de-
fined on a class of sets F is

(i) strongly subadditive on F if F is closed under finite unions and finite
intersections and A,B € F = ¢(AUB) + ¢(AN B) < ¢(A) + ¢(B), and

(ii) countably strongly subadditive on F if F is closed under countable
unions and countable intersections and

(U1 B)) + > d(A;) <D (B)) + (U2, A))
= =1

Jj=
whenever {A;} and {B,} are sequences in F satisfying A; C B;,j > 1.

Lemma 4.4.17 The nonnegative, finite-valued set function C(I") defined on
K(£2) has the following properties.

(i) (Monotonicity) C(0) =0 and I C Iy = C(I1) < C(I%).
(ii) If {I';} is a monotone sequence in K(§2) with limit I' € K((2), then
(ii1) (Strong subadditivity) C(I't U Ip) + C(Ih N I) < C(I) + C(Iw).



4.4 Capacity 171

Proof: (Assuming Property B) Only (i7) will be proved. The same method
can be used to prove (i) and (iii) using Theorem 4.3.5 and Lemma 4.4.12,
respectively. Note that R, — R by the preceding lemma. Let A be an open
set having compact closure A~ with UI'; C A C A~ C {2, and let R, = Ggov
where v is a measure with compact support in 9A. Thus, Rpj = R, and
R = Rpa.e.(v) since these functions differ only at points in A. By the
reciprocity theorem, Theorem 3.5.1, C(Ij) = fF]- ldur, = [Govdup, =

| Gaopr, dv = ff{pj dv = [Rp,dv — [Rpdv. Reversing the steps, the
latter integral is just C(I") and so C(Ij) — C(I") as j — oco. W

It is apparent that C.(FE) is an increasing function of E C 2 and that
C«(I') = C(I') for all compact sets I" C £2. At the beginning of this section, a
subset F of the Greenian set {2 was defined to be capacitable if C..(E) = C*(F)
and the capacity C(FE) was defined to be the common value. It is easy to see
that C.(E) < C*(F) for all E C {2 and that the open sets are capacitable.

Remark 4.4.18 The part of (i7) of the preceding lemma pertaining to mono-
tone decreasing sequences is equivalent to the following assertion.

(7") (Right-continuity) If I" € K(£2) 2 and € > 0, then there is a neigh-
borhood A of I'" such that C(X) — C(I") < € for all X' € K(£2) satisfying
I'cycA

To see that (44) implies (#i'), let {A,} be a decreasing sequence of open sets
such that I' C A;,7 > 1, and I" = N4} . By (it), given € > 0 there is a
jo = 1 such that C(A4;)) < C(I') + e. For any compact set X' with I' C X' C
A50,C(X) < C(4;) < C(I') + € and C(¥) — C(I') < e. Assuming (ii’), let
{I;} be a decreasing sequence of compact subsets of 2 with I" = NI';. Given
e > 0, let A be a neighborhood of I" such that C(X) — C(I') < e whenever
X is a compact set with I' C X C A. There is then a jo > 1 such that
I' c I c Afor all j > jo so that C(I") < C(I}) < C(I') + ¢ for all j > jo;
that iS, hmj_,oo C(Fj) = C(F)

It was noted previously that all open sets are capacitable and that C(I") =
C.(I") for all I € K(£2). Note that if O € O(£2) and I is a compact subset
of O, then

C.(0) =sup{C(K); K € K(2),I' Cc K C O}.

Lemma 4.4.19 Compact and open subsets of 2 are capacitable.

Proof: (Assuming Property B) By (i) of the preceding remark, given € > 0
there is an open set A such that C(X) — C(I") < € for any compact set X
satisfying I' C X' C A. Thus,

Co(IM) <Cu(A) =sup{C(X); X e K(2), Cc X CA}<C(I)+e.
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If O is any open set satisfying I' C O C A, then C,(I") < C.(0) < Cy(A) and

C(I') =C(I') <inf{C.(0);0 € O(2),I" C O}
=inf {C.(0);0 € O(2), ' C O C A}
<Cu(A)<C(I)+e.

But since the first infimum is just C*(I") and e is arbitrary, C(I") = C,(I") =
cx(r). m

Extending the conclusion of this lemma to Borel sets requires several steps.

Lemma 4.4.20 If Ay,..., Ay, B1,...,By € K(2) with A; C Bj,j =

1,...,m, then
m

C(UIL B;j) — C(UIL, Aj) <> (C(B;) — C(Ay)).

j=1

Proof: (Assuming Property B) Consider the m = 2 case first. Taking I
B; and Iy = Ay U By in (444) and using (7) of Lemma 4.4.17,

C(B1UB3)+C(A;) <C(B1UB3)+C(A1U(B1NBs)) <C(B1)+C(A1UBs);
also taking It = Ay U Ag and Iy, = B,

C(A1UB3)4+C(A2) <C(A1UB2)+C((A1UB)UAs) < C(A1UAs)+C(B2).
Thus,

C(B1UBQ)+C(A1)+C(A2) C(B])+C(A1UB2)+C(A2)
C(B

<
< C(B1) +C(A1UAy) +C(B2)

and the assertion is true for m = 2. Assume the assertion is true for m — 1.

By the m = 2 case,

C(UJL1B)) = C(Uj1 4)) = C(U' B U Bi) — C(UF ' A5 U Any)
< (C(UF' By) = €U A))) + (C(Bim) — C(Am))

< _7 (C(Bj) — C(A;)) + (C(Bm) — C(An))
— Z(C(Bj) —C(4)))

and the assertion is true for m whenever it is true for m — 1. The conclusion
follows by induction. H

Theorem 4.4.21 The outer capacity has the following properties.
(i) A, BC2,ACB=C*(A) <C*(B).
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(ii) A;C Q.5 >1,4;1 A= C*(4)) - C*(A).
(iii) Aj € K(2),§ > 1,A; | A= C*(4;) — C*(A).
(i) A;,B; C 2,A; C B;,j>1=

2B+ Y CH(Ay) <) CH(By) +CT (U, Ay).

Proof: (Assuming Property B) Assertion () is trivial and assertion (7i7) is
the same as (i7) of Lemma 4.4.17. The other assertions will require several
steps.

Step 1. 0, € 0(2),j >1,0; 1 0 = C(0;) — C(O).

For each j > 1, let Oj = U2 Lk with I, € ’C(Q), let X =Uik<jlin, g > 1,
and let I' be any compact subset of O. Thus, each Y; is compact, X; T O,
and X; NI T I'. Since

C(OJ) = C(Ul?;l ij> = C(Uigj Ugo=1[‘ik) > C(Ui,kgj L OF) = C(Zj OF),
by (i¢) of Lemma 4.4.17

j—o0 Jj—00
Since I' is any compact subset of O,

lim C(0;) > C.(0) = C(O).

J—0o0

As the opposite inequality is always true, lim; .., C(O;) = C(O).

Step2.Al,...,Am,Bl,...,BmCQ,AjCBj,jzl,...,mﬁ
", B;) +Zc* )<Y CH(By) +CT (UL Ay). (4.3)
J=1

This inequality will be proved for the m = 2 and open sets case first. Let
Ui,Usz, Vi, Vo be open sets with U; C V;, 5 = 1,2, Let 1,5, and X be
compact subsets with I'y C Uy, I[5 C Uy, and X' C V3 U Vs, The sets X ~ Vy
and X ~ V5 are disjoint closed sets with X ~ V3 C Vo and X ~ Vo, C Vi
There are disjoint open sets O; and Os such that X' ~ V3 C O and X ~
Vo C Os. Letting Yy = X ~ O1 and Yy = X ~ 09, X = Xy U Yy where Xy
and Yy are compact subsets of V; and Vs, respectively. By Lemma 4.4.20,

C((Zl UFl)U(EQUFQ))+C(F1)+C(F2)
SC(21UF1)+C(22 UF2)+C(F1UF2).
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Since ¥ C (XL UT)U(ZoUT) and ¥~ 0; C Vi =1,2,
C(X)+C(I1) +C(I2) <C(Vi) +C(V2) + C(Ur U Us).
Taking the supremum over I, [, and X,
CVLUV,) +C(Uy) +C(Uz) <C(V1) +C(Va) +C(UL UU2)

so that Inequality (4.3) is true for m = 2 and open sets. As in the proof
of Lemma 4.4.20, Inequality (4.3) is true for all open sets and m > 2.
Consider now arbitrary sets A, B;,j = 1,...m. If some C*(B;) = 400 or
C*(UJL, Aj) = +oo, then Inequality (4.3) is trivially true. It therefore can be
asbumed that all terms on the right side of the inequality are finite. If € > 0,
there is an open set O D U, A; and open sets O; D Bj,j =1,...,m, such

that . .
D 7C(0) +€(0) <> (By) +CT (UL A)) + e
j=1 j=1

Letting U; = 0, NO C Oy, =1,...,m,
C(UI,05) + Y C(Uy) < CUr,Uy) + 3 C(0;).
Jj=1 j=1

Since U7, U; C O,

m m

C(U,05)+ > _C(U;) <C(0) + > C(0))

j=1 j=1
A+ CH(By) +e
j=1

Since UjL; B; C UL, 0y, the first term on the left is greater than or equal
toC’*(UmBJ);blnceA C B C Oj and A; C O,4; C O, N0 =
Uj,j =1,...,m, and the becond term on the left is greater than or equal
to >0, C*( ;). Therefore,

€U B + 3 (4y) <070 +ZC*
j=1
Since € is arbitrary, the assertion is true for m > 2 and arbitrary subsets of (2.
Step 3. A, C 2,j>1,A4; 1 A= C*(4;) — C*(A).
This result is trivial if lim; ,o, C*(A4;) = +oo. It therefore can be assumed

that the limit is finite. If € > 0, for each j > 1 an open set O; D A; can be
chosen so that C(O;) < C*(A;) + €/27. By the preceding step of the proof
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C(UJL105) < CH(UTL Ay) + ) (€(0;) = C*(45))

< C*(Ap) +e
By the first step of this proof, C(UjL;0;) — C(U52,0;) and

C*(A) = C* (U5, 45) <C(U72,05) < lim C*(Ap) + e
Since € is arbitrary and lim,, oo C*(A,,) < C*(A),C*(A) = limy, 00 C*(Ap).
This completes the proof of (i7).

Step 4. Assertion (iv) follows from Inequality (4.3) and the preceding step
by letting m — co. M

In order to show that the class of capacitable sets includes the Borel sets,
an excursion into set theory is required. After this excursion, Borel sets will
be shown to be capacitable along with certain sets called analytic sets.

Consider a pair (X, F) where X is some nonempty set and F is a collection
of subsets of X that includes the empty set. F is called a paving of X and
the pair (X, F) is called a paved space. Let N = N X N x --- be the set
of all infinite sequences of positive integers. Elements of N°° will be denoted
by n = (nq,na,...).

Definition 4.4.22 Let (X, F) be a paved space.

(i) A Suslin scheme is a map (n1,...,ng) — X, n, € F from the set of
all finite sequences of positive integers into F.
(ii) The nucleus of the Suslin scheme is the uncountable union

U (X 0 Xoins N Xoynamy 0 --2);
neN>

this set is said to be analytic over F.
(iii) The class of sets analytic over F will be denoted by A(F).

It is easy to see that F C A(F) as follows. If A € F, for each finite sequence
(n1,...,ng) of positive integers let X, ., = A. The map (ny,...,nx) —
Xn,..n, 1s then a Suslin system and

A= | Xn N Xpnoneer)
ne N
so that A € A(F). To show that a subset B of X belongs to A(F), it must

be shown that there is a Suslin system (ni,...,n5) — Xy, ...n, so that

B= [J (X, N X, Ne-0).
ne N>
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Lemma 4.4.23 A(F) is closed under countable unions and countable inter-
sections.

Proof: Let {A4;} be a sequence in A(F), and let A = UA;. For each j > 1,
let (n1,...,ng) — Xr(lenk be a Suslin scheme with

A; = U (Xr(i) mX’SL{)’I’LQ N xW n---).

ninaz2ns
neN°

Consider a one-to-one and onto map o : N — N x N. If (mq---my) is a
finite sequence of positive integers, define X, ...pn, = Xy(bjlm if a(mq) =
(jyn1),m; =n;, i =2,...k. Thus,

A= U (Xm1 n Xm1m2 me1m2m3 n-- )
neN

and A € A(F). Therefore, A(F) is closed under countable unions. Now
let {B;} be sequence in A(F), and let B = NBj. For each j > 1, let

(n1,...,ng) — Xy(fl)nk be a Suslin system with

Bj = U (XV(LJ])l N XT(LJj)lTLjQ N X7(L]j)1nj2nj3 n-- )
n;cN>
where n; = (nj1,n;2,...). Consider any & € NB;. To each such z there

corresponds a sequence of sequences {n;} such that

re XY nxP, nxl) n--).

nij1Mni2n;3
Jj=1

Arrange the sequence of sequences {n;} into a single sequence m = {m;} by
applying a diagonal procedure so that

m = (7111, n21,M12,N31,N22, 113, N41, - - )

Given the latter sequence, the sequence of sequences {n;} can be recon-
structed. Now let
1 2 1 3
Xml = Xr(Ll)lemlmz = Xr(zz)l ) Xm1m2m3 = X7(11)1n127Xm1m2m3m4 = X?Sg,)la s
Then
Bc | (Xm0 Xomims 0 Xomymams 0--).

meN>®
Conversely, any z in the latter set can be seen to belong to B by constructing

a sequence of sequences {n;} from the {m,} sequence as indicated above.
Thus, B € A(F) and the latter is closed under countable intersections. W
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If X is a metric space and F is the collection of closed subsets of X,
then A(F) contains the open sets as well as the closed sets. If, in addition,
X is o-compact and F is the collection of compact subsets of X, then A(F)
contains all open sets. Although closed under countable unions and countable
intersections in both cases, A(F) is not necessarily a o-algebra since it may
not be closed under complementation.

Theorem 4.4.24 If X is a o-compact metric space and F is the class of
compact subsets of X, then A(F) contains all Borel subsets of X.

Proof: Let Ag(F) be the collection of all finite unions of finite intersections
of elements of F and complements of such sets. Then Ay(F) is an algebra
and F C Ap(F) C A(F). Since A(F) is a monotone class (that is, closed
under countable unions and countable intersections), by a standard theorem
of measure theory it must contain the smallest o-algebra containing Ay (F)
(c.f., Halmos [27] ), since the latter contains all compact sets, A(F) D o(F) =
class of Borel subsets of X. W

Lemma 4.4.25 (Sierpinski) Let (X,F) be a paved space, let A be the nu-
cleus of a Suslin scheme (ni,...,ng) — Xp,..m, € F, and let {b;} be a
sequence in N. Define

Aj: U (Xny N Xy Neev)
{n:n; <b;,i<5}

Bj - U (an m"'anl'“nj)
{nn;<b;,i<j}

B = ﬂj21Bj.

Then Aj C A,Aj - Bj,Bj+1 - Bj,j >1, and B C A.

Proof: All of the conclusions are easy to verify except for the last, namely
that B C A. Consider any © € B. For each k > 1, there is a k-tuple
(nk1y .. ngk) with ng; < b;,4 < k such that

€ X, N X N 0 Xy oo

Consider a fixed sequence of such k-tuples corresponding to x. Since ng; €
{1,2,...b1},k > 1, there is an integer m; € {1,...,b1} such that ny; = my
for infinitely many k£ and = € X,,, = Xy for all such k. Considering only
those k-tuples having m, as the first integer, there is an mo € {1,...,bo}
such that ms is the second integer for infinitely many k-tuples having m; as
the first integer so that z € X,,, N Xoymy, = Xy, N Xpnyn,, for all such k.
By an induction argument, there is a sequence {m;}, with m; < b;,j > 1,
such that
€ Xy N Xinymo N Xonymams N+ C A N
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Note that if X is a o-compact metric space and F consists of compact
sets, then the B and B; of Sierpinski’s lemma are also compact.

Theorem 4.4.26 (Choquet [13]) If (2 is a Greenian set with paving KC(2),
then the analytic sets are capacitable; in particular, the Borel subsets of {2
are capacitable.

Proof: (Assuming Property B) Consider A € A(K(£2)). If C*(A) = 0,
then C.(A) = 0 and A is capacitable. It therefore can be assumed that
C*(A) > 0. Let 0 < a < C*(A), and let A be the nucleus of the Suslin
scheme (nq1,...,n;) = Xp, .., € K(§2). Then

A= | Xn N XppnyN-e0)
nc N

Since
A = U (ananlnzm"’)TAaSb1T+OO,

{n:n1 Sbl}

by can be chosen so that C*(A;) > a by (ii) of Theorem 4.4.21. Suppose
b1,...,bj—1 have been chosen so that C*(A4,_1) > a. Since

Aj = U (an ﬂXﬂlnzm"')TAjfla
{n:n;<b;,i<y}

b; can be chosen so that C*(A;) > a. The sequence {b; } in Sierpinski’s Lemma
is thus defined inductively. Since A; C B;,C*(B;) > C*(4;) > «o,j > 1.
Since B € K(£2) and the B; € K(£2),C(B;j) > a,j > 1, and C(B) > « by
(7i1) of Theorem 4.4.21. Since « is any number less than C*(A),C*(A) =
sup{C(B): B € K(£2),B C A} =C.(A) and A is capacitable. W

4.5 Boundary Behavior of the Green Function

The proofs of the results of the preceding section, but not the results them-
selves, were conditional upon showing that the Greenian set (2 has Property
B. It is known that each ball B has Property B. The validity of the results of
the preceding section will be established here by showing that all Greenian
sets have Property B.

Lemma 4.5.1 If 2 is a bounded open set and x € 2, then Gg(z,") = uy —
H,, on (2.

Proof: Since u, € i, ,u; — Hy,, > 0 on (2. From the definition of the Green
function, u, — Hy, > Gp(x,-) on 2. Also from the definition, G (z, ) =
Uy + hy where h, is harmonic on (2. Since G (x,-) > 0,u; > —h, on {2, and
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therefore —h, € £,_; that is, —hy < H,,. Moreover, uy, — H,, > uy + hy
implies that —h, > H,,_ . Thus, —h, = H,, and Go(z,") =u, — H,, . B

Theorem 4.5.2 (Cartan [11]) A subset Z of a Greenian set §2 is polar if
and only if it has capacity zero.

Proof: (Assuming Property B) Let Z C (2 be a polar set. It follows from
(i) of Theorem 4.4.21 that C*(Z) = limj_.o C*(Z N A;) whenever {4} is an
increasing sequence of open sets with 2 = UA; and with compact closures
A7 C 2,5 > 1. It therefore can be assumed that Z C A where A is open
with compact closure A~ C (2. By Theorems 4.2.9 and 4.2.10, there is a
superharmonic function u = 400 on Z. By the Riesz decomposition theorem,
Theorem 3.5.11, there is a measure p on A such that u = Gau + h where h
is harmonic on A. Since u = +00 on Z, Gau = +00 on Z. Since Gy < G
on A x A, Gou = 400 on Z. Since Gopu is ls.c., O, = {z € 2; Gou(z) >
r},r > 0, is an open subset of {2. Consider any compact set I’ C O, and
the capacitary distribution p corresponding to I" and 2. By the reciprocity
theorem, Theorem 3.5.1, and the fact that f{p =Gour <1lon (2,

1 1 1
c(I) = / dpr < ;/Gnudur = ;/Gnur dp < ;u(/l*)-

Tt follows that C(O,) < u(A~)/r. Since C*(Z) < inf,~oC(O;),C*(Z) = 0 and
Z has capacity zero. As to the converse, assume that C*(Z) = 0. Since a
countable union of polar sets is polar, it suffices to show that the intersection
of Z with any component of {2 is polar. Since the polar property is a local
property, it suffices to prove that the part of Z in a ball B with compact
closure B~ C {2 is polar. It can be assumed that Z C B. Let O be a nonempty
open subset of B with O~ C B. Then both ZN O and Z N (B ~ O) have
outer capacity zero by (i) of Theorem 4.4.21. If it can be shown that each
of these two sets is polar, then it would follow that Z is polar. For each of
these two sets, there is a point not in the set and neighborhoods separating
the two. Assume that Z itself has this property; that is, there is a point
y € B ~ Z and open sets O; and Oy such that (i)y € Oy C B, (ii)Z C
Oy C B, and (iii) O1 N Oy = 0. Since C*(Z) = 0, for each j > 1 there is
an open set A; with Z C A; C Oy and C(4;) < 1/j%. Also for each j > 1,
there is an increasing sequence of open sets {W;;} with compact closures
Wjik) C Wikt1 C Ay and Aj = Up>1 W . For each 5,k > 1, let I, = W]Tk
and consider the corresponding capacitary potential R r;, relative to 2 which
is equal to 1 on W, . Since G(y, ) is bounded outside any ball containing
Y,sup,c0, Go(y,z) < m for some m. Since the support of yur,, is contained
in ij = W]jk C Aj C 0o,

Rr,(5) = [ Galy. o) dury, (a) < mpr,, (Ty) < mC(T) < m/7°
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Since {R[’jk te>1 1s an increasing sequence, w; = limg_, o0 f{pjk is defined
with w;(y) < m/j?. Since the sequence {f{pjk ti>1 is uniformly bounded
by 1, w; is a nonnegative superharmonic function on {2 by Theorem 2.4.8.
Since Ry, =1 on W, w; = 1 on A; O Z. Letting w = Doy wy,w(y) =
Yoo wily) <3572 m/j? < 4o00. Since the partial sums of the series defin-
ing w are nonnegative superharmonic functions, w is superharmonic on B by
Theorem 2.4.8. Since each w; =1 on Z, w = 400 on Z. This shows that Z
is polar. W

Note that there is no mention of Property B in the statement of the
following theorem. All of the preceding results are applicable since
the proof is reduced to subsets of a ball that is known to have
Property B.

Theorem 4.5.3 Analytic inner polar sets are polar.

Proof: Let Z be an analytic inner polar set. Since Z = U;>1(Z N By j),
if it can be shown that each term is polar, then it would follow that Z is
polar, since a countable union of polar sets is polar by Theorem 4.2.12. It
is easily seen that each term is an analytic inner polar set. Thus, it can be
assumed that Z is an analytic inner polar subset of a ball B. Since each
compact subset I" of Z is polar and C(I') = 0 by the preceding theorem,
Ci(Z) = sup{C(I');I" € K(B),I' C Z} = 0. Since analytic sets are capac-
itable by Theorem 4.4.26, C(Z) = 0. By the preceding theorem, Z is polar.
|

Completion of proof of Theorem 4.4.10 It has been shown that the set
of points in {2 where @ # u is an inner polar set. By the previous theorem,
the exceptional set is a polar set; that is, « = u q.e. W

The definition of a polar set was independent of any set §2. This is also true
of sets of capacity zero. If Z is a subset of a Greenian set {21 of capacity zero
relative to £2¢, then it is a polar set; if it is also a subset of another Greenian
set (25, then it is a polar subset, and therefore of capacity zero relative to (2s.

Theorem 4.5.4 If {2 is a Greenian set and x € (2, then limy,_., yeo Go(z,y)
=0 g.e. on 012.

Proof: By Corollary 2.6.31, there is an increasing sequence {2;} of regular
bounded open sets with compact closures in {2 such that {2 = Uf2;. Fix
x € (2. It can be assumed that x € (2;. Let G’g(m,;) be equal to Gp(x,-)
on 2 and equal to zero on ~ §2; similarly, define Gg, to be G, (z,-) on
2; and zero on ~ (2;. Then 0 < GQ]. (z,) < Gol(z,-). By Theorem 3.3.11,
Go,(z,") T Go(z,) on 2. Consider a ball B = B,, with By, C . By
Lemma 3.2.6, G (x, ) is bounded on ~ B and it follows that the sequence
{égj (x,-)} is uniformly bounded on ~ B. Since each éQj (z,-) is harmonic
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on 2; ~ B and limy .. yen, GQ]. (z,y) = 0 for z € 942; by Theorem 3.3.15,
GQJ (x,-) is subharmonic on ~ B. Let g = lim;_,, éQJ (x,+) on ~ B, and let
g(z) = limsup,_., g(y), z € R", denote the upper regulariztion of g. Note that

g = 0on 912. By Theorem 4.4.10, g = g quasi everywhere. Since g = Gp(x, )
on 2 ~ B, for z € 012

g(z) = limsup g(y) = limsup g(y) = limsup Go(z,y).
Yy—z y—z,ye2 y—z,ye2

Since g = 0 on 992, limsup,,_., , e Go(x,y) =0 quasi everywhere on 052. B

Corollary 4.5.5 The set of irreqular boundary points of a Greenian set (2
1s a polar set. Moreover, if h is a bounded harmonic function on {2 and

lim h(y) =0

y—x,yEe2

for each reqular boundary point x € 012, then h =0 on 2.

Proof: The first assertion follows from Theorem 3.3.15. Let

f(z) = liminf h(y), € dfn.

y—x,yeNR

By the first assertion, f = 0 except possibly for a polar subset of 92. By
Corollary 4.2.20, Hf = Hy = 0 on {2. Since h € Uy, h > 0 on (2. Similarly,
h<0Oon . N

According to the following theorem, all Greenian sets have Property B so
that all the results of this section and the preceding section apply
to all Greenian sets.

Theorem 4.5.6 Let (2 be a Greenian set. If p is a measure with com-
pact support I' C 2, then limy_.. yen Gou(y) = 0 g.e. on 002. If 2 has
finite Lebesgue measure when n > 3 or is bounded when n = 2, then
limy—.. yeo Gf(y) = 0 g.e. whenever f is a bounded measurable function
on 2. If £2 is regular, then these statements hold at every point of 0S2.

Proof: Let I" be any compact subset of 2, and let {£2;} be the sequence of
components of 2. Then I" C U§:1Qj for some p > 1. For 1 < j < p, let z; be
a fixed point in "N §2;. By the preceding theorem, for each such j there is a
polar set Z; C 012 such that lim,_., e Go(z;,y) =0 for all z € 92 ~ Z;.
Letting Z = UZ;, limy—.; yeo Go(zj,y) = 0,2 € 02 ~ Z,1 < j < p. For
1 <j <p,let O; be a neighborhood of I"N £2; with O} C §2;. By Harnack’s
inequality, Theorem 2.2.2, for such j there is a constant k; such that

Golz,y) <kiGol(z;,y), xzel Njyec2;~O0;;
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this inequality is trivially satisfied if y ¢ §2;. Thus,

Go(z,y) < kiGo(z;,vy), xGFﬂQj,yGQNLJ?:le,
and therefore

Go(z,y) < max (k;Go(r;,y), zelye2~U_0;.
1<j<p

It follows that lim,_,. ye G (-, y) = 0 uniformly on I" for each z € 92 ~ Z.
In particular, if the measure p has support in I', then

li G = i Gao(x,y)d =0, €~ Z.
ym  Guly) = lim [ Golr,y)du(z) z

The proof of the second assertion is the same as that of Lemma 3.4.17 using, in
the notation of that lemma, the fact that lim,_.,, e Go(x, z) = 0 uniformly

with respect to z € I'j, provided z¢ € 92 does not belong to a polar subset
of 02. N

4.6 Applications

It is now possible to show that a nonempty open subset of R? is Greenian if
and only if it supports a nonconstant, positive superharmonic function.

Theorem 4.6.1 (Myrberg [47]) If 2 is a nonempty open subset of RZ,
then the following three conditions are equivalent:

(i) ~ Q2 is not a polar set.
(i) There is a nonconstant, positive superharmonic function on (2.
(i3) 2 is Greenian.

Proof: The assertion (iii) = (i) is just Theorem 4.2.18. To show that (i) =
(it), assume that ~ (2 is not polar. By Lemma 4.2.17, this assumption is
equivalent to assuming that 0f2 is not polar. Let {B;} be a sequence of balls
covering R?. By Theorem 4.2.12, there is a jo > 1 such that I' = 92N B}
is not polar. Letting B be any ball such that B; C B,I' is a compact

subset of B. Consider Rp, relative to B, which is strictly positive on B by
Theorem 4.3.5 and harmonic on B ~ I'. Since I is not polar, by Lemma 4.4.11
there is a point = € I" such that Rp(z) = Rp(x) = 1. Thus, there are points
z € 2 such that Ry (2) is arbitrarily close to 1. Since lim, .. yep Rr(y) =
lim, ., yer Gppr(y) =0 for all z € OB by Theorem 3.4.16, the function

u(y):{R%(y) zigz(gwp)

is subharmonic on {2, takes on the value 0, and takes on values arbitrarily
close to 1, but not the value 1 by the maximum principle. The function
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v = 1 —w on {2 is a nonconstant, positive superharmonic function on f2.
It only remains to show that (ii) = (i4i). Suppose there is a nonconstant,
positive superharmonic function v on (2. For each j > 1,02; = 2N By ; is a
Greenian set by Theorem 3.2.10 and the sequence {{2;} increases to {2. By
the Riesz representation theorem, Theorem 3.5.11, for each j > 1 there is a
measure /; and a harmonic function h; > 0 on §2; such that u = G, pu; + h;
on §2;. As in the proof of Theorem 3.5.11, there is a measure p on §2 such that
t; = pt e, Extending G, (z,-) to R? by putting Gg, (z,y) = 0 for y & 2},

u(w) = Goyua) + hs(2) = [ G .9 duy),

If £2 were not Greenian, then G, T 400 on {2 x {2 by Theorem 3.3.11, and

it would follow that u = 400 on (2, a contradiction. Thus, (2 is Greenian. B
Now that it is known that all Greenian sets have Property B, it can be

shown that the set of points where RY(z) # R% () is a negligible set.

Corollary 4.6.2 Ifu is a nonnegative superharmonic function on the Green-
ian set £2 and A C {2, then R} = R} g¢.e. on (2.

Proof: Theorem 4.4.10. W

Theorem 4.6.3 If u is a nonnegative superharmonic function on the Green-
ian set §2 and A C {2, then R = RY on 2 ~ A.

Proof: It is known from (i7) of Lemma 4.3.2 that RY = v on A, and from
the preceding corollary that RY = RY quasi everywhere on (2. Let Z be the
exceptional polar set, and let zg be any point of 2 ~ A. By Theorem 4.3.11,
there is a positive superharmonic function w on {2 such that w = 400 on
AN Z and w(zg) < +oo. Then f{jbl +ew > u on A for every € > 0, and it
follows from the definition of RY that RY + ew > RY. Since w(xp) < 400
and ¢ is arbitrary, f{ﬁ(ﬂco) > RY%(x0). Since the opposite inequality is always
true, there is equality at zo. Thus, R4 = R% on 2 ~ A. W

Corollary 4.6.4 If A C §2, u and v are nonnegative superharmonic func-
tions on the Grgenian set {2 wz’thAu =wv g.e. on A, and Z is a polar subset of
A, then R4 =RY_, and R = RY.

Proof: By Theorem 4.3.5, ij 7 < 13{% Consider any nonnegative superhar-
monic function w on {2 that majorizes u on A ~ Z. By Theorem 4.3.11, if =
is any point of A ~ Z, there is a positive superharmonic function v on 2 such
that v(x) < +00 and v = 400 on Z. Then w + ev majorizes u on A for every
¢ > 0. Therefore, R%(x) < w(z) + ev(z), and letting ¢ | 0,R%(z) < w(x)
for all z € A ~ Z. Therefore, R% < R%_, on §2, and by taking the lower
regularization of both sides, R%4 < R%_, and the two are equal. The second
equation follows from the first. W
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According to Lemma 4.4.14, if {I}} is an increasing sequence of compact
subsets of the Greenian set {2 with compact limit I", then 1?{71‘«] T f{}ﬂ for any
finite-value, nonnegative, continuous superharmonic function u on (2. This
result can be improved.

Theorem 4.6.5 Ifu is a nonnegative superharmonic function on the Green-
ian set £2,{A;} is an increasing sequence of subsets of 2, and A = UA;, then
lim; . RY A, = RY.

Proof: Since the sequence {R%J} is increasing and is majorized by the su-
perharmonic function R“ the function v = lim;_. lsdj1 is superharmonic
and v < R“ By Corollary 4.6.2, R“ differs from u on A; on at most a
polar subset of A;. Therefore, v dlffers from u on A on at most a polar subset
Z of A. Consider any x € A ~ Z. There is then a positive superharmonic
function w on 2 such that w(z) < 400 and w = +oo on Z. Then for every
€>0,v+ew > uon A, and therefore v +ew > RY > RY on 2. If B, C {2,
then A
A(w:x,0)+eA(w:x,0) > ARY : z,0);

letting € | 0, A(v : z,d) > A(Rj‘1 : x,0) whenever B 5 C (2. By Lemma 2.4.4,
v(z) > RY(x) for all z € §2; that is, v = lim; . f{’}l] > RY. Tt follows that
v=1lmj . Rﬁj =RY%. W

Lemma 4.6.6 If A is an open subset of the Greenian set 2 and f is a 02
resolutive boundary function, then the function

B HJ? on 2NoA
9= 7 on 92 N A

1s resolutive for A and H? = H;l on A.

Proof: Consider any u € ﬂ?. Then v > HJ? on 2. For x € 2N JA,

liminf w(z) > liminf H 2(2) = H'){Z(x);

z—x,2EN z—x,zEAN

while for z € 9002 N oA liminf, ., ;eau(z) > liminf, ., .cpu(z) > f(z).
Therefore, 12 € 21;‘ and Fg > F? on A. Similarly, Hg" > H :}((‘2 and it follows
that 0 < Fg — ﬂ;‘ < Ff — ﬁ}? Since f is 042 resolutive, the latter differ-
ence is equal to zero and so g is O/ resolutive. Using the fact that f is 02

resolutive, H < Hf < H < H” on A, and therefore HQ HA |
The operatlon on the p031t1ve superharmomc functlon U descrlbed below
is an extension of the lowering operation of Definition 2.4.10.

Lemma 4.6.7 If A is an open subset of the Greenian set {2 having compact
closure A= C {2 and u is a positive superharmonic function on (2, then the
lower regularization U of the function
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. U on 2~ A
Y=\ HA on A

18 superharmonic on (2.

Proof: Since u > F;l > ﬂf} >0on A, HTf is defined by Theorem 2.9.1. Let
B be a ball with B~ C (2. It will be shown first that v > Hf on B. Since
Hlfguon/l,vguonf}andHi3 nggu:vonBNA. Now let

. v on {2~ B
w= HEB on B.

Note that w = HE < HE <wu =v on dAN B; that is, w < v on (BN A). It
follows that HBW1 < HBQA on BN A. Since HB HBml and HB"A = g4
on BN A by the preceding lemma, it follows that HZ < H? on BN A. Since
v = Hél on A, HUB < v on B. Noting that v < U,Hf < Hf < v on B. Since
HP is continuous on B, H? < ¢ on B for any ball B with B~ C {2 and 9 is
superharmonic on 2. W

Theorem 4.6.8 If u is a positive superharmonic function on the Greenian

set 2 and A is an open subset of 2 with compact closure A= C {2, then
oA = H2 on A; moreover, if {4} is an increasing sequence of such sets

with §2 = UA;, then u is a potential if and only if lim;_. quj =0 on £2.

Proof: If
| ou on 2~ A
U= H on A,

then v is superharmonic on 2. Since u is l.s.c. on 9/, there is a sequence
{f;} in C°(0A) such that f; T u on dA. Since

liminf v(z) = liminf H(z) > liminf Hf( z) = fi(y)

z—y,z€A z—y,z€A z—y,z€A

for all y € 0A that are regular boundary points for A, liminf, ., .eav(z) >
u(y) for all y € 9A except possibly for a polar set according to Corollary 4.5.5.
Since v = w on 2 ~ Aliminf, ., cooav(z) = liminf,_., .cooau(z) >
u(y), and therefore 9(y) = liminf. ., e v(z) > u(y) for all y € JA except
possibly for a polar set. Since v =v =w on 2 ~ A7, 0 > u on {2 ~ A except
possibly for a polar set. It follows from Corollary 4.6.4 that v > R}JQN A-
If w is any nonnegative superharmonic function on (2 that majorizes u on
2 ~ A, then w|y € ilA and w > v on A; therefore w > v on §2. This
shows that R, , > v on {2, and conbequently that R}, 4 > 0 on {2. As the
opposite inequality was just proved, RQN QL2 =0=v= H2 on A. Now let
{4;} be an increasing sequence of open subsets of (2 with compact closures
/1 C {2 such that A; T £2. It was just shown that HY = R}‘)NA]_ on A;. Since

IS RQNA by Theorem 4.3.5, H"*' < Hy" on A; for each j > 1.
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The sequence {qu 7} is then a decreasing sequence of nonnegative harmonic
functions (with due regard given to domains), and h = lim]_,(><> H,’ &9 defines a
nonnegative harmonic function on {2 Wlth U > h>0.If his any nonnegatlve
harmonic minorant of u on {2, then Huj > Hh’ =hon Aj,5>1,and h > h;

that is, h is the greatest harmomc minorant of u on {2, and the result follows
from Corollary 3.5.12. W

Theorem 4.6.9 (G. Mokobodzki and D. Sibony [46]) If u,u1, and us
are nonnegative superharmonic functions on the Greenian set 2 with u <
u1 + us, then there are unique nonnegative superharmonic functions i, ts
on {2 for which 1 < uy, U < ug, and u = Uy + Us.

Proof: Letting @; be the lower regularization of
inf {v € S(2);v > 0,u <v+wug},

u < U1 + ugz g.e. on {2 by Theorem 4.4.10. Since polar sets have Lebesgue
measure zero by Theorem 4.2.6, u < U1 4+ us a.e. on {2 and u < 41 + us on
{2 by Lemma 2.4.4; moreover, @ is superharmonic on {2 by Theorem 2.4.9.
Letting us be the lower regularization of

inf {v € S(2);v > 0,u < 4y + v},

u < Uy + Us a.e. on {2 and therefore u < @y + 2 on {2 as above; moreover,
U9 is superharmonic on (2 as above. Since u is a member of each of the sets
defining @, and o, u > w1 a.e. on 2 and u > Uz a.e. on 2 so that u > uy
on {2 and u > 1y on 2. It will be shown now that u > @ + 2 on {2. Since
u(z) — uz(x) may be indeterminant, redefine u — @2 at 2 so that

i) (@) = u(z) — ta(x) if az(x) < +o00
(1 = 2)(x) {nmmfw,m(y)w(u(y) —a(y)) if Tn(z) = +oo.

Then u — g is l.s.c. at points @ for which us(z) = +o00. It will be shown
now that u — ag is l.s.c. at points x for which @(z) < 4o00. Consider any
ball B = B, s with B~ C (2. Letting 4,5 = (4;)p,¢ = 1,2 and using the
inequality u < 4y + U9,

u=up+ (u—up) <tip+ (top +u—up) < U + (G2 + v —uB).
The function v = 25 + v — up is superharmonic on B with v > tisp on B.

Consider the function

w min (i2,v) on B
- U9 on 2 ~ B.

Since v > Usp and Uy > Usp on B,w > usp on B so that w is a nonnegative
superharmonic function on {2 by Lemma 2.4.11. Since u < w; + us and
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u < u+v,u <4+ min (2, v) =41 +w on B and u < 4y + Uy = U1 +w on
2~ B,u <11 +won {2. Since w is a nonnegative superharmonic function,
w > Uy and v > w > Uy on B, it follows that

ug — Usp < U — Us (4.4)
on B. Note that the function on the left is continuous on B. Therefore,

up(x) — top(z) < liminf (u — 42)(y).
y—x,yeNR

Since superharmonic functions are integrable on spheres,
up(z) — top(z) = (u— U2)p(x) = L(u: z,8) — L(t2p : x,0) — u(x) — tz(x)
as § — 0. It follows from Inequality (4.4) that

u(z) — tg(z) < liminf (u — 2)(y)
y—x,yEe
and u — Uy is 1.s.c. at & whenever 4y (2) < +00 and therefore 1.s.c. on 2. From
Inequality (4.4),

u(x) — ag(z) > (v — u2)p(x) = PI(u — to, B)(2) = L(u — 2 : x,0),

so that u — 19 satisfies the averaging principle and is therefore a nonnegative
superharmonic function on 2. Since u = (u— tg) + Ug, u — Uz > U a.e. on {2.
Since the opposite inequality was established above, u = u; 4+ u2 on 2. To
prove uniqueness, assume that there are nonnegative superharmonic functions
v1 and vy such that u = 91 + 02,01 < uwy and vy < ug. Then u < 97 4+ ug and
therefore @, < 071 a.e. on {2 by definition of @ and consequently on all of 2.
Similarly, ts < 05 on §2. Since @y + Ge = U1 + U2, U; = 05,0 = 1,2 0on 2. A

Theorem 4.6.10 If {u;} is an increasing sequence of nonnegative super-
harmonic functzons on the Greenian set {2 with superharmonic limit u and
A C Q, then RY = limj_o R .

Proof: Since Ry <RY,j > 1,w = limj .o, Ry < RY and is superharmonic
on 2 by Theorem 2.4.8. Since Ry = R'Y = u; q.e. on A,w = u q.e. on A;
that is, there is a polar set Z C A such that w = w on A ~ Z. Since
R =Rz by Corollary 4.6.4 and RANZ <RY., by Lemma 4.3.2, RY =
RY ., <RY_,=RY_, <w=Ilimj_ RA .

Lemma 4.6.11 If u is a nonnegative superharmonic function on the open
set £2, then there is an increasing sequence {u;} of nonnegative, finite-valued,
continuous superharmonic functions on {2 such that v = lim;_,o u; on {2.

Proof: Let {{2;} be an increasing sequence of open subsets of {2 with compact

closures in {2 such that 2 = Uf2;. Then ﬁ}% = u on {2; and is harmonic on

2 ~ QJ_ Note that R}‘Z < lf{’(‘l on {2 for all j > 1. For each j > 1, let
J Jj+1

0; = min (d(£2;,~ £2),1/7)) and let
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i (z) = 5, 5(RY N(z)  if d(w, ;) < 6;/3,2€ Q2
Tl R, @ if d(z, 2;) > 0;/3,2 € 2

where the operator J is defined by Equation (2.5.1). The sequence {u;} has
the required properties. W

Lemma 4.6.12 If 2 is a Greenian subset of R", A C {2, and v is a non-
negative, finite-valued superharmonic function that is continuous on A, then

9 =inf{R¢;0 € O(£2),0 D A}.

Proof: It can be assumed that (2 is connected and that v > 0 on (2. Let u be
any positive superharmonic function on {2 that majorizes v on A. Let € > 0,
fix z € 2, and choose n > 1 such that (1/n)RY(z) < e. Then (14+L)u—v >0
on an open set O, D A, and therefore

1
(1+—)u>RY >inf{RYH;0 € O(2),0 > A}.
n

Thus,
RY(z) +e¢>inf {RH(2); 0 € O,0 D A}.

The result follows by letting ¢ — 0 and using the fact that the resulting
opposite inequality is always true. W

Theorem 4.6.13 If {u;} is a sequence of nonnegative superharmonic func-
tions on the Greenian set {2 such that u = Z;il u; s superharmonic on {2

and A C 2, then RY = Z;il RY/

Proof: Suppose first that the sequence is of length two. By Theorem 4.3.5,
ﬁ%ﬁ’” < f{j‘f + f{%’ so that it suffices to prove the opposite inequality.
According to Theorem 4.6.9, there are nonnegative superharmonic functions
v1 and vy such that ]::Ujf'*'"2 = vy + vy with v; < ]::iq/‘{,z = 1,2. Assume that
A is open. Then f{“l = ul,f{q/‘f = ug, and R“1+"2 = uy + u2 on A. Since

<RA <uj,]—1 2, andv1+vg—u1+uz0n/lUj—u],]—l 2 on A.
It follows that v; > RA ,j=1,2, that R“ﬁuz =+ v > RAl + R , and
therefore that R”H'“2 = R“1 + R whenever A is open. Suppose now that
u1 and ug are nonnegative7 ﬁnite—vaulued7 continuous superharmonic functions
on 2 and A is an arbitrary subset of 2. For any O € O(£2) with O D
ARG = RY + RY > RY + R% > R% + R'. By the preceding
lemma, R T2 > R“1 + R“2 Taking the lower regularization of both sides,
R”1+"2 > R“1 + R and the two are equal. Lastly, suppose that u; and usg
are any nonnegative superharmonic functions on {2 and A is any subset of 2.
According to Theorem 4.6.11, there are increasing sequences {u1;} and {ug;}
of nonnegative, finite-valued, continuous superharmonic functions such that
w; = lim; oo wij,i = 1,2. Then, R} = R%7 + RY¥ by the preceding



4.7 Sweeping 189

step. By Theorem 4.6.10, R%J”” = f{% + R %2 and the theorem is true for
sequences of length two. This result has a trivial extension to finite sequences.
Suppose now that {u;} is an infinite sequence. Then for each k > 1,

o Z?:l uj - D Uj
R =Y RY.
=1

By Theorem 4.6.10, RY = Z;’;l RIX u

4.7 Sweeping

If w = Ggpp is the potential of a measure pu on the Greenian set {2 with
1(£2) < 400 and A is an open subset of (2, then f{}‘ZNA is again a potential
that is harmonic on A. By the Riesz decomposition theorem, Theorem 3.5.11,
RBNA = Gopun~a where o a(A) = 0. The measure pig~ 4 is obtained from
1 by “sweeping” the measure in A out of A. The operation taking p into
o~ is called the sweeping of u, and o~ is called the swept measure.

An iteration of the sweeping operation leads to a cumbersome notation.
For this reason, the notations ].?{1/‘1 and R4 (u, -) will be used interchangeably. If
x € £2, the unit measure concentrated on {x} will be denoted by dp(x,-).

Definition 4.7.1 If A is a subset of the Greenian set {2, define G4 (z, ) and
a unique measure d5(z, ) by the equation

G?)(xvy) = RA(GQ(Z’, )7y) = o GQ(y,Z) 6é($,d2),

if 1 is a measure on 2, GAp is defined by the equation

Ghu(z) = / G (z,y) u(dy).

The measure 65 (z,-) is called the sweeping of 5 (z, ) onto A. That such a
measure exists is a consequence of Theorem 3.5.11.

Lemma 4.7.2 If A is any subset of the Greenian set (2, then for any x € {2
(i) o5 2) <1,

(ii) 67 (x,-) = g(x,-) and §4(x, {x}) =1 if x is an interior point of A,
(i) 57 (v, -) has support in OA whenever x € 2 ~ int A.

Proof: (z) If V' is any open subset of {2 with compact closure V= C (2,
let u = R‘l/ = G_Q/J,V Since 1 > u = GQ/LV = fGQ(xvy) duv(y) and
Go(x,y) > Ra(Gao(z,-),y), by Tonelli’s theorem
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12 [ Ra(Gale, ) duv (v
— [[ Gatv.2)si(a.dz) duv )
— [[ Galeuw) duv(w) 8w, d2)
= /u(z) o5 (x, dz)
> /V u(z) 5z, dz) = 68z, V).
Letting V T §2,84(z, 2) < 1. (i) If  is an interior point of A, then

/ Goly, ) 68(z,d2) = Ra(Ga(z,),y) = Galwy) = / Goly, 2) balx, dz)

so that 64 (z,+) = dn(w,-) by the uniqueness of 65 (z,-). (i) If x is not an
interior point of A, then R (Gg(z,-),-) is harmonic on the interior of A and
on 2 ~ A~ so that §4(z,-) has its support in 9A by Theorem 3.4.9. W

By (iii) above, 04(x,{z}) = 0if 2 € 2 ~ A~ so that §3(z,{z}) is 0 or
1 except possibly for x € dA. It will be shown later in this section that the
same is true of points in dA.

Lemma 4.7.3 For each Borel set M,5(-, M) is a Borel measurable function
on {2.

Proof: Let P be the set of bounded, continuous potentials u = Ggpu on (2
for which p has compact support in (2, and let F be the set of all differences
f =u—v,u,v € P having compact supports in 2. Considering l:AUjl as an
operator, it can be extended to F by putting

R) =Rji R}

whenever f = u —v € F. If the function f € F has two representations
f=u—vand f=v —v, then u+v =u +v,

A~ A / A ’ A ! A ’ A
G+ Ry =RET =Ry -RY R

by Theorem 4.6.13, and therefore f{ﬁ - R q = RY — RY. Thus, f{fl is well-
defined. For each x € 2, the map f — L,(f) = fiﬁ(m) is easily seen to be
linear on F. Letting F be the collection of uniform limits of sequences in
F,F contains all continuous functions with compact support in §2 according
to Theorem 3.4.15. It will be shown next that L, has an extension to F
as a bounded linear functional. Let {f;} be a sequence in F that converges
uniformly to f. By Corollary 4.3.7,
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sup |La(fi) = La(f;)| < sup RS (2) - RY (@) < |fi — f]
xEe S

from which it follows that the limit L, (f) = lim;_, o L, (f;) exists. It is easily
seen using a similar inequality that L, (f) does not depend upon the sequence
{f;}. Consider any nonnegative f € F and a sequence {f;} in F with f; =
u; —v; which converges uniformly to f. If ¢; = —inf,cn(u;(x) —vj(z)), then
uj + €5 > vy,

RY +¢, >Ry >RY,
and therefore

Lo(f) = Jim Lo(f;) = Jim (R = RY) > lim (—¢;) = 0.

This shows that L, is positive and linear on F. Since
Lo(f)] = lim [Lo(fj)] = lim [RY —RY| < lim [u; —v;| = lim [f;] = [f],
j—o0 j—o0 j—o0 j—o0

L, is a bounded, positive linear functional on F. By the Riesz representation
theorem, for each z € (2 there is a measure p4(z,-) on the Borel subsets of
2 with pf}z(gg, £2) <1 such that

n=[ 1@ obwdn). <7

Since L,(f) = R%(z) — RY(z), L.(f) is a Borel measurable function for
all f € F and all f € F by approximation. Since the latter contains all
continuous functions with compact support in {2, pg (z, M) is a Borel function
of x for each Borel set M C (2. The conclusion of the theorem will follow if it
can be shown that 04 (z, ) = p3(z,-). Suppose u = Ggu is the potential of a
measure with compact support I' C §2. Let {§2;} be an increasing sequence of
open subsets of {2 with compact closures such that 2 = Uf2;, 1" C {2, Qj_ C
241 for all j > 1. By Theorem 2.5.2, there is an increasing sequence {u;} of
continuous potentials for which u; = v on 2 ~ 27 and lim; . u; = u on (2.
Moreover, for each 7 > 1, there is an increasing sequence {uix} of continuous
potentials such that hmk_,oo Ui = RQNQ and u;, = RQNQ on {2 ~ 2,11
for all £ > 1. Then u; — uy;; € F and

RY (2) — RY (2) = /(ui(y) — uii(y)) Py (2, dy). (4.5)

Since {RBN 0,1} is a decreasing sequence of functions on {2 and each R?)Nni
is harmonic on 2;, lim;_ lf{“fZN @, s a nonnegative harmonic function that is
dominated by the potential u. Since the greatest harmonic minorant of u is the

zero function,
lim R, (2) =0, z€5.
1— 00
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Therefore,
lim sup RY(2) < limsup u;;(2) < lim R}‘)Ngi () =0.
Since R4 (2) = [wi(y)ph(z,dy), it follows from Equation (4.5) and

Theorem 4. 6 1() that
R ()= [ ulw) ol dy).

Taking u(z) = Go(x,-),
RA(Golz, /GQ z,y) py (2, dy).

Thus, p3(z,-) satisfies the definition of §3(z,-) and the two are equal. W

Theorem 4.7.4 If u is a nonnegative superharmonic function on the Gree-
nian set 2 and A C (2, then

RY(z) = /u(y) 6A(x,dy), x €.

Proof: In the course of the preceding proof, it was shown that the result
is true if u is the potential of a measure having compact support in §2. By
Corollary 4.3.6, there is a sequence of such potentials that increases to wu.
The result follows from the Lebesgue monotone convergence theorem and
Theorem 4.6.10. W

Lemma 4.7.5 Ifu is a nonnegative superharmonic function on the Greenian
set 2 and A C B C (2, then Rp(RY, ) = Ra(RY%,-) = RY.

Proof: Since A C B and f{jé < u,

and o o R
RA(RZ’ ) < RB( Z’ ) < RA<U’ )

Tt suffices to show that RA( ) R4(Ra(u,-). Since RY = u q.e. on A by
Corollary 4.6.2, Ra(u,-) = Ra(RY,-) according to Corollary 4.6.4. H

Theorem 4.7.6 If u is a nonnegative superharmonic function on the Gree-
nian set 2, A, B C 2, and v' = min (RY%,RY), then

RZuB + RiuB = RZ + R%
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and
. . . .
u u _ u u
aus T RAup = R4+ Rp.

Proof: On A ~ B,RY = u > R so that v + v = u + RY% = RY + RY%.
Interchanging A and B,u+u' = R4+R% on B ~ A. On ANB,RY = u=RY
so that u +u' = u +u = R% + RY%. Therefore, u + v’ = R% + RY% q.e. on
AU B. By the preceding lemma and Corollary 4.6.4,

RZUB + lA{Z;UB = RAUB (u+ ' )
= Raus(RY + R, )
= Raup(RY,-) + Raus(RY, )
=R +Rp

on AU B. By Theorem 4.6.3, on 2 ~ (AU B),
Riup + Riup = RS + Ry,
Since this equation holds on A U B, it holds on 2. W

Definition 4.7.7 If u is a Borel measurable function on the Greenian set (2,
define the function 64 (-, u) by putting

58 (2, u) = / u(y) 54, dy)

provided the integral is defined for all z € 2. If p is a Borel measure on {2,
define the measure 63 (1, -) on the Borel subsets M of £ by putting

500 M) = [ 85w M) )
provided the integral is defined for all M.

Lemma 4.7.8 For each x and each Borel subset M of the Greenian set
02,00 (x, M) is subadditive; that is,

5077 (w, M) < 65(x, M) + 65 (2, M).
Proof: Using the notation in the proof of the Lemma 4.7.3, let [ = u; —
ug > 0 where u; and us are bounded, continuous potentials of measures with
compact support and let v, = min (R, R%),7 = 1,2. By Theorem 4.7.6 and
Theorem 4.7.4,

0677 (w,us) + 6678 (,uf) = 65w, ws) + 05 (x,u),  i=1,2.
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Since uy > ug,u} > uh and
AUB A B
528 (z,u1 — u2) < 05 (w,ur — ug) + 6 (w, ug — ug).

Thus,
557z, f) < 0p(x, f) +65(x, f)

for all nonnegative f € F having compact support. Since any continuous
function on {2 with compact support can be approximated uniformly by a
sequence of such functions according to Theorem 3.4.15, the last inequality
holds for all continuous functions with compact support. Using the usual
methods of measure theory to pass from continuous functions to Borel sets,
the result holds for all Borel sets. W

Lemma 4.7.9 (Zero-one Law) If 2 is a Greenian set, x € 2, A C 2, and
w 1S a nonnegative superharmonic function on §2, then

(i) §4(z,Z) =0 for all polar sets Z not containing z,
(ii) 67 (x,{z}) =0 or 1,
(iii) if 65 (z, {x}) = 0, then 64"V (x,{x}) = 0 for all neighborhoods U of x,
and R
limy | (o3 Ry =0 on 2

whenever u(zx) < +oo , and A
(iv) if 65(x,{x}) = 1, then 657"V (z,{x}) = 1 and RY,;(z) = u(x) for all
neighborhoods U of x.

Proof: (i) Let Z be a polar set not containing 2. By Theorem 4.3.11, there is
a nonnegative superharmonic function v with v(z) < 400 such that v = +o00
on Z. Since

400> ofe) 2 R5(o) = [ o(0) S dn) > [ o) bt ).

z

§48(z,Z) = 0. (ii) Consider 65" (z,{x}) as a function of the neighborhood
U of z. If U; and U, are any neighborhoods of x with U; C Us, then by the
preceding lemma

FANU2 (5 [2)) < 6V (3 {2}) + 5N U (4 1)),

Since the support of (5ém(U2NU1)(:B, -) is in the closure of Uy ~ Uy, the second
term on the right is zero. Thus, as a function of U, 64"V (x, {x}) increases as

U decreases. By Lemma 4.7.5,

Ranv(Golz, ) = Rano(Ra(Gola, )
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so that

/G_Q y,2) 08 (2, dz) / Goly,z) 68 (w,dz) §57Y (z, dw)
= /Gg(y,z) /6Q(w,dz)6§mU(1:,dw).

Since the function on the left side of this equation is a potential, by the
uniqueness assertion of the Riesz decomposition theorem, Theorem 3.5.11,

5ANU (2,) = / 58w, ) 647 (a, du).

Since §47Y (x, -) vanishes on polar sets not containing = by (4),

30" (2, {}) = o5 (x, {z})og" (z, {z}). (4.6)

Taking U = (2, it follows that 64(x,{z}) = 0 or 1, proving (i). If
648(z,{z}) = 0, then Equation (4.6) implies that §3"Y(z,{z}) = 0 for all
neighborhoods U of z; if 64 (x, {z}) = 1, then 64"V (x, {z}) = 1 for all neigh-
borhoods of = since 64"V (z, {x}) decreases as U increases. It remains only
to prove the assertions concerning the reduced function. If 64 (z, {z}) = 1,
then

~

4 (@) = / () 547 (2, dy) = ulz).

This proves (w) Lastly, suppose 64V (z, {z}) = 0 and u(z) < +oc0. To show
that limy | (43 RY Ynu = 0 on (2 it suffices to consider a decreasing sequence of
balls { B;} with centers at «, with closures in (2, and NB; = {z}. Then lemBj

is a decreasing sequence of potentials on 2 with limit w = lim; .., RY~ B,
which is harmonic on 2 ~ {z}. Restricting w to 2 ~ {z}, by Bocher’s
theorem, Theorem 3.2.2, it has a nonnegative superharmonic extension w to
2 of the form ¢Gg(z,-) + h, where h is harmonic on 2. Since cGgo(z,-) +
h < f{jm B, on £2 ~ {z} and both functions are superharmonic, the same
inequality holds on 2. By the Riesz decomposition theorem, Theorem 3.5.11,
h is the greatest harmonic minorant of @ and is therefore nonnegative. Since
h < lemBj and the latter is a potential, h = 0 on 2. Thus, w = cGp(x,) <
RﬁmBj < w on {2. Since u(x) < +o00,¢c =0 and w = w = 0 on 2 ~ {z}.
Since [u(y)d4(x,dy) = RY(x) < u(z) < 4oo, the sequence {f{?mBj} is
dominated by the §3(z,-) integrable function u so that by Lemma 4.7.5 and
the result just proved
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lim RYp, () = lim Ra(RYp,) (@)

j—o0 j—o0

= lim [ RYnp ()05 (x,dz)

J—00

—Jim [ Ry ()b
Q~A{z}

Jj—00

=0.
The same argument can be applied to the sequence {R%J} to show that

lim R%j =0on 2~ {x}

]*}00
and that the sequence is dominated by the &7 (z,-) integrable function u
so that

lim RA( : %J,,x) = lim R%j (v) 5?)(xvdy) =0. N

Jj—00 J—00



Chapter 5
Dirichlet Problem for Unbounded Regions

5.1 Introduction

The principle problem associated with unbounded regions is the lack of
uniqueness of the solution to the Dirichlet problem. To achieve uniqueness,
the point at infinity oo will be adjoined to R™ with the enlarged space de-
noted by RZ,. This will require redefinition of harmonic and superharmonic
functions. The Dirichlet problem for the exterior of a ball will be solved by
a Poisson type integral. Using this result, it will be shown that the Perron-
Wiener-Brelot method can be used to solve the Dirichlet problem for un-
bounded regions.

Poincaré’s exterior ball condition and Zaremba’s exterior cone condition
are sufficient conditions for a finite boundary point to be a regular boundary
point for the Dirichlet problem. Both conditions preclude the boundary point
from being “too surrounded” by the region. On the other hand, the Lebesgue
spine is an example of a region that does “surround” a boundary point too
much; in some sense, the complement of the region is “thin” at the boundary
point. A concept of thinness will be explored and related to a topology on
R7 finer than the metric topology which is more natural from the potential
theoretic point of view. The words “open,” “neighborhood,” “continuous,”
etc., will be prefixed by “fine” or “finely” when used in this context.

5.2 Exterior Dirichlet Problem

Consider the one-point compactification R = R"U{co} of R"™. The topology
for R7, is obtained by adjoining to a base for the Euclidean topology of R"
the class of sets of the form R"™ ~ I', where I is a compact subset of R™ in
the usual topology. In this chapter, {2 will denote an open subset of R that
might include the point at infinity. As usual, if {2 is an open subset of R",

L.L. Helms, Potential Theory, Universitext, 197
(© Springer-Verlag London Limited 2009
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the Euclidean boundary of 2 will be denoted by 02, whereas the boundary
of {2 relative to the one-pont compactification R will be denoted by 0sf2.
The following definition is consistent with the earlier definition.

Definition 5.2.1 The extended real-valued function u on the open set (2 is
superharmonic on {2 if it is superharmonic on {2 ~ {oo} in the usual sense,
and if oo € (2, then

(i) wisls.c. at oo and
(ii) w(oo) > L(u : z,0) for all z € R™ and 6 > 0 such that ~ B, 5 C {2;

the function v is subharmonic on {2 if —u is superharmonic on (2; if both
u and —u are superharmonic on {2, then v is harmonic on (2.

The constant functions are obviously harmonic on R, . Consider the func-
tion u,(y) = |r — y|7"*? defined on R%,n > 3, by putting u,(c0) = 0;
although this function is superharmonic on R™, it is not superharmonic on
R since 0 = uy(00) < L(u : z,d) for any x € R™ and 6 > 0. It is, however,
subharmonic on RY ~ {z}. It will be shown shortly that the only functions
that are superharmonic on RZ are the constant functions.

A Poisson integral type representation of functions harmonic on a neigh-
borhood of oo is possible.

Lemma 5.2.2 If u is nonnegative and harmonic on R"™ ~ B, continuous
on R" ~ By ,, and o = lim,_,oc u(x) exists in R, then
(i) forxze R*~ B,
1 _ 2 _ 2
u(z) = —/ Wu(z) do(z)
2mp Jos,, |z—l
and o = L(u : y,r) for all r > p;

(ii) forx € R"* ~ B, ,,n >3,

1 a2 2 ap™—2

u(z) = _/ wu@) do(z) — piw e
Onp OBy, |Z*SC| |SC7y|

moreover, if « = L(u : y,p), then L(u : y,7) = a for all v > p.

Proof: If z € R" ~ B, ,, let * denote the inverse of z relative to 0B, , as
defined in Equation (1.11). Under this inversion map, the region R" ~ B, ,
maps onto the region B, ~ {y} and induces a function u* on B/, ~ {y}
by means of the equation

2" —y|" 2

= u*(z*) =u(z), 2" €B, ,~{y} (5.1)

(u*(2*) = u(x) in the n = 2 case). The function u* is harmonic on By, , ~ {y}
and continuous on B, , ~ {y} by Theorem 1.8.1. By Theorem 3.2.2, there is
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a constant ¢ > 0 and a harmonic function v on By , such that v* = cuy +v
on By, ~ {y}. Note that v has a continuous extension to B, , so that the
preceding equation holds on B, , ~ {y}. The n = 2 and n > 3 cases will be

treated separately for part of the proof.

(i) (n = 2) Using the fact that |z — y||z* — y| = p?,

2

u(z) =u*(z*) = —clog |z — y| + v(z*) = —clog +v(x").

[z =yl
Since o = lim, oo u(x) exists in R, ¢ = 0, and u(z) = u*(z*) = v(z*).
Applying the Poisson integral formula to v, using Equation (1.5), the fact
that [2* — y||lz — y| = p?, and the fact that uw = v on 9B, ,,

1 2 e a2
u(x) = —/ wv(z) do(z)
279 Jon,, To— P
22
_ wu(z)dg@,

2rp Jop,, lz—z

Note that a = lim; o u(r) = L(u : y, p). Since u* = v on B, , ~ {y}, for
r2p,

1
L(u:y,r) = 7 s u(y + r0)do(0)
1

=5 u*(y + (p?/r)8) do (8)
™ Jig|=1

= [ vy (2 /6)do(e)
™ J)|6|=1

= v(y).

Therefore, & = L(u : y, p) = L(u : y,r) for all r > p.

(44) (n > 3) Since

u(w) = & *yI”*QU*(x*) ety < c +v($*)>

pn—2 pn—2 ‘l’* _ y‘n—Q

and v is harmonic on B, ,,

a= lim u(zx) = c

r—00 p"72 ’

that is, u* = ap™2u, +v on B, , ~ {y}. Since uy, = p~"*2 on OB, ,,u =
u* =v+aondB,, and v = u — « on B, ,. Returning to the equation

u* = ozp”fzuy + v and applying the Poisson integral representation to v
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n—2 1 2 ek 2
u(z") = *Oép772 —a+ —/ pfviylu(z) do(z)  (5.2)
2% —y[" onp Jos,, |t —z"

for z* € By, ~ {y}. Using the fact that |z — y||lz* — y| = p? and
Equation (1.5),

1 2 ek 2
_/ wu@) do(2)
0By,

Onp |z —a*|"
—yln=2 1 a2 2
_ _/ 2=y =0 2 do(z).
p onp Jos,, 12—
By Equation (5.2),
* n—2
u(z) = wu*(x*)

pn72
ap"—2 1 r—yl2 = 2

—a- [ B o
oo " 7up Jon,, o7l

for z € R" ~ B, ,. To prove the second assertion of (ii), a relation between
the spherical averages of u and u* will be established. If § > p, then

1
L(u:y,d) = — s u(y + 06) do(9)
n—2 n—2
p / |60
= u(y + 60) do(6).
=l P

Since the integrand is just u*(y + (p?/9)6),

n—2 2
P 1 . P
L(u:y,0) = 5n2;/9_1u (y + 750)do(0)

n—2

= §71,—2 L(u* :y, p*/9). (5.3)

Returning to the equation u* = ap™ 2

Uy + v,
L(u* :y,p%/8) = ap" " *L(uy : y,p°/6) + L(v : y, p° /6).
Since u, = 6"2/p*>»=2) on 0By 2 /5,

n—2

L(u* :y,p°/8) = a— +v(y).

n—2

In particular, L(u* : y,p) = o + v(y). Using the fact that v = u*on 0B, ,,
a=L(u:y,p)=Lu":y,p) =a+v(y) so that v(y) = 0 and that
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n—2
P .
L(u:y,p) = 5500 1y p)=a

whenever § > p. H

The requirement that o« = L(u : y, p) in (i7) of the above lemma need not
be satisfied. For example, if u, = 1/|z — y|" "2, n > 3,0 = limy_, uy(y) =
0 < L(ug : z,p) = p~ "2

Note that the equation in (i7) of the lemma can be put into a simpler form
under the additional hypothesis that

1 u(2)
a:L(uyvp):o_—p 0B pn_g

do(z).

In this case,

“(”j):L/aBy,p(w_xlz_p?_ L ! )u(z)da(z)

Tnp |z — | lw—y[n2  pn?

forz € R" ~ B,
Definition 5.2.3 If f is a Borel measurable function on 0B, , that is in-
tegrable relative to surface area, the Poisson Integral of f relative to

R%, ~ B, , is defined for z € R, ~ B, , by

PI(f :~ By,,)(x)

1 y— |2 —p? 1 1
= / ( ‘ ‘ n + n—2 n—2 f(Z) dO'(Z)
onp Jos,, \ |z—zl p |z —y

when n > 3 and by

922
PIS o~ By o) = 5 [ BT ey doe

when n = 2. The integrand in the n > 3 case is defined to be p~ "2 when
T = 00.

Note that the Poisson integral has been defined so that PI(f :~ B, ,) is
harmonic on ~ By ,.

Theorem 5.2.4 (Brelot [8]) If f is a Borel measurable function on 0B, ,
that is integrable relative to surface area, then u = PI(f :~ B, ,) is har-
monic on R, ~ B, , and lim SUD, ., .enBy, u(z) < lim SUD. 4208, f(z)
for all x € 0By ,; if, in addition, [ is continuous at v € 0By ,, then
hmz%x,zENB;p u(z) = f(x).
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Proof: The n > 3 case will be proved with only minor modifications required
for the n = 2 case. Applying the Laplacian A, to both sides of the equations
defining the Poisson integral, it is easy to justify taking the Laplacian under
the integral; since the integrand is harmonic, u is harmonic on R" ~ B, . It
is also easily seen that

lim u(x) = ! /aB f(z)do(z) = u(c0);

T—00 gnpnfl

that is, u is continuous at co and u(co) = L(f : y, p). It remains only to show
that u(oo) = L(u : z,d) whenever ~ B, s C R" ~ B, ,. This will be done
in two steps, the first of which specifies that = y and § > p. Applying the

inversion relative to 0B,

VR
pn72
u(x*) = WL(f 2y, p) — L(f :y,p)
1 p2 — |.'L'* _ y|2
Onp /BB Wf(z) do(2). (5.4)

Since the last term on the right is PI(f : B, ,) and PI(f : B, ,)(y) =
L(f :y,p),

n—2
L(u* :y, p2/6) = L(f - y,m% CL(fiyp) L vep)

5n72
=L(f: yaﬂ)p

whenever § > p. From the proof of the preceding lemma,

n—2

L(u:y,d) = p

= L(u* :y, p*/6),

so that L(u : y,0) = L(f : y,p) = u(co) whenever 6 > p. Consider now

any closed ball B;o,d with ~ By, 6 C R" ~ B, . Choose 69 > p such that
B, s, € Baos. Then B, 5 ~ Bys, C R" ~ B .
the latter region, u is harmonic on a neighborhood of B, 5 ~ Bys, and by

Green’s identity, Theorem 1.2.2,

I8

v,80

Since w is harmonic on

Dyu(z)do(z) = / Dyu(z)do(z).

8Bay.s

Since L(u : y,0) = L(u : y,d) for all § > &y as was just shown, the integral on
the left is zero by Theorem 2.5.3 and so both integrals are zero. By the same
theorem, L(u : x9,d’) is a constant for ¢’ > §. Since u is continuous at oo, its
spherical average over 0By, 5 converges to u(oo) = L(f : y,p) as 6’ — +o0.
Thus, L(u : z9,0") = u(oo) = L(f : y,p) for all ¢’ > 4. Since this is true
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for all ¢ for which ~ B, 5 C R" ~ B, ,, it also holds when 0’ = §. Thus,
u(o0) = L(u : zg,d) whenever ~ By 5 C R ~ B, ,. Now consider any point
x € 0By, ,. By Equation (5.1), Lemma 1.7.5, and Equation (5.4),

|Z* _ ‘n72
. . Yy
limsup wu(z) = limsup ———F—
z—x,z€~By , 2*—w, 2" €By,p P

= limsup PI(f:B,,)(z")

z*—x,2*€By ,

< limsup  f(2).

z—x,2€0By ,

u*(z")

The last assertion follows from Lemma 1.7.6. W

Theorem 5.2.5 If u is superharmonic on an open connected set {2 C RZ
then u satisfies the minimum principle on 2. If £2 is any open subset of R%,u
is superharmonic on (2, and liminf, ., ,ceou(z) > 0 for all x € 012, then
u>0 on f2.

Proof: If co ¢ (2, the first assertion is just Corollary 2.3.6. If co € 2, let

=inf{u(y);y € 2} and let M = {y € 2;u(y) = m}. Then M is relatively
closed by the l.s.c. of u. If y € M N R", then u must be equal to m on a
neighborhood of y. Suppose co € M. Since oo € {2, there is an z¢ and § > 0
such that 0B,,,, C {2 whenever p > §. Since co € M, u(co) = L(u : zo, p)
for all p > 6 and therefore u = m on ~ By, s. This shows that u = m on
a neighborhood of co. Hence, M is both open and relatively closed. Since (2
is connected, M = 2 or M = (J; in the first case, u is constant on {2 and in
the second case u does not attain its minimum on (2. To prove the second
assertion, define a function @ on 2~ as follows:

Loy u(y) ifye 2
ily) = {lim inf, .y 2enu(z) if y € 0012.

Then @ is 1.s.c. on 27 and 4 > 0 on O 2. Consider any component A of (2.
Then 0so/A C 052 and @ > 0 on JdxcA. Since R is compact, A~ is compact
and 4 attains its minimum on A~. If 4 attains a negative minimum at an
interior point of A, then the minimum principle is contradicted. Thus, @ > 0
on each component A of {2 and therefore ¢ > 0 on 2. M

Corollary 5.2.6 Ifu is superharmonic on R, then u is a constant function.

Proof: Since R, is compact and u is l.s.c. on R2, u attains its minimum
on RZ, and is therefore constant by the minimum principle. H

Example 5.2.7 (Green Function for a Half-space) Let

=R} ={(x1,...,2,) € R"; 2, > 0},n > 2,
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and consider wu(z,y) = wuz(y), the fundamental harmonic function with
pole at z € 2. For z = (x1,...,2,) € R", let z = (2/,z,), where
2 = (x1,...,0p_1) € R" ! and let 2, = (z1,...,Tp_1, —7,) be the reflec-

tion of & across the hyperplane x,, = 0. Note that u((2’,0),y) = u((z,0), y,)
since |(2',0) —y| = |(2/,0) — y,|. It now will be shown that u(x,y) — u(z, y,)
is the Green function for the half-space {2 by showing that the differ-
ence satisfies (i), (ii), and (iii) of Definition 3.2.3. Using the fact that
|z —y| < |z —yr|,u(z,y) —u(x,y,) >0 for z,y € 2. Since u(x,y,) = u(x,,y)
for x,y € 2, it is clear that u(z,y,) is a harmonic function of y so that
u(z,y) — u(x,y,) has the form of a sum of u, and a harmonic function on f2.
Fix x € {2 and let v, be a nonnegative superharmonic function on {2 that is
the sum of u, and a superharmonic function on (2. Consider the function

vz(y) - U(I’,y) + u(xvyr) = 'Um(y) - U(l’,y) + ’U,(ZL’T, y)
and any yo € R{ = {(y1,...,Yn) € R™";y, = 0}. Then

liminf (v (y) — w(z,y) + w(z,,y)) = Lminf v,(y) >0
Jiminf (ve(y) —u(@, y) +u(@r,y)) = Hminf v, (y)

since v, > 0 on {2. Moreover,
liminf (v, (y) —u(z,y) + u(z,,y)) >  lminf v, (y)
ly|—=-+oo,y€N? |y|—+oo,ye?
+  liminf  (w(z,,y) — u(z,y)).
ly|—+o0,yeN

The first term on the right is nonnegative since v, > 0 on {2, and it is easily
seen that limy| 4o yeo(u(2r,y) — u(z,y)) = 0. Thus,

liminf (ve(y) —u(z,y) +u(z,y.)) >0  for all yo € Jucf2.
Y—Yo,y€L?

By the preceding theorem, v, (y) > u(x,y) — u(x,y,) on 2 and (iii) of Defi-
nition 3.2.3 is satisfied. Thus, G (x,y) = u(x,y) — u(x, y,).

5.3 PWB Method for Unbounded Regions

The first few results of this section have been studied before and do not war-
rant elaboration. The following theorem follows easily from the definitions.

Theorem 5.3.1 Ifu and v are superharmonic on the open set {2 C RY, and
c> 0, then

(i) cu is superharmonic on (2,
(ii) u+ v is superharmonic on {2, and
(i) min (u, v) is superharmonic on {2.
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Lemma 5.3.2 Let u be superharmonic on the open set 2 C RZ.. If A is an
open subset of £2 with A~ C 2, h is continuous on A~ and harmonic on A,
and u > h on Os A, then uw > h on A.

Proof: Since liminf, ., .ca(u — h)(2) > 0 on 04, the result follows from
Theorem 5.2.5. W

As in Lemma 2.4.11, the part of a superharmonic function over the com-
plement of a ball can be lowered to obtain a harmonic patch.

Lemma 5.3.3 If 2 is an open subset of R, with R, ~ B C {2 for some
ball B = B, s and u is superharmonic on {2, the function

- u on BTN
U~B =\ PI(u:~B)  onR" ~ B~

is superharmonic on {2, harmonic on R}, ~ B~, and u > u~p on 2.

Proof: Let {¢;} be an increasing sequence of continuous functions on 9 (~
B) such that ¢; T v and let

b — oy on O (~ B)
7| PI(¢; :~ B) on 2~ B™.

By Theorem 5.2.4, each hj; is continuous on R}, ~ B and harmonic on
R ~ B~. Since u > hj on Ox(~ B),u > h; on RY ~ B by the preceding
lemma; that is, v > PI(¢; :~ B) on RZ ~ B~ . Since ¢; | u on dso(~ B),

u>PI(u:~ B) =u.p on R, ~ B™.

Obviously, u > u~p on 2. The proof that u. p is superharmonic on {2 is the
same as in the proof of Lemma 2.4.11. W

Lemma 5.3.4 If {u;;i € I} is a right-directed family of harmonic functions
on the open set {2 C R, then u = sup;c;u; is either identically 400 or
harmonic on each component of {2.

Proof: Since the assertion concerns components, it can be assumed that (2
is connected; it might as well be assumed that oo € (2, for otherwise the
assertion is just Lemma 2.2.7. By the same lemma, u is either identically
400 or harmonic on 2 ~ {oo}. If ~ B, 5 C £2, then u; = PI(u; :~ By )
on R s for each i € I and u = PI(u :~ B;s) on RY, ~ B_; by
Lemma 2 2 10 If w is harmonic on 2 ~ {oo}, it is integrable on B, s and
therefore harmonic on RY, ~ B~ 5 If w is identically +o00 on 2 ~ {oo}, then
u(00) = L(u : x,0) = 400 and u is identically 400 on 2. H

Definition 5.3.5 A family F of superharmonic functions on the open set
2 C R is saturated over {2 if it is saturated over {2 ~ {oo} in the usual
sense and if co € {2, then
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(i) w,v € F implies min (u,v) € F, and
(ii) for every ball B C R™ with B~ C 2 and u € F, the function

. U on B~
U~B =\ PI(u:~B)  on 2~ B~

belongs to F.

Theorem 5.3.6 If F is a saturated family of superharmonic functions on
the open set 2 C RZ,, then the function v = inf,cru is either identically
—00 or harmonic on each component of (2.

Proof: It can be assumed that (2 is connected and that co € (2. By
Theorem 2.6.2, v is identically —oo or harmonic on {2 ~ {oo}. Consider
any ball B C R™ with B~ C 2. If u € F, then u~p < u,u~p is harmonic on
2~ B, and v = infycru~p on 2 ~ B~. As in the proof of Theorem 2.6.2,
the family {u.p : u € F} is left-directed. By Lemma 5.3.4, v is identically
—oo or harmonic on 2 ~ B~. Since 2 ~ B~ and 2 ~ {oo} overlap, v is
identically —oo or harmonic on 2. W

The concept of polar set has an extension to the one point compactification
of R™.

Definition 5.3.7 A set Z C RZ is a polar set if to each x € Z there
corresponds a neighborhood A of x and a superharmonic function v on A
such that u = 400 on Z N A.

Theorem 5.3.8 {co} is a polar subset of R% but not of any R ,n > 3.

Proof: First consider RZ,. The function u(z) = log |z| is harmonic on R? ~
By, and has the limit +o00 as [#| — 400. Defining u(co) = +o00,u is easily
seen to be superharmonic on RZ, ~ By . This shows that {oco} is a polar
subset of R% . Now let A be any neighborhood of oo in R, n > 3, and let u
be superharmonic on A. Then ~ B, s C A for some z and 6 > 0. Let 6; > 9.
By Theorem 2.5.3, L(u : @, p) is a concave function of p="*2 for p > §;. This
implies that there are constants a and b such that L(u : x,p) < ap™ "2 +b
for p > 6. Therefore, limsup,_,,  L(u : z,p) < b < +o0. If u(c0) = +o0,
then L(u : , p) would have to approach +00 as p — +oo by the Ls.c. of u
at 0o. Therefore, u(o00) < +oo for any such v and co is not a polar subset of
R n>3 N

A polar subset of R ,n > 3, is just a polar subset of R" as previously
defined; but a polar subset of R2, may include the point at infinity. Note
that Theorems 4.2.9 and 4.2.10 cannot be generalized in the context of R,
in view of Corollary 5.2.6.

As in Chapter 2, a function u on {2 C R7 is said to be hyperharmonic
(hypoharmonic) on 2 if on each component of {2 the function u is su-
perharmonic (subharmonic) or identically +oo (—o0). If f is an extended
real-valued function on 0. (2, the upper and lower classes associated with {2
and f are defined by
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Uy = {u; lim Héf:o u(z) > f(z) for all x € 002, u hyperharmonic
22—,z

and bounded below on 2},
L7 = {w; limsup u(z) < f(z) for all © € 052, u hypoharmonic

z—x,zE€02

and bounded above on 2},

respectively; the corresponding upper and lower solutions are defined as
Hy =inf{u;u € Yy} and H; = sup{u;u € £s}. Noting that the assertions of
Lemma 2.6.11 follow from Corollary 2.3.6 and the order properties of func-
tions, the same assertions are valid in the present context with Corollary 2.3.6
replaced by Theorem 5.2.5. The boundary function f is said to be resolutive
for 2 if ﬁf = H; and both are harmonic functions. Since the collection of
functions in 4y, which are superharmonic on a given component of {2, forms
a suaturated family over that component, on each component of {2 the func-
tion ﬁf is either identically +o00, identically —oo, or harmonic. The same is
true of H -

Several of the following results will require that the complement of an open
subset (2 of R be nonpolar. In the n = 2 case, this means that R? ~ {2 must
be nonpolar so that £2 N R? is Greenian; but {2 may or may not contain oo.
This requirement is of no consequence in the n > 3 case for the following
reason. Suppose 2 C R ,n > 3, and ~ {2 is polar. In this case, co € {2 and
O0sof2 C R™. If h were any bounded harmonic function on {2, then it could
be extended to a harmonic function on R, by Corollary 4.2.16; but such
functions are constant functions by Corollary 5.2.6. Thus, the PWB method
applied to a bounded Borel measurable boundary function will yield only
constant functions.

Lemma 5.3.9 If 2 is an open subset of RY with ~ {2 nonpolar and {f;}
s a sequence of resolutive boundary functions that converge uniformly to f,
then f is resolutive and the sequence {Hy,} converges uniformly to Hy.

Proof: The proof is the same as the proof of Lemma 2.6.12. W

Lemma 5.3.10 Let {2 be an open subset of Rl with ~ 2 nonpolar. If u is
a bounded superharmonic function on 2 such that f(x) = lim, ., .cnu(2)
exists for all x € 012, then f is a resolutive boundary function.

Proof: The proof is the same as the proof of Lemma 2.6.14. W

Remark 5.3.11 Recalling that the Kelvin transformation preserves positiv-
ity and harmonicity, it will now be shown that it preserves superharmonicity
as well. Suppose 2 C R™ ~ {y} and u is superharmonic on (2. Let 2* C R"
be the inversion of {2 relative to B, ,, and let «* be the Kelvin transform
of u. Note that the Kelvin transformation preserves the order properties of
functions. An open subset of 2* with compact closure in 2* is the inversion
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A* of a set A C {2 with the same properties; similarly, any function that is
continuous on the closure of A* and harmonic on A* is the Kelvin transform
h* of a function h on A with the same properties. If u* > h* on 9A* for any
such function h*, then v > h on 9A and v > h on A since u is superharmonic
on (2. Thus, u* > h* on A* and u™* is superharmonic on 2* by the alternative
definition of a superharmonic function discussed in Section 2.3.

Remark 5.3.12 Another facet of the Kelvin transformation is important
in the discussion of barriers and regular boundary points. Suppose {2 C
Rl .,z € 0xf2,u is a positive superharmonic function on {2 such that
hmzﬁx senu(z) = 0, and there is a closed ball B,,C~ 0 . Ifx # 0
and u* is the Kelvin transform of u relative to 0B, ,, then

”— n—2
lim u*(z*) = lim -yl
Z*—x* z*Ef* z2—T,2E€82 pn72

u(z) = 0;

that is, a barrier u at x relative to (2 is transformed into a barrier u* at
x* relative to 2* provided x # oco. If x = oo and n > 3, this result does
not necessarily hold because of the indeterminancy of (|z — y|"~2/p"?)u(z)
as z — oo; if, however, x = oo and n = 2, then a positive superharmonic
function that approaches zero at oo has a Kelvin transform that is positive
and approaches zero at y. The same is true in the n = 2 case if 2 C B, ,,y €
0o {2, and u is a positive superharmonic function that approaches zero at y;
that is, the Kelvin transform of w is a positive superharmonic function on (2*
that approaches zero at oo.

An inversion relative to a sphere 0B, , can be extended to RZ by map-
ping y onto oo and co onto y. This extension, however, may not preserve
harmonicity.

Lemma 5.3.13 If u is superharmonic on By ,, harmonic on a neighborhood
of y, and u(y) = 0, then the function u* defined on Ry, ~ By , by

n—2
ut(a) = { o), @ € R~ By,

0 * = oo
) . n _
is superharmonic on RZ, ~ By7 o

Proof: Consider the n > 3 case first. It is clear that u* is L.s.c. on R, ~ B, .
and from the above discussion that u* is superharmonic on R™ ~ B, . It
remains only to show that L(u* : x,0) < 0 = u*(c0) whenever B, s O B, ,
Since w is harmonic on a neighborhood of y,0 = u(y) = L(u : y,r) for
all sufficiently small r. Since L(u : y,7) = (p"2/r"?)L(u* : y,p?/r) by
Equation (5.3), L(u* : y,r) = 0 for all sufficiently large . By Theorem 2.5.3
and Green’s identity, Theorem 1.2.2, L(u* : 2,r) = 0 for sufficiently large 7.
Suppose r1 < ro and L(u* : z,7) = L(u* : 2,r2) = 0. For any p < r < ry,
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1/7"7% is between 1/7"~2 and 1/75 % which implies that there is a X € (0, 1)
such that 1/r772 = A\(1/7"~2)+ (1 = \)(1 —r5~2). By Theorem 2.5.3, there is
a concave function ¢ on (p, +00) such that L(u* : x,8) = ¢(1/5"~2) whenever
0 > p. By the concavity of ¢,

S(L/r7 ™) Z A(1/r" %) + (1= N (1/ry 7).
That is,
0=L(u":z,m) > AL(u" : 2,r) + (1 = ML(u" : 2,r2) = AL(u™ : z, 7).

Thus, L(u* : z,7) <0 = u*(00) whenever B, D B, ,. This shows that u* is
superharmonic on R7, ~ B, . The proof of the n = 2 case is basically the
same using the fact that L(u* : 2,7) is a concave function of —logr. H

Lemma 5.3.14 Let 2 be an open subset of R such that ~ 2= # 0. If
f € C%00) and € > 0, then there are continuous superharmonic functions
u and v defined on a neighborhood of £2~ such that sup,cqq |f(x) — (u(x) —

v(x))] < e.

Proof: If co ¢ 27, the assertion is just that of Lemma 2.6.15. The two
cases 00 € {2 and oo € 02 will be considered separately. Suppose first that
00 € {2. Since ~ 27 # (), there is a ball B, , with B, , C~ 7. An inversion
relative to 0B,,, maps {2 into 2 C B, , with y an interior point of 2%,
and the corresponding Kelvin transformation induces a continuous functlon
f* on 002*. Applying Lemma 2.6.15 to the compact set 92* U {y} and the
continuous function that agrees with f* on 9£2* and is equal to zero at y,
there are continuous superharmonic functions ug and v on B, , such that

sup |f*(@*) = (uj(a”) = vi(a")| < 3
T*EDN2*

and
X

s (v) ~ v (W)l < 5.

Since L(u§ : y,7) increases to ui(y) as r|0 and L(uf : y, r)=PI(ul, By.r)(y),
PI(uf, By.r)(y) increases to ug(y) as r | 0. Similarly for v§. Thus, r can be
chosen small enough so that the continuous superharmonic functions

ut = ug on By, ~ By,
' PI(ug, By, on By,

v = Yo on By, ~ By,
L7 PI(vg, By.r) on By,

satisfy
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and
€
5

The functions uj and v] are then harmonic on a neighborhood of y. Let
u* =uj —uj(y) and v* = vf — v{(y). Then u* and v* are superharmonic on
B, ,, are harmonic on a neighborhood of y, and vanish at y. Moreover,

sup [f*(z%) — (u*(z7) = 0" (@) < sup |f*(2") - (ui(z") —vi(2"))]
T*EDN*

r*EQN*
+ [ui(y) — v (y)]
< €.

ui(y) —vi(y)] <

By the preceding lemma, the Kelvin transforms v and v of v* and v*, re-
spectively, are superharmonic on {2, provided both are defined to be zero
at oco. It is clear that uw and v are continuous superharmonic functions on a
neighborhood of 27. Since

n—2

sup |f(z) — (u(z) —v(z))| = sup %If*(m*)—(u*(m*)—v*(w*))\
T€HN T*EHN* P

< sup |f7(27) = (u (") — 0" (@T)] <

the assertion is proved in the oo € (2 case. Suppose now that co € 012
and that f is continuous on 0. (2. Since f can be approximated uniformly
by a function that is constant on a neighborhood of oo, it suffices to prove
the result for such functions. It also suffices to prove the result for functions
that are zero in a neighborhood of oo, for then an appropriate constant can
be added to w or v. It therefore can be assumed that f is continuous on
0o {2 and equal to zero on a neighborhood of co. The Kelvin transform f*
of f relative to a ball B, , C~ {27 is then continuous on 02" and zero on
a neighborhood of y € 9£2*. The remainder of the proof is the same as the
proof of the preceding case. W

Lemma 5.3.15 If 2 is an open subset of R with ~ 2= # () and f €
C%(0x92), then f is resolutive.

Proof: Since f can be approximated on 0.2 by the difference of two con-
tinuous superharmonic functions defined on a neighborhood of 92 by the
preceding lemma and the restriction of such functions to 0o, {2 are resolutive
by Lemma 5.3.10, the assertion follows from Lemma 5.3.9. B

5.4 Boundary Behavior

In order to replace the condition that ~ 2= # ) in the last result of the
preceding section by the condition that ~ (2 is not polar, it is necessary to
extend the concepts of regular boundary point and barrier.



5.4 Boundary Behavior 211

Let {2 be any open subset of RY . A point x € 0 {2 is a regular boundary
point if lim,_,, H¢(2) = f(z) for all f € C°(012); a function u is a local
barrier at x € 0,2 if u is a positive superharmonic function defined on
AN 2 for some neighborhood A of x with lim,_,, ,eanpu(z) = 0; if, in
addition, A = £2, then u is called a barrier at x € 0, (2.

Lemma 5.4.1 Let 2 be an open subset of R such that ~ 2~ % (). If there
is a local barrier at x € 0x, 12, then there is a barrier w at x defined on §2 with
the additional property that inf{w(z);z € 2 ~ A} > 0 for all neighborhoods
A, of x.

Proof: If co € 27, the assertion is the same as that of Theorem 2.6.20.
It therefore can be assumed that co € 27. Suppose first that co € 00 (2.
If £ = oo and n > 3, there is always a barrier at z with the additional
property, namely, the fundamental harmonic function |z — y|~"*2 with fixed
pole y €~ 27. It therefore can be assumed that z € 0f2. Let B, C~ 27,
let 2* be the inversion of {2 relative to 95, ,, and let v be a local barrier at z.
Then the Kelvin transform
n—2
v (%) = |zp+|2v(z), z €

is a local barrier at x* € 0f2*. By Theorem 2.6.20 there is a barrier w*
at «* defined on 2% such that inf{w*(z*);z* € 2* ~ VXAX} > 0 for all
neighborhoods V. of x*. It is easy to see that the Kelvin transform w of
w* is a barrier at x defined on {2 with the additional property. Consider
now the case co € (2. In this case, 02 is a compact subset of R™. Suppose
there is a local barrier at © € 92. The boundary function m(z) = |z — x|
is then continuous on 92 and resolutive by Lemma 5.3.15. The proof that
lim,_; e Hp(z) = 0is precisely the same as in the proof of Theorem 2.6.20.
This time, however, it is not true that the function |z — x| is in the lower
class £,, since it is not subharmonic at co € £2. If it can be shown that there
is a number a > 0 such that H,,(z) > alz — x| on {2 in a neighborhood
of x, then the minimum principle can be used to show that H,, has the
required additional property. By considering the Dirichlet problem for (2*
and the Kelvin transform m* of m, it can be seen that H,, is strictly positive
on {2 since it is true of H,,~. Consider any ball B, , D 02, and let k =
inf{H(2); 2z € 0By,p, } > 0. Choosing a < 1 such that ap; < k/4,a|z—z| <
k/4 for z € OB, ,,. Moreover, there is a function u € £, such that u(z) > k/2
for z € 0B,,p,. The function

Z,P1

[ max(u(z),alz—z|]) z€NNB;
w(z) = { u(z) 2 €2~ By,

is a member of £,,. This shows that H,,(z) > a|z — z| for all z € 2N B, ,,.
[ |
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The condition that ~ 27 # () in the following theorem can be replaced by
the less restrictive condition that ~ {2 is nonpolar. See Remark 5.4.11.

Theorem 5.4.2 Let 2 be an open subset of R% such that ~ 2~ # 0. If
the function f is bounded above on O {2 and there is a barrier at x € 02,
then limsup, ., .coH(z) <lmsup, ., .co_q f(2). A finite point x € 012
18 reqular if and only if there is a barrier at x. The point oo is always a reqular
boundary point if n > 3. A finite point x € 0xo{2 is a reqular boundary point if
and only if ©* is a regular boundary point for £2*, the inversion of §2 relative
to 0By, C B, , C~ 27 ;if oo € 982 and n = 2, then oo is a regular boundary
point if and only if y is a regular boundary point for £2*.

Proof: The proof of the first assertion is basically the same as the proof of
Lemma 2.6.21. It follows from the first assertion that a boundary point x is
regular if there is a barrier at x. As to the converse, suppose z is a finite
regular boundary point for 2. If g(z) = min (|z — z|, 1),z € 042, then H, is
a barrier at x. If z = oo and n > 3, there is always a barrier at z, namely,
the fundamental harmonic function with a pole in ~ 7. Since a boundary
point x is regular if and only there is a barrier at z, the last two statements
follow from Remark 5.3.12. W

Lemma 5.4.3 If {2 is an open subset of R, such that ~ 2~ # 0, then the
set I of irregular boundary points of §2 is a polar set.

Proof: Letting B, , C Bys C B, 5 C~ 27 # 0,1 C Ry, ~ B, ,. The
inversion I* of the set I relative to 0B, , is contained in the set of irregular
boundary points of 2* by the preceding theorem. (Note that y may be an
irregular boundary point for £2*, whereas y* = oo is not an irregular boundary
point for 2 in the n > 3 case.) Since I* is a polar subset of B, ,, there is
a superharmonic function v* on B, , such that v* = 400 on I*. Consider
the Kelvin transform v of v* deﬁned only on R" ~ B, . Since v = +00 on
I ~ {oo}, I ~ {0} isa polar set. If n = 2 and oo € I, then [ is a polar
set since {oo} is a polar subset of R2, by Theorem 5.3.8; if n > 3, then oo
cannot belong to I since oo is always a regular boundary point when n > 3,
and therefore I is a polar subset of R, ,n>3. M

Lemma 5.4.4 If 2 is an open subset of R, with ~ 2~ # 0 and Z 1is a polar
subset of 012, then there is a positive superharmonic function v defined on
a neighborhood of 2 such that lim,_., e v(z) = 400 for all z € Z.

Proof: Letting B, , C Bys C B, s C~ 27 #0,Z C R}, ~ B, ;. Ifz €
Z ~ {oo}, thereis a nelghborhood W C R" ~ B, ; of x and a superharmonic
function w = +00 on WNZ. Then the Kelvin transform of w relative to 0By,
is +00 on W*N Z*. Tt follows that the image of Z ~ {oo} is a polar subset of
B, ,. Since adjoining a single point of R" to a polar set results in a polar set,
Z* is a polar subset of B, ,. Now let jo be the smallest integer greater than 9,
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let Zj, =ZN (B, ;, ~ Bys),and let Z; = Z N (B, ; ~ By j-1),j > jo. Then

~ {00} = Uj>j,Z; and each Z7 is a polar subset of B, ,. It follows that
there is a superharmonic function v; on B, , such that v} = +oc0 on Z7. By
replacing vy on B, ,2/; by its Poisson integral as in Lemma 2.4.11, it can be
assumed that v} is harmonic on a neighborhood of y without affecting its
values on Z7. By adding a constant, it can be assumed that v;‘(y) = 0. Then
the Kelvin transform v; of v}, with v;(co) defined to be zero, is superharmonic
on RY, ~ B 5 by Lemma 5.3.13 and v; = 400 on Z;. Since v; is l.s.c. on the
compact set R, ~ By s, a constant can be added to v; to make it positive
thereon without affecting its infinities. Now let {a;};>j, be a sequence of
positive numbers such that >° . a;v;(00) < 400 on Z ~ {oco}. Since oo
cannot be in the polar set Z in the n > 3 case, the proof is complete in this
case; if oo € Z in the n = 2 case, replace v(z) by v(z) + log (|z — y|/9).

Lemma 5.4.5 Let 2 be an open subset of RY with ~ 27 £ 0. If f and g
are functions on 0o {2 such that f = g on 0 §2 except possibly for a polar

subset of 0xo {2, then Ff = Hgy and H; = H; if, in addition, f is resolutive,
then g is also and Hy = H,.

Proof: Using the preceding lemma, the result follows as in the proofs of
Theorem 4.2.19 and Corollary 4.2.20. W

The method used to prove the following lemma is due to Schwarz [57] and
is known as the alternating method. The method was originally used to
construct the Dirichlet solution on a region that is the union of two regions
known to be regular (c.f. Kellogg [35]).

Lemma 5.4.6 If (2 is an open subset of RZ, such that ~ {2 is not polar and
Z is a polar subset of 052, then there is a positive superharmonic function
v on §2 such that limy_,. yeov(y) = +oo for all z € Z.

Proof: If ~ 2~ +# (), the assertion is just that of the preceding lemma.
It therefore can be assumed that ~ 2 = 0,2 and that J..{2 is not po-
lar. Fix B, , C (2. Then Z is a polar subset of the boundary of 2 ~ B,

Consider 6‘ (Q B, ,) = 02U B,y ,. Since the points of 9B, , are reg—
ular boundary pomts for 2 ~ B, , and 0542 is not polar, some point of
Oso {2 must be a regular boundary pomt for 2 ~ B, , by Lemma 5.4.3. By
Lemma 5.4.4, there is a positive superharmonic function w on 2 ~ B, such
that lim,_., yen w(y) = +oo for all z € Z C 05 (2. Moreover, if B is a ball
containing B, , with B~ C (2, then it can be assumed that w is harmonic
on B ~ B, for if this is not the case, w can be replaced by RQ - rel-
ative to Q B , without changing its boundary behavior at points of 92
according to Lemma 4.3.2. Choose pg > p1 > p such that B, C B. Then w
is harmonic on a neighborhood of B, ~ B, ,,. Two sequences of functions
{u;} and {v;} on By ,, and 2 ~ B respectively, will be constructed as

follows. Defining

Y,p1>
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P PI(w : By,,) on By p,
! w on 0By ,,,

uy is continuous on By ,, and harmonic on the interior. Let

= 0 on s 2
Tl —w on 0By ,,
and define B
vy = Hf1 on .Q ~ BW)1
Uy —w on 0By ,,,

where Hy, is the Dirichlet solution corresponding to fi and the region {2 ~
B, ,, - Since all points of 0B, ,, are regular boundary points for £ ~ B
is continuous on {2 ~ B and harmonic on the interior. Now let

y7P1’U1
Y,p1

o — PI(w + v : By,,) on By,
? w + v1 on 0By p,.

Then us is continuous on B, , and harmonic on the interior. Again letting

2

fo = 0 on O0xof2
27 \ug —w on 9By p,,
and defining
vy = Hf2 OIl.QNBZ;p1
Uy — W on 0By, ,

vy is continuous on {2 ~ B, ,, and harmonic on the interior. The sequences
{u;} and {v;} are so defined inductively. On 9B, ,,,v; = u; —w and so

Vjt1 = = Ujpr —uj  on IBy
for j > 1; whereas on 0B, ,,,uj+1 = w + v; and so

Ujpr —Uj =Vj = Vi1 ondBy,,

for 7 > 2. Let
aj= sup |vj11(2) —vi(2)[ = sup |ujii(2) —u;(2)]
2€0By 2€0By, py
and let
Bi= sup |ujpi(2) —ui(z)l = sup  |u;(z) —vj-1(2)
2€0By, py 2€0By, py

for j > 2. Consider the boundary function ¢ that is equal to 1 on 0B, ,, and

0 on 0 {2 and the associated Dirichlet solution Hj. Since all points of 0B, ,,
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and some points of Jx {2 are regular for 2 ~ B, ,0< H; <lon 2~ B, .
It follows that there is a constant ¢ < 1 such that H, < ¢ on 0B, ,,. If §
is any continuous function on the boundary of 2 ~ B", such that lg| < g,
then |Hg| < g on 6By7p2. Since (Uj-i-l - ’Uj)/Oéj = H(fj+1ffj)/aj on {2 ~
By o [(fi1 = )/l = (uj1 —uy) /e[ <1 on OBy ,,, and |fj1 — f51 =0
on 0f2,

|(vj+1 _’Uj)/aj| = |H(fj+l_fj)/aj‘ <q on aByyﬁz'

Thus,
[vj41 —vj| <qa;  on OBy,

Therefore, 841 < qa;,j > 1. Since u;11 — u; is harmonic on By ,,,

lujr1 —us| < sup  |uja(z) —ui(2)| = B;
Z2€0By, p,y

on 0B, ,, and it follows that a; < 3;,5 > 1. Hence, ;41 < 41 < qoyj for
j > 1, and the positive series ) «; is dominated by a convergent geometric
series. This shows that the series

vi Y (0541 =)
j=1

converges uniformly on 2 ~ B, . Similarly, 841 < ¢f3;, and the positive se-
ries Y B, is dominated by a convergent geometric series, thereby establishing
that

oo
uw= lim u; =u; + Z(uj+1 — uy)
j—00 ;

J=1
defines a function that is harmonic on B, ,,. Since v; = u; —w on 0By ,,,v =
u—w on 0By ,,. Also, uj4+1 = w+ v; on 0By ,, implies that w = u — v on
0By ,; that is, v = v + w on both 0B, ,, and 0B, ,,, but since both v and
v +w are harmonic on By ,, ~ B, ;u=v+w on By ,, ~ B, , . It follows

Y,P17
that the function

_ { U on By ,,

W = _
v+w on()wBy’p1

has the desired properties. H

Corollary 5.4.7 (Bouligand [4]) If §2 is an open subset of R such that
~ 2 is not polar and h is a bounded harmonic function on (2 such that
limy_.. yen h(y) = 0 for all z € 0512 except possibly for a polar set, then
h =0 on (2.

Proof: Let Z be the exceptional subset of 0, 2. By the preceding lemma,
there is a positive superharmonic function w on {2 such that lim,_,, ,co w(y)
= +oo for all z € Z. Then for every € > 0, h + ew is superharmonic on {2 and
liminf, .. yen(h+ecw)(y) > 0 for all z € O f2. By Theorem 5.2.5, h+ew > 0
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on 2. Since w is finite a.e.on 2 N R", h > 0 a.e.on 2 N R", and it follows
from the continuity of h on (2 that A > 0 on (2. Applying the same argument
to—h,h=0o0n . A

Lemma 5.4.8 Let {2 be an open subset of RZ such that ~ (2 is not polar
and let B, , C 2N R". If f is a bounded function on 02, then

ﬁf = inf{u; u hyperharmonic on 2,u bounded below on{2, and

lim Héf:o u(y) > f(z) for all z € 012 that are regular boundary
y—zy

)

points for 2 ~ B, }.

Proof: Since the right side of the equation is less than or equal to Ff, it
suffices to show that v > H ¢ for every u in the indicated set. This inequality
is obviously true on any component of {2 on which u is identically 4o0. It
therefore can be assumed that u is superharmonic on (2. Note first that the
set Z of irregular boundary points of 2 ~ B, is a polar subset of 0.2
by Lemma 5.4.3. By the preceding lemma, there is a positive superharmonic
function w on {2 such that limy,_.. yep w(y) = +oo for all z € Z. For every
€ > 0,u+ ew € iy and therefore v + ew > Ff. Since w is finite a.e. on
QN R u>Hyae. on 2N R". Thus, for x € 2N R", u(x) > lims_o A(u :
x,0) > lims_oA(Hy : ,6) = Hy(x). This shows that u > H; on 2N R";
if co € {2, it follows from Definition 5.2.1 that for any x € R™ and § > 0 for
which ~ B, s C 2,u(00) > L(u : ,6) > L(H; : x,8) = H(c0), showing

that u> Hyon 2. A

Theorem 5.4.9 Let {2 be an open subset of RZ, such that ~ §2 is not polar.
Then each f € C%(0x(2) is resolutive.

Proof: Since f is bounded on the compact set O {2, the same is true of H s
and H; and both are harmonic. Let m = sup,csp, |f(2)| and let B, C £2.
The Dirichlet solution H, corresponding to {2 ~ B, , and the boundary
function

_fm+1 on 0B, ,
9= f on 0412
Hy(z) = f(z) whenever z €
0542 is a regular boundary point for £2 ~ B, ,. Moreover, the function

is harmonic on {2 ~ B, and hmzﬂm’ZeQNB;p

{erl on B, ,
u = L
H, on {2~ B ,

is superharmonic on 2 and lim,_, ,cou(z) = f(x) whenever z € 052 is
a regular boundary point for {2 ~ B, . By the preceding lemma, u > Ff.
Similarly, there is a subharmonic function v on {2 such that v < H; and
lim, ., e v(z) = f(x) whenever z € 0?2 is a regular boundary point for
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Q2 ~ B, ,. It follows that lim, ., .co(Hf — H;)(z) = 0 for all € .12 that
are regular boundary points for {2 ~ B, ; but since the irregular boundary
points of 2 ~ B, constitute a polar set by Lemma 5.4.3, Hf —H;=0by
the preceding corollary. W

By the preceding theorem, each f € C%(0x2) determines a harmonic
function Hy on {2. For each = € {2, the map © — Hy(x) is a linear functional
on CY%(0x12) to which the Riesz representation theorem may be applied to
obtain the integral representation

o) = [ £ds

where p, is a Borel measure on doo {2 with f15(052) = 1 since Hqi(z) = 1. If
{f;} is an increasing sequence of boundary functions such that Hy, > —oo on
2 and f = lim;_. f;, then the proof of Lemma 2.6.13 is valid in the present
context and results in Hy = lim;j_cHy,; if the f; are also resolutive, then

Hp(a) = H(x) = / f e (5.5)

on {2, where the three quantities are all +oc0 if any one is +o0o. This result
can be used to show that the indicator functions of compact subsets of Js {2
are resolutive. Using the minimum principle of Theorem 5.2.5 as in The-
orem 2.9.2, the class of u, null sets is independent of  on any component
of 2. If for each x € (2, F, is the completed Borel o-algebra of subsets of Jx {2
relative to p,, then F = NyecnF, is called the o-algebra of u,-measurable
sets; those F-measurable functions f on 0sf2 for which [ |f|du, < +oo
for some x in each component of {2 are called u,-integrable functions. As
before, u,, extended to F, will be called harmonic measure relative to x
and 2. If necessary, the dependence of harmonic measure on the set 2 will
be noted by using the notation .

For the remainder of this section, {2 is an open subset of R" having a
Green function. The point co € RZ is allowed to be a boundary point of {2
but not an interior point. As a subset of R’ , 00 €~ (2 and ~ (2 is not polar
in the n > 3 case; in the n = 2 case, R™ ~ (2 is not polar by Theorem 4.6.1 so
that R7 ~ (2 is not polar. The results of this chapter are therefore applicable
to (2 as a subset of RL,. If F'is a relatively closed subset of 2, Hy 2~F il
denote the Dirichlet solution corresponding to f and 2 ~ F, regarded as a
subset of RZ .

Theorem 5.4.10 Let {2 be a Greenian subset of R™ such that ~ §2 is nonpo-
lar. If Z is a polar subset of 0o S2, then 1, (Z) =0 for all x € 2. Moreover,
if [ is a resolutive function on 0x§2 and g = f q.e. on 0x{2, then g is
resolutive on Ox {2 and Hy = Hy on (2.
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Proof: Fix x € (2. By Lemma 5.4.6, there is a superharmonic function u
on 2 with u(z) < +oco such that lim,_..  cou(y) = +oo for all z € Z.
Since (1/n)u € HQZ,O < H,,(z) < (1/n)u(zx) for all n > 1 and therefore
pe(Z) = [ Xz dpy = Hy, (x) = 0. The second assertion follows from the first
and Equation (5.5). W

Remark 5.4.11 Let 2 be an open subset of R™ such that ~ (2 is not polar.
The results of Theorem 5.4.2 then hold for such (2. To see this, consider a
closed ball B~ =B, s C 2. 1f f € C%(0x092), let

| f on Ouo {2
9= HJQ on 0B, 5.

By considering upper and lower PWB solutions, it is easily seen that

0 O~B— —2~B~ —
Y <HOP <H]" <H
on {2 ~ B~. Since f is resolutive, HJ? = HQQN37 on {2 ~ B~. Thus, Hf has

the same boundary properties as H*~B" at points of s 2. Since the results

of Theorem 5.4.2 apply to {2 ~ B~ they also apply to 2. Note also that if y €
042 is a regular boundary point for (2, then it is also a regular boundary point
for £2 ~ B~ and there is a barrier v at y on {2 ~ B~ having the additional
property that inf {u(z);z € (2 ~ B™) ~ A} > 0 for each neighborhood A of
y. It is easy to see that the barrier u has a superharmonic extension on 2
satisfying inf {u(z); z € 2 ~ A} > 0 for each neighborhood A of y.

Theorem 5.4.12 Let {2 be a subset of R™ such that ~ (2 is nonpolar and let
x € £2. Ifyo is a finite, regular boundary point, then limy .y, yeo Go(z,y)= 0.
If n > 3 and 00 € 0x12, then limy_.oc Go(z,y) = 0. If n = 2 and oo is a
regular boundary point for §2, then limy_.o yen Go(z,y) = 0.

Proof: Suppose first that n > 3 and co € 0 §2. Since Gg(z, ) < G(z,-)
by Theorem 3.2.12, lim, .o Gn(z,y) = 0. Suppose now that yo is a finite,
regular boundary point for 2. By Theorem 5.4.2 and the preceding remark,
there is a barrier u at yo on 2 such that inf {u(z);z € 2 ~ A} > 0 for all
neighborhoods A of yy. Choose ae > 0 such that A, = {z € 2;G(z,2) > a}
has compact closure in 2. Choosing n > 1 so that nu > a on dA,,nu >
Go(x,-) on 04, and therefore nu > Gg(x,-) on 2 ~ A, by Theorem 3.3.8.
It follows that limy .y, yeo Go(z,y) =0. W

It is possible to relate the swept measures 66(1, -) to the harmonic mea-
sures p2 by means of the following theorem.

Theorem 5.4.13 If u is a mnonnegative superharmonic function on the
Greenian set 2 C R™, A is an open subset of {2, and
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f= w on 2N 0/
T 10 on 02N 04,

then f is resolutive and H]{1 =RY_, on A

Proof: Let v be a nonnegative superharmonic function on 2 with v > u
on 2 ~ A Then liminf, ., cav(y) > f(z) for @ € O0sA N 2 and
liminfy .z yeav(y) > 0 = f(z) for & € Joof2 N 0o A. Thus, v € Ll]/}. It
—A

follows that R%,, > Hf > ﬂ}l > 0 on A. Since R, , < v and the latter
is finite a.e. on A, f is resolutive relative to A, H ;1 < RY._ 4, and therefore
H]{l < RY%._ . Now consider any w € ilf. Since uls € Ll]/},min (w,uls) € u;‘.
Define w on {2 by

@ = {min(w,u|A) on A
u on 2 ~ A.

Then w is superharmonic on {2, majorizes v on {2 ~ A, and therefore w >
R, 4> RE,, on £2. Since w > w on A,

Hy=H}>RY., onA
and it follows that H){1 =R% _,onAd N

Remark 5.4.14 If A~ C {2, then by Theorem 4.7.4

/udu;1 = /u(y) S~ MNa, dy), x € A

Applying Lemma 5.3.14 to 2 ~ A~ it follows that u2 = §{2~4(x, ) whenever
A= C .

Let £2 be a Greenian subset of R™. Consider the following extension go(x, )
of Go(x,-) to R for x € (2.

Gol(x,y) ifye R
galr,y) = 0 ifye R ~ 0
limsup, ., .cnGa(r,2) if y € 0 f2.

In the case of unbounded {2, the definition of gg,(z, 00) is consistent with the
behavior of G (z,-) at co. According to Theorem 4.5.4, go(x,) = 0 g.e. on
0f2. If (2 is unbounded, gq(z,00) = 0 in the n > 3 case; in the n = 2 case,
oo is a polar subset of 0 {2 according to Theorem 5.3.8 so that go(z,:) =0
g.e. on O 2. The function g (z,-) has the following properties:

(i) go(x,)=0q.e. on 02,

(ii) gn(z,-) is subharmonic on R"™ ~ {z}, and

(iii) if n > 3 or n = 2 and oo is a regular boundary point for {2, then
go(x,00) = 0.
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Theorem 5.4.15 If A is an open subset of the Greenian set {2 C R™, then

(i) for each x € 02, the function go(x,-)|a..  is a resolutive boundary func-
tion, and
(ii) ga(z,y) = Galz,y) = HJ(, \(x), zeAyeR.

Proof: For = € (2, let

Fuly) = Go(z,y) ify € 2N A
w\Y) = 0 ify€0.02N 0.

By the preceding theorem, Theorem 5.4.13, the function f, is resolutive on
O /. Since g = 0 q.e. on 0o 82, fz = ga(x,-) q.e. on Juo A so that go(z,-)
is resolutive by Theorem 5.4.10 and () is true. The proof of (i7) will be split
into two cases.

Case (i): (y € Q ~ 0xA). Since Gp(y,-)|a € ilAy,GQ(y,~)|A > H]{L on A.
Since Hﬁl is a harmonic minorant of G (y,-) on A, ghm, Go(y, ) > Hjily on
A. Consider any v € E;}y. Then for z € 0,0/

limsup ghm, Gp(y,z) > limsup v(z) > f,(z),

r—z,x€A r—z,2EA

ghm , Gp(y,-) € E;}y and therefore ghm , G (y, ) < H;}J on A. Thus,
ghm, Gqo(y,-) = H]fl on A.

Since fy, = go(y,) qe. on 0xA, ghm,Go(y,:) = H;‘n(%_) on A. By

Theorem 3.4.8, for x € A, Gp(y,x) = Ga(y,x) + h where h is a nonneg-
ative harmonic function on A. Since ghm G4 (y,-) =0on A,ghm G (y,:) = h
on A by Lemma 3.3.6. Therefore, for = € A,

ga(w,y) = Galz,y) = Galy, )
= Go(y,r) — ghmp Go(y,v)
= Go(r,y) = Hyp(y, (@)

and (i7) holds in the y € 2 ~ d. A case.

Before discussing the next case, it will be shown that
E‘QNA(GQ(yv')vx) = RQNA(GQ(x7')7y)a HAES A7y € 0. (56)

For x,y € A, it follows from Case (i) that Ga(7,y) = Go(x,y) — Hyp(y,)(2).
Since G4 and G are symmetric functions, H, gn(y,_)(x) is a symmetric func-
tion on A x A. Since go(y,-) = Go(y,-) on 2N 0xxA and gn(y,-) = 0 quasi
everywhere on 0§2 N 0o/, for z,y € A
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Ro~a(Goly, ) x) = Hp 3 (@) = HpY 3 (y) = Rena(Galx, ), y)  (5.7)

by Theorem 5.4.13. Suppose now that z € A and y € 2 ~ A. Letting A,, =
AU B, 1/, and using the preceding equation,

Ro~a, (Go(y,),z) = Roea, (Ga(z, ), y).

By Theorem 4.6.5,

Ro~ oy (Ge(: ), ) = Raovaugy (Ga(z,),y).

Since 2 ~ (AU{y}) differs from 2 ~ A only by a polar set, by Corollary 4.6.4
the preceding equation holds with 2 ~ (AU {y}) replaced by 2 ~ A. Thus,
Equation (5.6) has been established.

Case (ii): (y € QN 0xA). Suppose first that y is a regular boundary point
for A. Since Roa(Go(y,-), ) = Ro~a(Go(y,-),-) q.e. on 2 and polar sets
have Lebesgue measure zero, there is a set Z C (2 of Lebesgue measure
zero such that Roa(Go(y, ), ) = Roua(Gal(y, ), z) for x € 2 ~ Z. By
Theorem 2.4.7,

R_QNA(GQ(.’E,~),y) = liminf R(ZNA(G(Q(Z',’),Z).

z—y,2€ZU{y}

The liminf on the right can be calculated by taking the minimum of the
liminf on A ~ (ZU{y}) and the liminf on (2 ~ A) ~ (Z U{y}). Since y is
a regular boundary point for A,

lim inf Roa(Go(z, ), z) =

lim HA z)=Golr,
z—y,z€A~(ZU{y}) z—y,z€A~(ZU{y} gn(m,~)() Q( y)

by continuity of G'(x,-) at y. Moreover, since Roa(Go(z,-), ) = Go(z,)
on 2~ A,

lim inf Rou(Gol(z,-), 2) = lim inf Golz,
eIy Bena(Gale )2y = lminf e G2
= Golz,y).

Therefore, RQNA(GQ(x,~),y) = Gg(z,y),z € A, whenever y is a regular
boundary point for A. By Theorem 5.4.13, Equation (5.6), Equation (5.7),
and the above equation,

Galx,y) — HY (, 1(2) = Go(z,y) — Roa(Galy, ), )
= Gﬂ(x,y) - RQ,\,A(GQ(QZ, )ay)
= G9<x?y) - GQ(xvy) =0
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for x € A and y € 2N 0/ a regular boundary point for A; since G, is a
symmetric function,
A _ 774
Hgo(ya‘)(x) - HQQ(I»')(y)

for such z and y. For z, z € A, by Case (i),

gA(ZE,Z) = GQ('I’ Z) - H;‘Q(zv)(x)

=Go(z,z) — H;‘Q(L,)(z).

Letting z — y and using the fact that y is a regular boundary point for A,

gA(-%?J) = Gﬂ(x7y) - H{fn(ﬂfv')(y)
= Galz,y) — H\ (5 (2).

Thus for x € A,

ga(z, y) = GQ(‘T’ y) — H;Q(y,)(l‘)a
except possibly for a polar subset of 2N 0y A. Combining the two cases, the
above equation holds for all y € {2 except possibly for a polar subset. Since
ga(x,+) is subharmonic on R™ ~ {z} and Gp(x,-) is harmonic on 2 ~ {z},
both sides are subharmonic on {2 ~ {«} and the equation holds for all y € 2
by Theorem 2.4.7. A

Theorem 5.4.16 If (2 is a Greenian subset of R™ and A C {2, then

G?Z(x7y) = RA(GQ(x7'>7y) = RA(GQ(ya ),l‘) = Gg(?/’x)’ T,y € '((2 )
5.8

Proof: Suppose first that A is closed. Then {2 ~ A is open and
Ra(Go(r,),y) =Ra(Galy,),2), wye2~A

by Equation (5.6). If either z € A or y € A, replace A by A, = A ~
(Bx,l/nUBy,l/n) so that RA,,L (Gﬂ(xa ')7 y) = RA,,L(GQ(ya ')’ 1'); letting n — oo,
RAN{I’y}(GQ(J}', ),y) = RAN{I’y}(GQ(y7 -),x) by Theorem 4.6.5. Since A dif-
fers from A ~ {z,y} by a polar set, Equation (5.8) holds whenever A is a
closed set. It then follows from Theorem 4.6.5 that the equation holds for F,
sets and, in particular, for open sets. Lastly, consider any A C (2 and any
open set O C 2,0 € O(S2). By Equation (5.8), (vi) of Theorem 4.3.5, and
Lemma 4.6.12,

RA(Go(z,-),y) =Ra(Galy,-),x), x,ycl

Since RA(Go(z,-),y) = Ra(Go(z,-),y) and Ra(Go(y,-),z) = Ra(Go
(y,-),z) for x,y € 2 ~ A by Theorem 4.6.3,

ﬁ,A(GQ(Z‘,'),y) :RA(GQ(Z/7')7J;)7 T,y € 2~ A
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If 2 € Aory € A, apply this result to A ~ {x,y} and use the fact that this
set differs from A by a polar set to arrive at Equation (5.8). W

Theorem 5.4.17 Ifu is the potential of a measure ju on the Greenian set {2
and A C §2, then

Proof: The first and fourth terms are equal by Theorem 4.7.4. By Tonelli’s
theorem,

/GA x,y) u(dy) = / Goly,z) 6H(x,dz) p(dy)
f/ (2) Az, dz) = R (x)

so that the first and third terms are equal. By the symmetry of G4(x,y)
established in the preceding theorem,

G611, ) / G, ) 67 (1, dy) = / Gola.y) / 58 (2. dy) pu(dz)

-/ ( [Gatew 6é<z,dy>) () = [ Geua) )
— [ G2 utde) = Ghuto).
This shows that the second and third terms are equal. Lastly,
Ghuto) = [ Ghloy) uldy) = [ [ Galy. )58 (o.d2) n(ay)
— [ () 88w, d2) = Ry (o)

so that the first and third terms are equal. W

5.5 Intrinsic Topology

In view of the central role of superharmonic functions in potential theory, a
topology defined by such functions would be better suited to potential theory
problems than the metric topology.

Definition 5.5.1 The fine topology is the smallest topology on R™ for
which all superharmonic functions are continuous in the extended sense.

Since each fundamental harmonic function w, is superharmonic on R"
and {y € R™;u,(y) > a} is a ball, balls with arbitrary centers and radii are
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finely open. It follows that the metric topology is coarser than the fine topol-
ogy. In particular, open sets are finely open, continuous functions are finely
continuous, etc. Since it was shown in Corollary 4.3.12 that there are finite-
valued discontinuous superharmonic functions, the fine topology is strictly
finer than the metric topology. If u is any superharmonic function on R™ and
a, f are any real numbers, sets of the type {z;u(z) > a} and {z;u(x) < 5}
must be finely open; sets of the first type are open but sets of the second type
must be adjoined to the metric topology. The collection of such sets can be
taken as a subbase for the fine topology. If u is superharmonic on the open
set 2 C R™, then u is finely continuous on (2. To see this, let € {2 and let B
be any ball containing x with B~ C 2. By the Riesz representation theorem,
u differs from a Green potential Gpr by a (continuous) harmonic function
on B; since Gpv differs from the superharmonic Newtonian potential U” by
a harmonic function on B, u differs from a superharmonic function on R™ by
a harmonic function on B. Thus, w is finely continuous at .

The fine closure of a set A C R"™ will be denoted by clf A, the fine
interior by int¢ A, the fine limit by f-lim, the fine limsup by f-limsup, etc.
If O is finely open, the notation O will be used as a reminder that is finely
open; if I' is finely closed, I'Y will be used as a reminder of this fact. A set A
will be called a fine neighborhood of a point x € A if it is a superset of a
finely open set containing .

Theorem 5.5.2 If Z is a polar subset of R™, then Z has no fine limit points;
in particular, the points of Z are finely isolated points.

Proof: Assume that z € R" is a fine limit point of Z. Then x is a limit point
of Z. Since this is true if and only if z is a limit point of Z ~ {z} and the
latter is polar, it can be assumed that = ¢ Z. By Theorem 4.3.11, there is a
superharmonic function u such that u(z) < liminf,_, yezu(y) = r < +oo
for any r > 0. Thus, there is a neighborhood O of x such that u(y) >
1(r+u(z)) for y € ONZ; but since w is finely continuous at x, there is a fine
neighborhood Of of z such that u(y) < (r + u(z)) for y € O/. Therefore,
(ONZ)n0f =(0NO0F)NZ =1. Since O N O7 is a fine neighborhood of x
that does not intersect Z, x is not a fine limit point of Z, a contradiction. l

Example 5.5.3 Consider the sequence of points {z;} in R? with z; =
(1/4,0),5 > 1. There is a fine neighborhood of (0,0) that contains no points
of the sequence.

5.6 Thin Sets

Consider an open set {2 and a point = € (2. Then x is a regular boundary
point for the Dirichlet problem if there is a cone in ~ {2 having x as its vertex.
For a boundary point to be irregular, ~ {2 must somehow be thinner than a
cone at x. The concept of “thinness” of a set at a point expresses this more
precisely.
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Definition 5.6.1 A set A is thin at x if = is not a fine limit point of A.

Theorem 5.6.2 A polar set Z is thin at every point of R™.

Proof: By Theorem 5.5.2, no point of R™ is a fine limit point of Z. W

In particular, a line segment in R? is thin at each of its points since it is
polar by Example 4.2.8. Also note that A is thin at x whenever = is not a
limit point of A.

Theorem 5.6.3 A set A is thin at a limit point x of A if and only if there
is a superharmonic function u on a neighborhood U of x such that

u(z) < yéx,lﬁgllmnl}f%m} u(y).

Proof: It can be assumed that x ¢ A. Suppose that A is thin at x. There is
then a fine neighborhood O7 of z such that Of N A = (). Since z is a limit
point of A, 07 is not a metric neighborhood of z. Since the class of sets of
the form {y;v(y) < a} and {y;v(y) > B} for arbitrary «, 5 and arbitrary
superharmonic functions v constitute a subbase for the fine topology, it can
be assumed that O has the form Of = N/_, {y;u;(y) < a;} N U where U is
a neighborhood of 2 and the w; are superharmonic. Since z € Of, u;(z) < a;
fori=1,...,jand € > 0 can be chosen so that 0 < € < min;<;<;(a; —u;(x)).
With this choice of €, it can be assumed that OF = M/_ {y; ui(y) < us(x) +
e}NU. Now let w = >_7_, u; which is superharmonic. It remains only to show
that u(z) < liminf, .,  ca~{z} u(y). Since the u; are ls.c. at z, there is a
neighborhood V' C U of = such that u;(y) > u;(x) — (¢/j) for 1 < i < j
and y € V. Consider any y € AN V. Since O N A = 0,y ¢ Of and so
ug(y) > uk(xz) + € for some k. Thus,

uly) = ZU¢(y) > Zui(l') e u@) + 5

i=1 J

that is, u(y) > u(x)+e/j for ally € ANV. Therefore, liminf, ., ez u(y)
> u(x), as was to be proved. Conversely, suppose there is a superharmonic
function u on a neighborhood U of z such that

< lim inf =T
S T

It can be assumed that r < 400 since u can be replaced by min (u, u(z) + 1).
Consider O/ = {y; u(y) < %(u(z)+r). By choice of r, there is a neighborhood
V C U of z such that u(y) > % (u(z)+r) for y € ANV. Then O/ N(ANV) =
(O NV)N A =0. Since O NV is a fine neighborhood of x, x is not a fine
limit point of A and A is thin at z. W

Note that the function u constructed in the proof of the necessity is su-
perharmonic on R".
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Theorem 5.6.4 A set A is thin at a limit point x of A if and only if there
is a superharmonic function u such that

u(z) < lim u(y) = +o0. (5.9)
y—z,yeA~{z}

If x belongs to the Greenian set {2, then there is a potential u = Gop satis-
fying (5.9) for which u has compact support in 2.

Proof: The sufficiency was proved in the preceding theorem. To prove the
necessity, suppose A is thin at x. As usual, it can be assumed that z ¢ A.
By the preceding comment, there is a superharmonic function v such that
v(r) < limy_; yea~gfzy v(y). If the right side is +oo, there is nothing to
prove. Assume that the right side is finite. Let B = B, , be any ball. By
the Riesz decomposition theorem, Theorem 3.5.11, there is a measure v on
B and a harmonic function A on B such that v = Ggr + h on B. Since h
is continuous at x, it can be assumed that v = Gpgr on B. Let {¢;} be a
decreasing sequence of positive numbers. Since

v(x) = /B Gp(z,y)dv(y) Jr/B Gp(z,y)dv(y) < +oo

J NB””"J’

and the second integral on the right increases to v(x),

lim Gp(z,y)dv(y) = lim [ Gp(z,y)dvj(y) =0

j—o0 Bw,sj j—o0

where v;(M) = v(M N Bg,) for each Borel set M C B. By passing to
a subsequence, if necessary, it can be assumed that Zj Gprj(z) < +oo.
The function u = j G pv; is then superharmonic on B and finite at . Let
§ = liminf, .5 yea(v(y) — v(z)) > 0 and let v; = Gpy;. Then v = vj + h;
where h; is harmonic on By ., and it follows that

liminf (v;(y) —v;(x))

y—xz,ye

> liminf (v;(y) + h;j(y)) + lminf (—h;(y) —v;(x))
y—wc,ye/l y—»x,yé/l

pu— 1. 1 f - > 6
Jininf (v(y) —v(z)) 2

for all j > 1 and that

p p
imi (y) — ; >
Jiminf D viy) = D vi(@) | = pd
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for all p > 1. Therefore,

P P
lim inf Z vi(y) > Z vj(z) + pd > pd
-1 j=1

y—z,yeA“
=

for all p > 1. Since u = >, v; > S wvj liminf, L, yeau(y) > pd for all
p > 1. Therefore, liminf,_., yea u(yS = +o00. Now extend u to R™ using
Lemma 4.3.10. Suppose now that x belongs to the Greenian set {2, and let
B = B,, be a ball with B~ C (2. Choose a decreasing sequence {e;} of
positive numbers as above for which ¢; < r. By Tonelli’s theorem, u =
>.;Gpr; = Gp(}_,vj) on B. Letting p =}, v; on B, Gopu has the same
properties as u = Ggpu since the two differ by a harmonic function on B. B

Corollary 5.6.5 If A is thin at a limit point © of A, then

lim 0(0By,rNA)

=0.
r—0 J(me)

Proof: By the preceding theorem, there is a superharmonic function u such
that u(z) < lim, ., yea~{z} u(y) = +00. It can be assumed that u is non-
negative on a neighborhood of z. For sufficiently small r» > 0,

u(x) > Lu: z,r) = L /aB u(y) do(y)

oprnt

1
e u(y) do
o RO

0(0B, N A) .
> - 7 .
= T 5(0Bsy) <yeé?£nA “(y)>

Since u(x) < o0 and the last factor tends to +o00 as r — 0,

Y

lim (0B, N A)

=B,y ™

This section will be concluded by showing that thinness is invariant under
certain transformations. A map 7: R" — R" is measurable if 77}(M) is a
Borel subset of R™ for each Borel set M C R™; if, in addition, |tz — 7y| <
| — y| for all z,y € R™, then 7 is called a contraction map.

Theorem 5.6.6 If A is thin at x and 7 : R™ — R" is a contraction mapping
such that |Tx — Ty| = | — y| for all y € R™, then 7(A) is thin at Tx.

Proof: If z is not a limit point of A, it is easy to see that 7z is not a limit
point of 7(A) and thinness is preserved. It therefore can be assumed that x is
a limit point of A and that x ¢ A. By Theorem 5.6.4, there is a superharmonic
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function w such that u(z) < liminf, ., yeau(y) = +o0. It can be assumed
that u is nonnegative on a ball B containing = and, in fact, that u = Gpgpu
where p is a measure on B. Since u = Gppu differs from the Newtonian
(logarithmic) potential U¥ by a harmonic function that is continuous at x,
it can be assumed that

uly) = Ur(y) = / u(y, 2) du(z)

where u(y, z) = uy(z). Extend p to R™ by putting u(R™ ~ B) = 0. The map
7 induces a measure u7 ' on the Borel subsets M C R"™ by the equation
(ur= 1) (M) = p(r=1(M)). Consider

—1

U () = / u(y, 2) () (2).

Applying the transformation 7,

Ur ) = / uly, 72) du(2).

Therefore,
U’”fl(Ty) = /u(Ty,Tz) du(z).

Since |ty — 72| < |y — 2|, u(ry, 72) > u(y, z) and U™ (7y) > Uk (y). Note
that U+ is superharmonic with

UM (1) = /u('rx,Tz) du(z) = /u(x,z) du(z) = Ut (x) < +o0.

Since |tz — Ty| = |z — y| for all y,
1 —1
usr = urr > Ut (y) = +o0.
z—»rzl,IzIé'r(A) (Z> Tyﬂ}rgl,yEA (Ty) - yaaleEEA (y) o

Thus, U*™ ' (12) < lim, ., cer(a) U '(z) and 7(A) is thin at 7z by
Theorem 5.6.4. W

5.7 Thinness and Regularity

Regularity of boundary points relative to the Dirichlet problem can be
characterized in terms of thinness. The latter will be characterized in terms
of regularized reduced functions first.
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Definition 5.7.1 An extended real-valued function u defined on the open
set 2 peaks at x € 2 if u(x) > sup,c .o u(y) for every neighborhood O
of x.

If (2 is Greenian, there is no problem in finding a positive superharmonic
function u that peaks at x € 2, namely, u = Gp(x,-).

Theorem 5.7.2 Let {2 be a Greenian set and let u be a positive superhar-
monic function that peaks at x € £2. A set A C (2 is thin at x if and only if
RY(x) < u(z).

Proof: Note that A is thin at z if and only if A ~ {z} is thin at z. By
Corollary 4.6.4, R%N{x} = RY. It therefore can be assumed that z € A, in

which case R%(z) = R% (). It will be shown now that RY (z) < u(z) implies
that A is thin at z. Since A is thin at z if = is not a limit point of A, it can be
assumed that x is a limit point of A. Since RY% () < u(x), there is a positive
superharmonic function v on {2 that majorizes u on A such that v(z) < u(z).
Therefore,
Jiminf vy) > lminf uy) > u(@) > v(z)

and A is thin at x by Theorem 5.6.4. Suppose now that A is thin at z. If z is
not a limit point of A, it is easily seen that R%(z) < u(x) since u peaks at x.
Assuming that x is limit point of A, by Theorem 5.6.4 there is a potential v on
{2 such that v(z) < liminf, . yeav(y). It can be assumed that v is bounded
above on {2 by replacing v by min (v, v(z) + 1) if necessary. Let o be such that
v(r) < o <liminf,_; yeav(y). For A > 0, let wy = u(x)+A(v—a). Thereis a
neighborhood O of z such that v(y) > a fory € ONA. Then wy > u(x) > u(y)
for y € ONA since u peaks at . Moreover, u(z) —u(y) > v > 0fory € 2 ~ O
since u peaks at x. Since v is bounded, a positive number Ag can be chosen so
that A\o|v(y)—a| < v < u(x)—u(y) fory € 2 ~ O. Then A\g(v(y)—a) > u(y)—
u(zx) for y € 2 ~ O and wy, (y) = u(x) + Ao (v(y) —a) > uly) fory € 2 ~ O.
Since wy, (y) > u(y) for y € O N A,wy, > uw on A, and therefore wy, > RY.
By choice of a, u(x) > u(z) + Ao(v(z) — @) = wy, (x) > RY(x) > RY(z). W

Lemma 5.7.3 If B is a ball of radius %, then there is a positive, continuous,
superharmonic function w on B such that for each x € B the function u
has a decomposition into a sum of two positive, continuous, superharmonic
functions of which one peaks at x.

Proof: Only the n > 3 case will be discussed, the n = 2 case being essentially
the same. Define

1
uly) = | ———— dz, € B.

It follows from Theorem 3.4.12 that u is a positive, continuous, superharmonic
function on B. Consider any x € B and choose r > 0 such that B, , C B.
Letting
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(y) _ d eB
U = y4
R R e

1
UQ(y):/ _ dZ, yGB,
BB, 1Y — 2|72

u = u1 + us. Using Gauss’ Averaging Principle, Theorem 1.6.2, to evaluate
the integrals, it can be shown that u; peaks at . W

Theorem 5.7.4 The set of points of A C R™ where A is thin is a polar set.

Proof: Since thinness is a local property and a countable union of polar sets
is again polar, it suffices to consider the case for which A is a subset of a ball of
radius % Suppose A is thin at € A. Let w = w; + w9 be the superharmonic
function described in the preceding lemma. Taking reduced functions relative
to B,R% () < wi(x) by Theorem 5.7.2. By Theorem 4.3.5,

RY(2) < RY +RY () < wa(2) + wale) = w(z) = RY(2)

and = € {y; RY(y) < R¥(y)}. By Corollary 4.6.2, the latter set is polar and
it follows that the set of points in A where A is thin is a polar set. W

Corollary 5.7.5 A set Z C R™ is polar if and only if it is thin at each of
its points.

Proof: If Z is thin at each of its points, then Z is polar by the preceding
theorem. By Theorem 5.6.2, a polar set is thin at each of its points. W

Regularity of a boundary point of a Greenian region {2 can be related to
thinness of ~ (2 at the point.

Lemma 5.7.6 Let F' be a closed subset of R™. Then F is not thin at the
finite point x € OF if and only if there is a positive superharmonic function
w defined on some neighborhood O of x such that limy_., yeo~r w(y) = 0.

Proof: Suppose F' is not thin at the finite point x € JF. It can be assumed
that F' C B = By s. Also let u(y) = 0 — |y — 2| for y € B. Then w is a positive
superharmonic function on B that peaks at z. Consider f{% relative to B.
Then R (z) = u(z) by Theorem 5.7.2 and

liminf R%(y) > liminf R%(y) > R%(z) = u(x).
,Jminf F(y)_ygg’géB r(y) =2 Rp(z) = u(z)

Consider the superharmonic function w = u — f{% on B ~ F. If w van-
ishes at some point of B ~ F, it must be identically zero on B ~ F' by the
minimum principle; this would imply that » is harmonic on B ~ F' since
RY is harmonic there, a contradiction since the Laplacian of u is strictly
negative. Thus, w > 0 on B ~ F. Moreover, limsupy_myeBNFw(y) <

u(xz) — liminfy_,LBpr{}fﬂ(y) < 0. Therefore, limy_., yep~rw(y) = 0.



5.7 Thinness and Regularity 231

This proves the necessity with O = B. To prove the converse, let w be a
positive, superharmonic function on O ~ F' for some neighborhood O of x
such that lim,_., yeo~r w(y) =0, and let B = B, 5 C O. It can be assumed
that O = B. Assume that F' is thin at x; that is, there is a subharmonic
function v on B such that v(z) =1 and v(z) < —1 on BN (F ~ {z}) accord-
ing to Theorem 5.6.4. Let B; be a second ball with center x with B; C B.
Since v < —1 on FF'N9dB1,v < 0 on a neighborhood W of F' N 0By, and
for any positive number A\,v — Adw < 0 on W N (0By ~ F). Since w > 0 on
0By ~ W,inf.cop, ~w w(z) > 0. Along with the fact that v is bounded above
on 0B; ~ W, this implies that A\g > 0 can be chosen so that v — Agw < 0 on
0B; ~ W. Since v — Mw < 0 on W N (0B ~ F) also,

limsup (v(z) — dow(z) — eur(2)) <0
z—y,zEB1~F

for any € > 0 whenever y € 9B; ~ F. This inequality also holds at points y €
B N(OF ~ {x}) for in a neighborhood of such a point v is strictly negative;
it also holds at z, since in this case the left side is —oo. By Corollary 2.3.6,
v— Xw — euy < 0on By ~ F for every € > 0. Therefore, v < Agw on
By ~ F and limsup,_,, yep, ~rv(y) < 0. Since limsup,_,, ecp (s v(y) <
—Lv(r) < limsup,_,, ., v(y) < 0. But by Theorem 2.4.7, 1 = v(x) =
limsup, ., ,epv(y), a contradiction. W

Theorem 5.7.7 A finite point © € 0£2 is a reqular boundary point for the
Greenian set {2 if and only if ~ (2 is not thin at x.

Proof: By the preceding lemma, ~ (2 is not thin at the finite point € 912
if and only if there is a barrier at x. The existence of a barrier is necessary
and sufficient for regularity by Remark 5.4.11 and Theorem 5.4.2. W

Corollary 5.7.8 A line segment I C R? is not thin at its end points.

Proof: It will be shown first that I cannot be thin at an interior point .
Since thinness is a local property, any closed subinterval of I containing x as
an interior point will be thin at x if I is thin at z. It suffices to show that
a closed line segment I cannot be thin at an interior point. Let B be a ball
containing I in its interior. Regarding x as a boundary point B ~ I,z is a
regular boundary point for B ~ I by Theorem 2.6.27 and I is not thin at
x by the preceding theorem. Suppose now that [ is thin at an end point x.
Then it follows from Theorem 5.6.4 that there is a superharmonic function
w such that w(x) < lim,_, ,erqz) w(y) = +00. Since superharmonicity is
invariant under a rotation about z, a line segment I’ can be constructed
having 2 as an interior point and a superharmonic function w’ (as a sum of
w and two rotations of w about z) can be constructed such that w'(z) <
lim, ., yer~q{z} W (y); that is, I is thin at an interior point, but this is not
possible by the first part of the proof. W
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Theorem 5.7.9 If 2 C R? and ~ {2 is thin at x, then there are arbitrarily
small p > 0 such that (~ 2)NIB,,, = 0.

Proof: If x is not a limit point of ~ (2, the assertion is trivially true. Let x be
a limit point of ~ 2, and let (r,6) be the polar coordinates of a point in the
plane relative to the pole z and a ray ¢ having x as an end point. Consider
the map 7 : R? — ¢ taking the point (r,6) into the point (r,0). It is easily
seen that |[rx — 7y| = |# — y| for all y € R?. Suppose there is a py > 0 such
that (~ 2)N By, # 0 for all p < pg. Then 7(~ {2) contains the line segment
(= {(p,0): 0 < p < po}. Since 7(~ £2) is thin at = by Theorem 5.6.6, ¢ is
thin at x, but this contradicts the preceding corollary and there is no such p.

Remark 5.7.10 (Proof of Theorem 2.6.28) Let {2 be an open subset of
R?, let x € 012, and let £ be a continuum in ~ {2 containing the point z. By
Theorem 5.7.7, x is a regular boundary point for {2 if and only if ~ 2 is not
thin at x. Assume that ~ (2 is thin at x. By the above theorem, thereisa p > 0
such that (~ 2)NIB; , = 0. Since (NIB, , = 0,£ = (B,,,N)U(~ B, ,N),
contradicting the connectedness of ¢. Thus, (2 is not thin at x and z is a
regular boundary point for (2.

Theorem 5.7.11 (Brelot [9]) Let 2 be a Greenian subset of R",x €
2, A C 2, and u any nonnegative superharmonic function on 2. Then

(i) if x € cly A, then 68 (x, {z}) = 1, GA(z,-) = Golx,-), and Ry (z) =
u(x) for all neighborhoods U of z, and

(it) if x & cle A, then 6(z, {z}) =0, GH(x,-) # Golz,-), and limy (4 RY
=0 on §2 whenever u(x) < +0o ,

Proof: (i) If © € clf A and U is any neighborhood of z, then z is a fine
limit point of A and therefore a fine limit point of ANU. By Corollary 4.6.2,
R,l/tlf‘lU = u quasi everywhere on AN U. Thus, there is a polar set Z C ANU
such that lfme = won (ANU) ~ Z. Since Z does not have any fine
limit points by Theorem 5.5.2, there is a fine neighborhood O/ of = such
that Z N O = (. Thus, R%.;, = w on (AN U)NOS. Since both func-
tions are finely continuous, RY . (r) = wu(z). Taking u = Gg(z,-) and
U=02,GA(x,2) = Ra(Gal(x,-),z) = Golz,z) by the preceding step. From
the definition of 64,84 (zx,{z}) = dn(x, {z}) = 1. (ii) Suppose x & clf A. By
adjoining a countable set to A, it can be assumed that z is a limit point of A.
This modification will have no effect on reductions since the set of augmented
points is a polar set. Since z is not a fine limit point of A, the latter is thin at x.
By Theorem 5.6.4, there is a superharmonic function v such that v(z) < +oo
and limy_,, e An{a} u(y) = +oo. If € > 0, choose a ball B with center at x
such that u > 1/e on AN (B ~ {z}). By Theorem 4.7.4 and Lemma 4.3.5,
0" (w {x}) < 0477 (2, 2) = Rljp(r) < RYqp(r) < eu(); that is,
limp| () 642 (z, {z}) = 0. It follows from Lemma 4.7.9 that §7(z, {z}) =0
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for if §4(z, {z}) = 1, then 63"V (z,{x}) = 1 for all neighborhoods U of z.
The assertion that limy | (.} R nu = 0 on 2 follows from the same lemma.

Lemma 5.7.12 If 2 is a Greenian subset of R™, then there is a bounded,
continuous, nonnegative superharmonic function w satisfying

i AN 2 = {z;RY(z) = w(x)}
for every A C (2.

Proof: Let {B;} be a sequence of balls with closures in {2 that forms a basis
for the topology of {2, and let

(e ]
w=d 2Ry,
Jj=1

on (2. Since 2~ JRl < 277 and R1 _is continuous on 2, w is a bounded,
continuous, buperharmonlc functlon ‘on 2 by the Weierstrass M-test and
Theorem 2.4.8. By Theorem 4.6.13, for any A C {2

=> 277R,(R,, ).
=1

If © € clg AN 2, then RY(z) = w(z) by Theorem 5.7.11. Consider any
x € 2 ~ clf A and those j for which x € Bj;. Since ﬁA(R}Bj,x) can be

made arbitrarily spall by making j sufficiently lfmrge according to (i7i) of
Lemma 4.7.9 and R%j (x) =1 for such j, w(z) > RY(z). M

Theorem 5.7.13 If u is the potential of a measure p on the Greenian set
2,AC 12, and 15{1}1 = Gopua, then uy is supported by clg A; in particular, if u
1 a monnegative superharmonic function on {2, the Riesz measure associated
with R’}l 18 supported by clg A.

Proof: It will be shown first that 67 (z,-) is supported by clg A; that is,
§8(z,2 ~ clf A) = 0. Let w be a superharmonic function as described
in the preceding lemma. Since R% = ]::{A(f{%) by Lemma 4.7.5, f{;‘{ =

Jw) - RE@) 8w dy) =0, ze e

Since w > RY, {y;w(y) > RY(y)} = 2 ~ cl; A has §4(z,-) measure zero;
that is, 66(&“, -) is supported by clf A. Now let u = Ggu be the potential of

a measure p on {2, and let
— [ b uta).
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Clearly, p is also supported by clg A. Since

Gou'(z) = / o, ) / 58(y, d=) uldy)

_ / (/ GQ(W)ag(y,dz)) uldy)

- / Gy, =) ul(dy)
= /G?z(w,y)/i(dy)

= Gopu()

by Theorem 5.4.16 and RY = G?Z,u by Theorem 5.4.17, RY = Gopu”. Thus,
ua = p and py is supported by clg A. Lastly, suppose u is a nonnegative
superharmonic function on {2, let v, be the Riesz measure associated with
f{ﬁ and let vy = Ggvy. Using the notation just introduced, v4 = 1///1x and vy
is therefore supported by clf A. W

Theorem 5.7.14 (Brelot [9]) Let u be a nonnegative superharmonic func-
tion on the Greenian set {2 and let u be the Riesz measure associated with u.

(i) Ifxe 2, then

. uly) _ u(y)
flimy .y yen Colr ) p({x}) = yeglj{z} Gor )’ (5.10)

(i) If x € 2 is a limit point of A C 2 and A is thin at x, then there is a
potential w on (2 for which

. u(y)
lim ——— = +o0. 5.11
y—x,yeA GQ(J}, y) ( )

Conversely, if there is a nonnegative superharmonic function u on 2 ~ {x}
satisfying Equation (5.11), then A is thin at x.

Proof: (i) Let ¢ denote the third expression in Equation (5.10). Since

u(w) = [ Galzy)du(z) = n({ah)Gale.y)
for y € 2 ~ {z},¢ > p({z}). On the other hand, u — cGgn(z,-) > 0 on

2 ~ {z} and is superharmonic thereon. By Theorem 4.2.15, the difference
has a superharmonic extension v on 2. Thus, u = cGg(z,-) + v so that

u = /GQ(Z, Jd(cogzy +v)(2) +h
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where v is the Riesz measure and & is the harmonic function associated with
v. Since the Riesz decomposition is unique according to Theorem 3.5.11,
u({x}) > c. Thus, p({z}) = ¢ and the right equation in () is proved. It can
be assumed that both sides of the second equation in (i) vanish, for if not,
replace u by the nonnegative superharmonic function v — p({z})Ga(z,-),
extended across {z} as above. Assume that

flimsup, ., en Gu(y) > 0.

Q(.T,y)

Then there is a b > 0 and a fine neighborhood U of x such that
>b  foryeUY.

Since z € U  cly US, by Theorem 5.7.11
u>RY, > bGY (2,-) = bGo(z,-)

so that

u
Go(z,-) =0=0,

a contradiction. (i) The second assertion of (ii) will be proved first. If
u is a nonnegative superharmonic function on 2 ~ {x} for which Equa-
tion (5.11) holds, then u has a nonnegative superharmonic extension to 2 by
Theorem 4.2.15. According to Equation (5.10), there is a fine neighborhood
O7 of z on which u/Gg(z,-) is bounded above on O/ ~ {z} by some con-
stant M < 4o00. On the other hand, by Equation (5.11) there is an ordinary
neighborhood U of z such that u/Gg(x, ) > M on (UNA) ~ {z}. Therefore,
(Of NU) ~ {z}) N A = (). Thus, z is not a fine limit point of A and A is
therefore thin at z. To prove the first assertion of (i), let « be a limit point
of A C {2 which is thin at x. It suffices to show that there is a potential u on
the component of {2 containing x satisfying Equation (5.11). It therefore can
be assumed that (2 is connected. Let y be a fixed point of € {2 ~ {z}. Since
Go(x,y) < +oo, by (ii) of Theorem 5.7.11 there is a decreasing sequence
{U,} of neighborhoods of x with y €~ U; such that

RAﬁUn (GQ(x,y))(y) < 2—n, n > 1.

Since Ranw, (Go(z,)(y) = Ranw, (Gaolz,-))(y), there is a positive, super-
harmonic function u, majorizing G (x,-) on £2NU, such that u,(y) < 27™.
By replacing u,, by min (u,,Gn(z,-)), it can be assumed that each w, is a
potential. Letting v = 27010:1 Up, ¥ is superharmonic on {2 since u(y) < +oo.
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Since u > nGp(z,-) on ANU, for each n > 1, Equation (5.11) holds. By
considering the Riesz decomposition of u, it can be assumed that w is a po-
tential on 2. A

Theorem 5.7.15 Let A C R™ and let ¢ be any inversion with respect to a
sphere.

(i) Either ¢(A) is thin at ¢p(o0) for every inversion ¢, or ¢(A) is not thin
at ¢(o0) for any inversion ¢.

(ii) If A is unbounded, then ¢(A) is thin at ¢p(c0) for every inversion ¢ if
and only if there is a nonnegative superharmonic function u on a deleted
neighborhood of oo such that

lim u(y)
y—oo,yeA log (y)

lim  wu(y) =400 if n > 3;
y—o0,yeN

=400 ifn=2

in the n > 3 case, there is a nonnegative superharmonic function u on R™
satisfying the last equation.
(iii) If x and ¢(x) are finite, p(A) is thin at ¢(x) if and only if A is thin at x.

Proof: Since (i) and (i) apply only to unbounded sets, A will be assumed
to be unbounded. (7)(n = 2) Consider an arbitrary inversion y — y* relative
to a sphere 0B where B = B, 5. Suppose A* is thin at x. By replacing A by
AN (~ B7), if necessary, it can be assumed that A* C B. Since « is a limit
point of A*, according to Theorem 5.7.14 there is a potential v on B such
that

)
y—zyeAr Gp(z,y)
Since Gp(z,y) = —log|z — y| + h, where h, is harmonic on B,
lim —% = +00.
y—x,yeN* log |J) — y|
Letting v* denote the Kelvin transform of v,
) v(y)

y*—ﬂ)lo,y*E/l log |y* — x|  y—zyeAr log 62 — log |y — x|

()
y—ayedr  logly —

= +00.
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Since limy+—o0,y-e(log [y* — z|/log|y*[) = 1,

v (y”)
y*—o0,y*eN log |y*|

= 4-00.

Letting u = v*, limy .o yea u(y)/log |y| = +oo. This proves (ii) in the n = 2
case. Since the preceding steps are reversible, the existence of such a function
u on a neighborhood of x suffices to prove that A* is thin at = for every
inversion with respect to a sphere. (i7)(n > 3) Again consider an arbitrary
inversion with respect to a sphere 0B where B = B, 5, and suppose A* is
thin at x. By Theorem 5.7.14, there is a potential v on R™ such that

: v(y)
lim —%— = +o0.
y—zyed Golx,y)

Since it is easily seen that

lim  Go(z,y)/G(z,y) =1

y—x,yeN*

and
1 ‘x _ y*‘n72

G(z,y) = [z — y[n—2 T~ g4

v(y) _ " (y)

Glzy) |e—y"?

Since the expression on the right is just v*(y*), the Kelvin transform of v,

li v (y*) = +oo.
’y**}OlOIT}y*GA (y )
Since v* is a nonnegative superharmonic function on R™ ~ {z}, it has a
superharmonic extension to R™ by Theorem 4.2.15 which will be denoted by
the same symbol. Letting u(y) = v*(y*), limy o0 yea u(y) = +00. As before,
the preceding steps are reversible. Assertion (ii¢) follows from Remark 5.3.11.

Definition 5.7.16 The fine topology on R7 is the smallest topology con-
taining the set {oo}, finely open subsets of R™, and sets A C R? for which
d(A ~ {o0}) is a deleted fine neighborhood of ¢(c0) for every inversion ¢
with respect to a sphere.

Since a set A is thin at x € R™ if and only if ~ A is a fine neighborhood of z,
the requirement that ¢(A ~ {oo}) is a deleted fine neighborhood of ¢(c0)
holds for all inversions if it holds for one. The fact that {oo} is finely open in
RY means that oo is finely isolated and cannot be a fine limit point of any
subset of RZ .

Definition 5.7.17 A set A C RY is thin at oo if ¢(A ~ {oo}) is thin at
@(00) for every inversion ¢ with respect to a sphere.
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Let {2 be a Greenian subset of R™, possibly unbounded. Regularity of finite
boundary points has been characterized in terms of thinness of ~ 2 at =z,
and regularity of co in the n > 3 case has been established. It remains only
to characterize regularity of oo in the n = 2 case.

Theorem 5.7.18 Let 2 be an unbounded Greenian subset of R?. Then oo
18 a reqular boundary point for 2 if and only if ~ §2 is not thin at co.

Proof: Consider any inversion y — y* with respect to a sphere 0B, ;. By
Remark 5.4.11 and Theorem 5.4.2, co is a regular boundary point for 2 if
and only if z is a regular boundary point for {2*. By the same results, the
latter is true if and only if R? ~ £2* is not thin at x, and this is true if and
only if R? ~ 2 is not thin at co. W

The fine topology on R™ seems to be the natural topology for studying
the boundary behavior of superharmonic functions. In some cases, the fine
limit of a superharmonic function can be identified.

Example 5.7.19 Let x € R", let O be a neighborhood of x, and let u be a
nonnegative superharmonic function on O ~ {z}. Then

flimy ., yeou(y) = liminf u(y).
: : y—z,yeO

This follows from the fact that u has a superharmonic extension to O, denoted
by u, and that both are then equal to u(z). W

Example 5.7.20 If u is a nonnegative superharmonic function on 2 = R™ ~
B, s then
flimy oo yeou(y) = liminf u(y) ifn=2
: : y—x,yeNR

and

u(y)

|n—2

. u
f-limy o0 ye # =

lim inf ifn>3.

y[nm? y—oowen |y
Consider an inversion with respect to 9B, 5. Since u*(y*) = u(y) in the n = 2
case,

fHlimy —oo,ye2 u(y)
= f-limys oy orco«uw (y*) = liminf *(y*) = liminf
iy o yren-ut(yT) = lminf u*(yT) = lminf u(y)

by the preceding example. The same argument can be applied to the second
equation.

Theorem 5.7.21 (Cartan) If x is a fine limit point of the set A and g is
an extended real-valued function having a fine limit A at x, then there is a
finely open set VI of x such that lim, ., yeanvs 9(y) = A
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Proof: It can be assumed that A is finite for otherwise g can be replaced by
arctan g. It also can be assumed that A is a subset of a ball B with center
x. If {I;} is a decreasing sequence of open intervals such that I; | {\}, then

for each j > 1 there is a fine neighborhood Ujf of = such that g(y) € I; for
ally € (A ~ {z})N U]'-f. If  is an interior point of infinitely many of the
U Jf , then it suffices to take V/ = B. It therefore can be assumed that z is an
interior point of at most finitely many of the Ujf and, in fact, that = is a limit

point of ~ Ujf for every j > 1. Since Ujf is a fine neighborhood of x, ~ U]f is
thin at x and there is a positive superharmonic function u; such that

uj(z) < lim uj(y) = +o0. (5.12)
yﬁm,yGBNUJf

Let {a;} be a sequence of positive numbers such that >, aju;(x) < +oo.
Then u =}, aju; is superharmonic and is finite at z. Now let

Fj =B (~U)n{ye5u;(y) > 5},

and let F' = U;F;. Then = ¢ F. It will now be shown that F' is thin at x.
This is trivially true if x ¢ F~ and it therefore can be assumed that z is
a limit point of F. If p is a positive integer, a;u;(y) > p for y € Fj,j > p
and u(y) = Zj a;u;(y) > p. For each j < p, there is a neighborhood V; of
such that a;u;(y) > p for y € F; NV} by Inequality (5.12). Then y € m?;llvj
implies that u(y) = Zj aju;(y) > p. Since p is an arbitrary positive integer,
lim, ., yer u(y) = +0o and that F is thin at 2. Letting V/ be the fine interior
of ~ F, V7 is then a fine neighborhood of z. If W; = BN {y : aju;(y) > j},
then W; N (~ U/) = F; c W; N F and

Ul ow;nUf ow;n(~F)>w,;nVv/.

IfyeW,nv/in(A~{z}) cC Uj'-f N (A ~ {x}), then g(y) € I;. This proves
that lim,_,, yevraag(y) = A

Theorem 5.7.22 (Brelot) If F' is a closed subset of R™ that is thin at x
and v 1s a positive superharmonic function on U ~ F for some neighborhood
U of x, then v has a fine limit at x.

Proof: If x is not a limit point of F', then there is nothing to prove since
in this case v is finely continuous at z. It therefore can be assumed that x
is a limit point of F. There is then a superharmonic function u such that
u(z) < limy 4 yer u(y) = +00. Since u is finely continuous at z,

w(z) = f-limy ., ye~ru(y) < +00.
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Ifliminf, ., ye~r(v+u)(y) = +o0, then limy_; ye~r(v+u)(y) exists and, in
particular, £-lim, ., ye~r(v+u)(y) = +oo. It follows that f-lim,_., ,e~pv(y)
exists and is equal to +00. Suppose now that A = liminf, ., ,erp(v+u)(y) <
+oo and let p be a positive integer with p > A. Since limy_., yer u(y) =
400, there is a neighborhood O of x having compact closure in U such that
u(ly) > pfory e O-N(F ~ {z}) D ON(F ~ {z}). Since F is closed,
liminf, ., ce~r(v + u)(2) > liminf, ., .e~rpu(z) > u(y) > p fory € ON
(OF ~ {x}). Let

w_{min(u—l—v),p) on (O~F)~{x}
D on (ONF)~{x}.

At each point y € ON (OF ~ {z}), w is equal to p on a neighborhood of y.
Thus, w is superharmonic on O ~ {z} and since O has compact closure in
U, it is bounded below on O. By Theorem 4.2.15, w has a superharmonic
extension to O. Noting that liminf, ., yeor(v + u)(y) = A < p,w agrees
with v + u on ~ F in a neighborhood of z. Since w is finely continuous
at o, f-limy ., ye~r(v + u)(y) exists. Lastly, f-lim, ., ye~rv(y) exists since
flimy .y ye~ru(y) exists. W



Chapter 6
Energy

6.1 Introduction

In 1828, Green used a physical argument to introduce a function, which he
called a potential function, to calculate charge distributions on conducting
bodies. The lack of mathematical rigor led Gauss in a 1840 paper to pro-
pose a procedure for finding equilibrium distributions based on the fact that
such a distribution should have minimal potential energy. This led to the
study of the functional [(G —2f)o dS where o is a density function and dS
denotes integration with respect to surface area on the boundary of a con-
ducting body. Gauss assumed the existence of a distribution minimizing the
functional. Frostman proved the existence of such a minimizing distribution
in a 1935 paper. After defining the energy of a measure, properties of en-
ergy will be related to capacity and equilibrium distributions as developed in
Section 4.4. The chapter will conclude with Wiener’s necessary and sufficient
condition for regularity of a boundary point for the Dirichlet problem.

6.2 Energy Principle

Throughout this section, {2 will denote a connected Greenian subset of R™
with Green function Gg.

Definition 6.2.1 If u,v are Borel measures on {2, the mutual energy
[, V]e of p and v is defined by

[k, v]e = /Grzudv

and the energy |u|? is defined by |u|? = [p, 1]e. The set of Borel measures p
of finite energy |u|? will be denoted by £7.

L.L. Helms, Potential Theory, Universitext, 241
(© Springer-Verlag London Limited 2009
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Note that the integral defining [u, V] is always defined, even though it may
be infinite, and that

0<[nvle= /Gmtdv = /Gnvdu = [V, ple < +o0,

by the reciprocity theorem, Theorem 3.5.1. It follows that [u,v]. is a sym-
metric, bilinear form. If G is bounded by m and p has compact support
I' C §2, then p has finite energy and

|ulZ = /Gnudu < mu(I).

An example will be given later to show that Gou can take on the value +o0o
even though p has finite energy.

Example 6.2.2 Let 2= DB, , C R",let B = B, s where 0 < § < p, and let
p=69P(z,-). By definition of 627 (z, -),

|ul? = /Gnudu
- / Galy, 2) 80P (z, dz) 03P (w, dy)
~ [ Ron(Gale ) 5w dy).
In the n = 2 case, Gp(x,z) = log(p/|lx —z|) = log(p/d) for z € IB,
and in the n > 3 case, Go(z,2) = (/| — 2["2) — (1/p""2). Since

Rop(Gal(z,-),2) = Ga(z,z) for z € dB,6%5(x,-) has support in B, and
§%8(z,0B) =1,

) log & ifn=2
lule =
‘ s — i ifn >3

It is easily seen that 62P(z,) is a unit uniform measure on 0B.

Theorem 6.2.3 An analytic set Z is polar if and only if w(Z) = 0 for all
€ ET with support in Z.

Proof: It is easily seen that the assertion is true if it is true for any analytic
subset of By ,,n > 1. It therefore can be assumed that Z is a subset of a
Greenian set (2. Assume that Z is an analytic nonpolar set. Then Z has
positive capacity relative to {2 by Theorem 4.5.2. It follows that there is a
compact set I' C Z with C(I") > 0. Consider the capacitary distribution
pr for which 0 < C(I') = ur(I') < 400 and Gour = f{lp < 1. Thus,
pur € ET and pr(Z) > 0. This proves the sufficiency. Suppose now that 7 is
an analytic polar set and that u € £ has support in Z. By Theorem 4.3.11,
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there is a nonnegative superharmonic function w on {2 such that w = 400
on Z. Since y has finite energy, Gou < +ooa.e.(u). Let A = {z;w(x) = 400}
and A; = AN{z;Gou(x) < j},j>1. Since A~ U;A; = AN {z;Goul(x) =
+oo}, (A ~ U;A;) = 0. Fix j > 1, let I' be any compact subset of A;, and
let v = p|p. Since Gov < Gou,Gor < j on I'. Since v has support in I’
and w = 400 on I, Gor < ew on the support of v for every ¢ > 0. By the
Maria-Frostman domination principle, Theorem 4.4.8, Gov < ew on {2 for
every € > 0 and it follows that Gorv = 0. Thus, v is the zero measure and
v(I') = u(I') = 0 for all compact I C A;. Since

w(A) = sup  p(l),
rcA;,rek(f)
wu(A;) =0 for all j > 1. Since UA; C A and pu(A ~ UA;) = 0, u(A) = 0 and
w(Z)=0. N

Theorem 6.2.4 Let {2 be a Greenian subset of R"™ and let {u;},{v;} be
sequences of Borel measures on 2.

(1) If Gopj < Gov,,j=1,2, then [u1, pole < [v1,v2]e.

(i) If p,v are Borel measures on 2 with Gou < Gov, then |ule < |Ve;
moreover, if |ule = [v|e < +00, then p=wv.

(iii) If {Gop;} and {Gov;} are increasing sequences of potentials on §2 with
potentials Gop and Gov as limits, respectively, then

lm [:U’ja Vj]e = [,U‘7 V]E'

j—o0

() If {Gou;} and {Ggov;} are decreasing sequences of potentials, then the
lower regularizations of their limits are potentials Gop and G v, respec-
tively, and

lim [Mj7 Vj]e = [, Ve
j—oo
provided |p1|e, [V1]e, and [p1,11]e are finite.

Proof: (i) By the reciprocity theorem, Theorem 3.5.1,

(i1, po]e = /Gnm dps < /GQVl dpo
= /Gnuz dvy < /Gm/z dvi = [v1,12)e.

(ii) Take p; = p,v; = v,i = 1,2, in (i) to obtain |u|? < |v|?; if
|tle = |v|e < 400, then the above inequalities are equalities so that Gou =
Gora.e.(u). Since Gov < +ooa.e.(v),Gou < Ggor on {2 by the Maria-
Frostman domination principle, Theorem 4.4.8. Similarly, Gorv < Ggou on
2. Thus, Gou = Gov and p = v by Theorem 3.5.8.
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(#4i) By (i),{[uj,vjle} is an increasing sequence with lim; oo [pj, v5le <
[, V]e. Since Gop; < Gopu;j for j > 4, by the Lebesgue monotone convergence
theorem and the reciprocity theorem

lim [p;,vjle = lim [ Gop;dy; > hmlnf/GQ,ui dv;

]*} ‘]HOO

lim Gov,dp; = /Ggud,ui :/Ggui dv.

Jj—00

Since the latter sequence of integrals increases to [u, v]e, im0 [15, vjle >
[, v]e and the two are equal.

(Z"U) By (Z)a [/u'jal/j]e < [/Llayl]e for all 7 > 1 and 1imj~>oo[ﬂj71/j}e is de-
fined and finite; moreover, each G, is v;- integrable and each Gov; is
pj-integrable. Note also that lim;_. Gou; = Gop quasi everywhere and
lim; o Gov; = Ggou quasi everywhere by Theorem 4.4.10. Since polar sets
are null sets for measures of finite energy by the above theorem,

lim [p;,vjle = lim [ Gou;dy; > hm/ (lim Gou;)dv,

j—o0 j—o0 i—00
= lim [ Goudy; :/Ggyi du
J—00
/(llggo Gov;)dp = /Gm/dli (1 V]e-

On the other hand, for each i > 1,
lim [pj,ve < liminf/Ggui dv; = hminf/G'_Ql/j dps;.
j—o0 j—00 j—00

Since the sequence {Ggv;};>; is dominated by the f;-integrable function
GQViv

lim [/J,J,I/]] /( lim Gov;)dy, = /Gm/ dp;
i—

= /Ggui dv > /(‘lim Gou,)dv
= /Gnudv = [, Ve
Thus, im0 145, Vjle = [, v]e. W
It was shown in Theorem 4.3.5 that for a nonnegative superharmonic func-

tion u on {2 and a compact set I" C {2, ]:2{} is a potential.

Definition 6.2.5 A subset A of the Greenian set (2 is energizable if f{}l is
the potential of a measure g .
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It is clear that a subset of an energizable set is again energizable, that compact
subsets of {2 are energizable, and that polar subsets of {2 are energizable. Even
though . is not defined when A is not energizable, the formal expression
|eale = 400 will be used in this case so that |pual. is defined for all subsets
of (2.

Lemma 6.2.6 The set £ of energizable subsets of £2 has the following prop-
erties:

(i) If A€ ET, then there is an open set O such that A C O € ET.
(ii) If A € ET, then |pal? = pa(cly A) = ua(£2).
(iii) |ua|? is an increasing function of A € ET.

Proof: Consider the open set U = {z € 2;R}, > 1/2}. Since R}, = R} =1
quasi everywhere on A, U covers A except possibly for a polar subset of A. By
Theorem 4.3.11, there is a potential u that is identically +o0c on the polar set
A~ U. Letting O = UU{u > 1}, O is an open set containing A. Since 2R, +-u
is a potential with 1 < ef{}l +u on O, f{lo < RIO < 21?{}1 + . Since the latter
is a potential, RIO is a potential so that O € £ and O is an energizable open
set containing A. (ii) Since RY = 1 on clf A by Theorem 5.7.11 and p4 is
supported by cly A by Theorem 5.7.13,

al? = /Gmm dpa = /fih dpa = palely A) = pa(02), (6.1)

proving (Au) Consider Ay, Ay € T with Ay C Ay C £2, then Gouy, =
R}, < R}, = Gopa, and |un, |2 = [Gopaydua, < [ Gopa, dua, =
[ Gaopa, dpa, < [Gopa,dua, = |pa,|? by the reciprocity theorem,
Theorem 3.5.1. W

Theorem 6.2.7 If A is an energizable subset of the Greenian set (2, then
al2 = inf {|uol2; 4 € O € O(2)}.

Proof: Since there is nothing to prove if [us|? = +oo, it can be assumed
that pu, has finite energy. By the preceding lemma, there is an energizable
open set U D A so that it suffices to consider only those open sets O with
A cC O cCU. For such O, f{b is a potential. By Lemma 4.6.12,

R =inf {R}H;0 € O(02),AC O CU}.

By Choquet’s Lemma, Lemma 2.2.8, there is a decreasing sequence {O;} of
open sets with 4 C O; C U such that R}l is equal to the lower regulariza-
tion of

: 1 _ 1 Al

lim RO]» = lim Roj.

Jj—00 J—o0

By part (iv) of Theorem 6.2.4, lim;_. |p0, |2 = [pal?. W
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Theorem 6.2.8 If A is an energizable subset of the the Greenian set {2, then
Cu(A) < pa(82) = pa(cly A) = C*(A);

if, in addition, A is capacitable, then ps(2) = |ual? = C(A).

Proof: If I' is any compact subset of A, then C(I') = pr(I") = pr(2) <
pa(£2) by Lemma 6.2.6. Taking the supremum over such compact sets
I C.(A) < pa(£2). Now let O be any open set containing A and let {I}
be an increasing sequence of compact subsets of O such that I; T O.
Then |[L['jm/1|g = pr;na(2) < pr,(2) = C(Iy) < C(0) for all j > 1. By
Theorem 4.6.5, G_Q/L[‘jn/l = lf{lpjml 1 f{h = Gqoua on §2 and it follows from
Theorem 6.2.4 that [pur,na|? T |pal?. Therefore, pa(£2) = [pua|2 < C(O) for all
open sets O D A. Taking the infimum over such sets, pa(£2) < C*(A). Thus,
Ci(A) < |pal? = pa(2) < C*(A). Tt remains only to show that pa(2) =
C*(A). Since open sets O are capacitable, |uo|> = po(2) = C(O) = C.(O)
By Theorem 6.2.7, pua(£2) = |ua|? = inf {C.(0); A C O € O(2)} =C*(4). A

The following fact will be used in the course of the next proof. Let {y;} be a
sequence of measures on a compact Hausdorf space X which converges in the
w*-topology to the measure p. The sequence of product measures {p; X 1}
on X x X then converges in the w*-topology to the product measure u x .
For continuous fucntions of the form f(z)g(y) on X x X where f,g € C°(X),

[ st~ ([ s05)(f )
([ 1@ du(fﬂ)) (/s au)
— /[ 1@)o0) duta) duty)

as j — o0o. This results extends to finite sums of such products. Since the
class A of such functions is a subalgebra of C?(X x X) which separates points
and contains the constant functions, A is a dense subset of C°(X x X) by
the Stone-Weierstrass theorem. The above convergence can be extended to
any function in C°(X x X) by a simple approximation.

The following theorem was proposed, but not justified, as a procedure for
solving the Dirichlet problem by Gauss in 1840.

Theorem 6.2.9 (Gauss-Frostman) Let I' be a compact subset of the
Greenian set 2, let f € C°(I"), and for each measure y with support in
I' let
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20 = [ (Gan—21) dy.

Then there is a measure p € ET with support in I' that minimizes 5. More-
over, Gou < f on the support of u and Gou > f on I' except possibly for a
polar set.

Proof: By (vii) of Theorem 4.3.5, there is a measure v with support in I" such
that 1 > R = Gov on §2; for this measure, |@f(v)| < v(I)(1+ 2| fllo.r) <
+00. Replacing v by ev for 0 < € < 1,Pf(ev) = €2 [Grdv — e [ fdv <
ePr(v). If &p(v) < 0, then inf, P¢(p) < 0; if P¢(v) > 0, then there are
measures p with @ (p) arbitrarily close to 0 so that inf, ®¢(u) < 0. Let
a=infds(p) <0,8=inf{Go(z,y);z,y € I'}, and v = sup{f(y);y € I'}.
Then

24(0) = [ [ Galo.y) du(e)du(y) ~2 [ Fl@)due) = 5(L) = (D).

Since m? — 2ym has a minimum value of —y2/3,a > —~+?2/3 > —o0. Letting
{1;} be a sequence of measures with supports in I" such that $;(u;) — « as
J — 00,

Dy (pz) = Bps (1) = 25 (1) = g () (Bu (1) = 27)
and it follows that the sequence {;(I")} is bounded. There is then a subse-
quence of the sequence {x;}, which can be assumed to be the sequence itself,

and a measure p with support in I" such that u; vl . Let k be any positive

integer. Since i X 1 N % and min (k, G (z,y)) is a bounded continuous
function on I'" x I,

/ Gz, y) du(z) du(y) = Tim / / min (k, Co(x, ) du(x) dyu(y)

k—o0

lim lim // min (k, Go(z,y)) dp;(x) dp;(y)

k—o00 j—00

< lim inf / Galz,y) du; () dp;(y)-

J—0o0

Therefore,
0 <050 = [[ Gatay) dute) dutw) ~ 2 [ (@) dute)
<timinf [ [ Galov) dus(o)duy(v) ~2 tim [ £y (o)

J—0

= lim Ps(p;) = o
J—00

This shows that p minimizes @; and that g € E*. It will be shown now
that Gop < f on the support of u. Suppose x is in the support of p and
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Gou(z) > f(z). Then there is a neighborhood U of x such that Gop > f
on UNT. Letting v = p|y and 0 < € < 1, u — ev is a measure with support
in I"and @¢(u) < @p(p — ev). Since

/Gnudu—Q/fdu

<§[)f —61/)

= [Gatu—ardip—a)—2 [ fitp—a
:/GQNdM*QG/GQ[LdV‘FGZ/G’QI/*Q/fd/l‘i‘Qe/de?

/(fngu)dz/—k%/Gm/dVZO.

Since Gov < Gop and p € ET, [ Gordy < 400 by Theorem 6.2.4. Letting
e — 0 in the above equation, [(f — Gou)dv > 0. Since f — Gou < 0 on
the support of v, v(U) = u(U) = 0; that is, the support of p is contained in
{z : Gou(z) < f}. Lastly, consider the assertion that Gou > f on I except
possibly for a polar set. For each n > 1, let up, be the capacitary distribution
corresponding to the compact set I, = I' N {z : f(z) > Gop(z) + L} If
t>0,u+tur, is a measure with support in I" and $¢(p) < Pr(p+tur,).
As above,

t
/(Gnu — f)dur, + i/Gnurn dpr, = 0.
Letting t — 0, 1
0< /(G()/i - f)dur, < P (I%)

from which it follows that C(I',) = ur, (I',) = 0. Thus, I, is polar for every
n>1and Gou > f on I' except possibly for a polar set. W

Putting f =1 in the definition of ®;, Gauss’s integral

21(0) = [(Gan—2)du

is obtained. It will be shown that the measure p which minimizes @1 (u) is
just the capacitary distribution pup corresponding to the compact set I

Theorem 6.2.10 (Energy Principle) If p and v are Borel measures on
the Greenian set £2, then 0 < [, V]e < |ule|Ve.

Proof: By (iii) of Theorem 6.2.4, it suffices to prove the inequality when p
and v have supports in a compact set I' C {2. Let f be a bounded, nonneg-
ative continuous function on {2 such that f < Gou and let ¢/ € €T be the
measure with support in I" which minimizes @. Since ' € €T and polar sets
have p/-measure zero by Theorem 6.2.3, Gopu' = fa.e.(i') on the support of
w'. It follows that
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/fdu’ = /Gnu’ '

Pr(p) = /Gw’du’—2/fdu’ = —/Gnu’du’ = —|u'|2.

and

For any a > 0,®¢(av) > ®(p') = —|i|?; that is,

v ~2a [ v+ W20

for every a > 0. Since the inequality is trivially true if a < 0, it holds for
all @ and ffdu < |e|p]e. Since Gou' < f < Ggoup on the support of
i1 and G’ is harmonic off the support of u', G’ is finite-valued and
Gop' < Goup on 2 by the Maria-Frostman domination principle, Theo-
rem 4.4.8. By (ii) of Theorem 6.2.4, |¢/|c < |ule, and therefore [ fdv <
|v|e|pt]e. Taking the supremum over all bounded, nonnegative continuous
f< G(ZNafGQNdV < |plelv]e. W

It is now possible to give an example of a measure p € £T for which Gou
can take on the value 4oc0.

Example 6.2.11 Let Z be a nonempty compact polar subset of the Greenian
set {2. Then Z has capacity zero. For each j > 1, let U; be an open set
containing Z with compact closure U C §2 such that C(U;) < 27/, and
let p1; be the capacitary distribution of U;. Since Gou; < 1,u; € ET.
Moreover, Gou; = 1 on U; D Z. Letting p = Z;il fj, it is a measure for
which Gop = +00 on Z. Since

/GQ/.Ld/,L = Z/Gnuj dpg, <Y liglelpele
gk Jk
. N 2
<3 oyt o (22*23) <1,
" i

weEr.

6.3 Mutual Energy

If 4 and v are two Borel measures on the Greenian set {2, the Green potential
G (p—v) is certainly not defined if both p and v are infinite on the same set.
To get around this, p — v will be regarded as a formal difference. Two such
differences p — v and p’ — v/ will be regarded as the same if p+v' =y’ + v
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and written pu—v ~ p' —v/. Strictly speaking, ©— v should be regarded as the
ordered pair (p, ) in the product space £ x ET in which two pairs (u, v) and
(1, V") are regarded as the same if u+ ' = p/ 4+ v, written (u,v) ~ (¢, v").
This relation is reflexive and transitive but not symmetric. In showing that

(1) ~ (W', v") and (! 0") ~ (W, 0") = (n,v) ~ (" 0"),

the equation p+p' +v' +v" = p' + /' + 1/ + v is obtained; since all measures
are assumed to be finite on compact subsets of 2, u+v” = p”’+v on compact
subsets of 2 and therefore on the Borel subsets of {2 by the assumption that
all measures are regular Borel measures.

Definition 6.3.1 Let £ = &7 x ET = {(u,v);p,v € ETH I N = (w4, v4)
with p;, v, € E7,4 = 1,2, the mutual energy [\, \2] is defined by

A1, Aele = [, pole — (11, vle — [p2, vile + V1, v2]e;
the energy |\|? of A € £ is defined by |A|? = [\, Ae.

The latter part of this definition assumes that the energy of an element \ € £
is nonnegative. This follows from the energy principle, Theorem 6.2.10, for if
A= ()\1, /\2), then

X Ale = (M2 = 2[A1, Aole + [A2f2
> A2 = 2 A1 elXale + [Xa]?
= (|A1le — [A2le)* > 0.

It can be seen also that the definition of the mutual energy [A1, Ao] is in-

dependent of the ordered pairs used to represent A\; and Ao as follows. If
/

(i vi) ~ (pi, vh),i=1,2, then
witvi=pi4+uv, i=1,2.

Using these equations, the above expression defining [A1, A2] can be converted
into the expression that would be obtained if the (u},v/),i = 1,2, were used
instead. Addition and multiplication by real numbers is defined on £ by

(b,v) + (W V) = (u+p' v +1/)

B (cp, cv) ifc>0
clp,v) = { (—cv, —cp) if ¢ <0.

The zero element of £ is given by 0 = (0,0). It is easily checked that £ is a
vector space over the reals. It is also easily seen that [A1, A2]e = [A2, AM1]e for
all A1, o € E.
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Theorem 6.3.2 If u,v € &, then |[u, v]e| < |plelv]e and |p+vle < |ple+|V]e.

Proof: Since the energy is nonnegative, [ — av, u — av], > 0 for all o € R;
that is,
|ul2 = 2ap, v]e + o®|v[2 > 0.

Therefore,
(=2[p,v]e)* < AlplZ|v]?
and so |[g, v]e| < |ple|v|e. By the preceding step,

A+ v[2 = |ul? + 2[p, v]e + V2
< ul? + 2|ple|vle + V2
= (Jule + ‘V|6)2~ u

Theorem 6.3.3 The energy of p € € is zero if and only if pn ~ 0.

Proof: According to the preceding theorem if |u|. = 0, then [u,v]. = 0 for
all v € E.If pu = (1, po) with gy, e € ET, then [u1,v]e = [p2,v]e for all
v € €. According to Theorem 3.5.7, for each pair z,d such that B, ; C 2
there is a signed measure 7, s of finite energy such that the class of functions
{G 75} is a total subset of KT (£2). Since

/GQTm,é dp, = /Gmu ATe.s = (11, Tw5le = (P2, Ta,sle = /Gmm,a dpio

and the set {Go7,,s} is total in KT(2), 41 = w2 by Theorem 3.5.4 and
= (p1,p1) ~ 0. Conversely, if u ~ 0, then the energy is zero. W

From the Hilbert space point of view, £ is a pre-Hilbert space in that it
is a vector space over the reals with [u, V], serving as an inner product and
|ie|e as a norm but lacks the completeness property as a metric space. The
following example shows that £ is not complete.

Example 6.3.4 (Cartan) Let 2 = R3, and for each j > 1 let \; = pu; —
v; be a signed measure where p; is a unit measure uniformly distributed
on a sphere with center at the origin of radius 1 — 477 and v; is defined
similarly on a concentric sphere of radius 1. By Gauss’s averaging principle,
Theorem 1.6.2,

1
P\ja)\j]e:/GNj d/J,j*Q/G[Ljde‘F/GVj dl/j = H

It follows that the series E;)il |Aj]e converges. Since

p+k p+k

ZA Z)\’ ’ ‘ 3 le =0

j=p+1 j=p+1
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as p — oo independently of k, the sequence of partial sums {Z§=1 Aj}is a
Cauchy sequence in the energy norm. Suppose there is a A = (A, \’) in &
such that

lim =0. (6.2)
p~>00 1
By Theorem 6.3.2,
P
Jim [;% =0

for all v € £1; that is,

p
lim [ Gud() )\j):/GudX—/Gde’.
j=1

p—0o0

In particular, this equation holds for all the potentials G, s of Theorem 3.5.7
with B 5 C B = Bo,. If K denotes the set of all such potentials, then K
is a total subset of the class KT (B) of nonnegative continuous functions on
B having compact support in B by the same theorem. Since the G7, s = 0
outside B ;, for f € K{(B)

p
T [ £dd" %) = lim fdg — [rx = [rax

Jj=1

By definition of a total set, Definition 3.5.2, there is a nonnegative linear
combination f of elements of K (B) that majorizes 1 on the closure of the
ball of radius 1 — 4P with |f| < 2. Then

and ,
=1 )< i d ) <2X(B7).
oo = pggoZM] Jim [ 1 (3o m) < 2(5)

Thus, )\ is not a Borel measure, a contradiction. Therefore, there isno A € &€
satisfying Equation (6.2).

Consider a Borel measure p and a superharmonic function v on the Gree-
nian set (2 for which Gou < wa.e.(u) on the support of u. Application
of the Maria-Frostman domination principle, Theorem 4.4.8, requires that
Gaou < 400 on {2 to conclude that Gop < u on 2. The finiteness condition
can be eliminated if p has finite energy.
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Theorem 6.3.5 (Cartan) If u is a superharmonic function on the Green-
ian set 2,1 € ET, and Gop < wa.e.(u) on the support of ju, then Gou < u
on (2.

Proof: The function v = min (u, Gpu) is a potential Gov with v € £
since Gpv < Gopu. Since (Gop > u) = (Gou>Gaor) and u(Gou>u)=0,
J(Gaop—Gor)du=0< [(Gou— Gov)dy. It follows that

lw—v|2 = |pl? = 2[p,v]e + [v]2 <0.

In view of the fact that energy is nonnegative, | —v|. = 0 and p ~ v by the
preceding theorem. Since p and v are measures, this means that p = v; that
is, u > min (u, Gou) = Gov = Gou. R

Given a sequence {u;} in 1, there are three modes of convergence of the
sequence to a measure u € £T: (i) strong convergence in the energy norm;
that is, limj_. |¢; — ple = 0, (ii) weak convergence in the pre-Hilbert
space &; that is, imj_o[pj,v]e = [i,v]e for all v € € (equivalently, for all
v € &T), and (iil) vague convergence ; that is, lim; .o [ fdu; = [ fdu
for all f € CJ(£2). Strong convergence implies weak convergence since

[igs V]e = [, V]e| < g — plelvle

forall v e &.

Lemma 6.3.6 If {u;} is a sequence in € that converges weakly to p € &,
then |ple < limsup;_, . [ple-

Proof: Since
ll2 = [y mle < Ml — pgs mle + gy plle < 1 — pg el + |ijleltle,

|ul2 < limsup [[u; — p, ple| + |ple limsup |5]e = |ple limsup |p;].. W

Theorem 6.3.7 Weak convergence and strong convergence are equivalent for
strong Cauchy sequences in £ .

Proof: As noted above, strong convergence implies weak convergence. Let
{1;} be a strong Cauchy sequence in £T. It need only be shown that weak
convergence of the sequence {1} to p € E1 implies that lim; o [ —ple = 0.
Since the sequence {p; — pu} converges weakly to p — p for each k> 1,

I — pugle < Hmsup |p; — pkle

j—oo

by the preceding lemma. Since the sequence {y;} is strong Cauchy, lim_.
= pkle=0. W
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Theorem 6.3.8 If € ET and Gou is the limit of a monotone sequence of
potentials {Gou;}, pu; € ET,j > 1, on the Greenian set §2, then the sequence
{1;} converges strongly to fu.

Proof: Suppose G < Gopy. Then
e = 2 = linf? =2 [ G di -+ s

< |2 - Q/Grzuj dpj + |12 (6.3)
= |pklZ — |52

This shows that the sequence {|u;|c} is monotone. If the sequence {Gopu;}
is increasing, the same is true of the sequence {|u;|.}, and

1512 :/Gnuj dp; < /Grzuduj :/Gnuj dp < |ul?,

and therefore |pjle < |ule,j > 1. If the sequence {Ggu;} is decreasing,
the same is true of the sequence {|u;lc} and |ujle < |p1le,7 > 1. In either
case, the sequence {|uj|c} is a bounded Cauchy sequence. It follows from
Inequality (6.3) that the sequence {u;} is a strong Cauchy sequence. By the
preceding theorem, it suffices to prove that the sequence converges weakly to
1; that is,

lim [ Gou;dv = /Ggudl/

J— 00
for all v € £, but this follows from the Lebesgue dominated convergence
theorem. MW

The ordered pair A = (p,v) € £ has compact support if both p and v

have compact supports. In this case, Gou and G are both defined, but
Go(p —v) = Gop — Gpr may not be defined because of the infinities of
Ggp and Ggu. The notation G (u—v) will be used only when the difference
Gou — Gov is defined everywhere on (2.

Theorem 6.3.9 The set of p € £ having compact support with Gou €
C{(£2) is dense in E.

Proof: Consider any p € £1, let {I;} be an increasing sequence of compact
subsets of {2 such that 2 = UI}, and let pu; = p|r,,j > 1. Since each
i has compact support, Gopu; is a potential and {Gop;} is a sequence
of potentials increasing to Gou. By the preceding theorem, the sequence
{u;} converges strongly to p. This shows that the set & of u € £* having
compact support in 2 is strongly dense in £*. Now consider any p € & . By
taking volume averages of Gou, a sequence {u;} in ES' can be constructed so
that Gop; T Gop with each Gopuj € CO(£2). By the preceding theorem, the
sequence {p; } converges strongly to p. This shows that the set of 1 € 56" with
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continuous G is strongly dense in £7. Consider now an arbitrary element
of & with continuous u = Ggou. By Corollary 2.6.31, there is an increasing
sequence {{2;} of regular open sets with 2 C (2 such that 2 = U$2;. It

can be assumed that the support of u is contained in (2. Let Hizj be the
harmonic function on £2; corresponding to the boundary function u|sg,. Now
let
w — {H{LZ J on {2
J U on {2~ (2.

By Theorem 4.6.8, u; | 0 on §2 as j — oo. Letting u; = Gouj, Gop; <
Gop implies that p; € EF and, in fact, that p; € & since uj; = u outside
a neighborhood of the support of ; on which u is harmonic. Since u; =
Ggop, | 0, the sequence {p;} converges strongly to the zero measure by
the preceding theorem. It follows that the sequence {u — p;} in € converges
strongly to u. Note that Gou— Gopu; = u—u; = 0 outside {2; and therefore
Go(p — pj) € CJ(£2). Therefore, any p € E' can be approximated strongly
by a v € £ having compact support with Gov € C3(2). If p = g — s € €
where u; € £7,i = 1,2, then each u; can be approximated strongly by a
v; € € having compact support with Gov; € CJ(£2). B

Theorem 6.3.10 Let {u;} be a sequence in ET. Strong convergence of the
sequence tmplies weak convergence and norm boundedness. If the sequence
{1;} is norm bounded, then weak convergence and vague convergence are
equivalent.

Proof: If the sequence {1, } converges strongly to p € €T, then norm bound-
edness follows from the inequality ||pjle — |gle] < |tj — tle. Suppose the
sequence {/;} is norm bounded by m and converges weakly to p € £T. Con-
sider the signed measures 7, 5 of Theorem 3.5.3. Since each Gg7, s is the
Green potential of a signed measure of finite energy whenever B 5 C (2,

lim /G(}Tm75,dﬂj = /GQTaz,é d;
J—00

that is, lim; oo [ fdp; = [ fdp for all f in a total subset K, of K+ (£2).
Let I" be any compact subset of {2. It now will be shown that the sequence
{1;(I")} is bounded. To do this, let f be a nonnegative linear combination of
elements of K that majorizes 1 on I'. Since

limsup p;(I7) < hmsup/fdu] /fdﬂ < +00,

Jj—00 Jj—o0

the sequence {p;(I")} is bounded. Consider any g € KT (£2). If € > 0, choose
f € K such that |g — f| < e. Since f and g have compact supports in (2,
there is a compact set I' containing the supports of f and g and a constant
a such that p;(I) < «,j > 1. Since
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256
‘/gduj—/gdu’ S/Ig—fduj+‘/fduj—/fdu‘+/f—gldu

SeaJr‘/fduj—/fdu‘ﬂLeu(F)

and f € K, limj_o [gduj = [ gdu; that is, the sequence {y;} converges
to u vaguely. Assume now that |ple < m,j > 1, and that the sequence
{1;} converges to u vaguely. As in the proof of Theorem 3.6.4, Gou <
liminf;_.o Gopu;. By Fatou’s Lemma, for each p > 1

/Ggudup < /(liminf Gopy)dp, < liminf/Gguj dp, < m?
j—o0 Jj—o00

Therefore,

/Gg,udu < /(liminfGQ,up) dp < liminf/GQud,up < m?
p— 00 p— 00

and p € E1. To show that lim;_, 15, v]e = [u, V] for all v € £, it suffices to
prove this result for all v in a dense subset of £. By the preceding theorem,
the set of v € £ having compact support in 2 with Gv € C§(£2) is dense in £.
For such v,

lim [p,v]e = lim /Ggud,uj = /Ggydp = [, Ve
j—00 j—00
by the vague convergence of the sequence {yu;} to pu. W

Theorem 6.3.11 (Cartan [11]) £T is complete.

Proof: Let {y;} be a sequence in £ that is strong Cauchy. For any v in &,
the inequality

Hﬂjay]e = [, v]le < |Nj — prlelvle

implies that the sequence {[u;, 7]} is Cauchy in R. Taking v = 7, 5, where
B ., C2
x,0 ’

L) = Jim [ fdy

exists for each f in a total subset K; of K. The linear functional L(f)
can be extended to KT as follows. First let I" be any compact subset of 2
and let f € Kar majorize 1 on I'. Since the sequence { [ fdu;} is bounded
by some m > 0,u;(I") < [ fdpu; < m,j > 1. This shows that the sequence
{p;(I")} is bounded for any compact subset I" of 2. Now consider any g €
K™ having compact support I" and a neighborhood U of I" having compact
closure U~ C 2. Choose m > 0 so that 1;(U~) < m for all j > 1. For each
k>1,let g € Kar have compact support in U such that the sequence {gx}
converges uniformly to g on {2. Since
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’/gdui—/gduj S/lg_gk|dﬂi+’/gkdﬂi—/gkdﬂj

+/ng — gldu;

<2m| g— gk ||0+‘/gkdﬂi_/gkd/1/j

Given € > 0, choose k so that |g — gx| < €/4m. Then

€
’/gdﬂi/gdﬂj §§+’/gkdﬂi/gkdﬂj

from which it follows that the sequence { [ gdu;} is Cauchy and

L(g) = lim / gdp;

exists for all g € K. It follows that there is a measure p such that

lim /gdw =/9du
j—o0

for all g € KT; that is, the sequence {y;} converges vaguely to p. Since the
sequence is strongly bounded, the sequence converges weakly to p by the
preceding theorem and strong convergence follows from Theorem 6.3.7. W

6.4 Projections of Measures

The operation of sweeping a measure defining a potential on a Greenian set
can be formulated as an operator on the pre-Hilbert space £ by projecting a
measure p € ET onto a convex subset of £T. Recall that a subset F of £ is
convex if A+ (1 — \)v € F whenever p,v € Fand 0 < A < 1.

Lemma 6.4.1 If F is a nonempty, closed, convex subset of E* and € €T,
then there is a unique measure pr € F such that | — pr|e < |pu— vl for all
veF.

Proof: Consider any two measures «, 3 € F. Then v = (o + 3)/2 € F since
F is convex. Now
= = (n—a) + (@ =)

(1= 0) + 5(a— H)P

1
= lp—alf+ Jla =B+ 1 —a,a = fle.
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Similarly,

1
m—vﬁZW—ﬁﬁ+ZM—6E+m—@ﬁ—ah

Therefore,

1
2p —Ale = lp = ol + =B+ 5la = BIE+[8 - a,a - B
1
= u—af2 + n— B2~ glo— B2 (6.4)

so that
la = B2 =2|p—af? +2[n — BIZ — 4lp— ]2

Let m = inf, e r |p — v]e. If {v;} is any sequence in F, then

vy = ve]2 < —4m® + 2\ — 152 + 2| — vy 2.
Choosing a sequence {v;} in F such that [u — vj[e | m, limsup; ., [v; —
vile < 0 and it follows that the sequence {v;} is strong Cauchy in F. Since
E* is complete and F is closed, there is an a € F such that

—ale=m = inf |p— V..
—afe=m = inf |p—v]e

Uniqueness of a measure minimizing | — v|e can be shown as follows. If «
and [ are two measures satisfying |4 — al. = |p — S|e = m, then

1
2m? < 2m? — 5\04 - B)?
by Equation (6.4) and o« = 3. W

Definition 6.4.2 If F is a nonempty, closed, convex subset of £ and p €
ET, the measure ur of the preceding lemma is called the projection of u
onto F.

Lemma 6.4.3 Let F be a nonempty, closed, convex subset of E and let
w € ET. Then pyg is the projection of p on F if and only if [n—po, v —pole <0
forallv e F.

Proof: If a € F, then | — a|? < |u— v|? for all v € F if and only if
i — oy — e < Ja— vf?

for all v € F. It now will be shown that the latter inequality is true if and only
if 2[p — o, v — ae <0 for all v € F. The sufficiency of the latter statement is
trivial. f v € Fand 0 < A < 1, then v/ = (1-N)a+ v = a+A(v—a) € F and
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20t — a, A — a)l. < AW — a) 2

or
2 — v —ale < A — ol

Letting A — 0,2[u — a,v — . <0 for all v € F. Taking a = po, |t — po|* <
| — v|? for all v € F if and only if [ — po,v — po] < 0 for all v € F.
|

Recall that a convex set F is a cone with vertex « if o + § € F implies
that oo+ A3 € F for all A > 0.

Lemma 6.4.4 Let F be a nonempty, closed, convex cone in EV with vertex
0 and let p € ET. Then pg is the projection of p onto F if and only if

(i) [u—po,v]e <0 forallveF and
(“) [/u’ — Ho, ,LLO]e =0.

Proof: Assume that pg is the projection of p onto F. By the preceding
lemma,

[t = po,v — pigle <0

forallv € F. Forany v € F, (uo+v)/2 € F,puo+v € F, and [ — po,v]e <0
from the preceding inequality. This proves (z). In particular, [u— uo, tole < 0.
Putting v = 0 in the above inequality, [u — uo, to]e > 0 and (i) is proved.
Conversely, assume that o satisfies (7) and (#¢). Then

(1t — po, v — pole = [ — po, V]e — [ — pos proe <0

for all v € F and pg is the projection of u onto F by the preceding lemma.
|

If I is a compact subset of 2, F(I") will denote the set of measures v € £
with support in I". F(I") is easily seen to be a convex cone in E1. That F(I")
is strongly closed can be seen as follows. Consider a sequence {p;} in F(I")
that converges strongly to p € £F. This implies that the sequence is norm
bounded and weakly convergent to p. Since weak convergence and vague
convergence are equivalent for norm-bounded sequences, the sequence {f;}
converges vaguely to p. Since the p; have support in I, the same is true of
w; that is, F(I") is closed. It therefore makes sense to consider the projection
pr(ry of ponto F(I7).

Theorem 6.4.5 If I' is a compact subset of the Greenian set 2 and p € £,
then g € F(I') is the projection of p onto F(I') if and only if

(i) Gaouo < Gop on 2 and
(i) Gouo = Gaou on I' except possibly for a polar set.
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Proof: Suppose g is the projection of  onto F(I"). By the preceding lemma,

(i") [(Gop— Goupo)dr <0 for all v e F(I') and
(#') [(Gop— Gopo) duo = 0.

Consider the set {z;Gou(z) > Gaouo(z)} and any v € F(I'). Since the
restriction of v to this set also belongs to F(I"),

/ (Gaop— Gaopo)dv <0.
{Gaop>Gaopo}

This implies that v({z; Gou(z) > Gouo(z)}) = 0 for all v € F(I'). Taking
v = o, Gaop < Gouo a.e.(fp). In conjunction with (ii'), this means that
Gop = Goug a.e.(up) on the support of pg. By Theorem 6.3.5, Goug <
Gqp on £2. Thus, g satisfies (7). By Theorem 6.2.3, Gou = Ggopuo, except
possibly for a polar set since pog € £'. Conversely, suppose o satisfies (i)
and (4i). Then (i4) implies that Gouo = Gop a.e.(v) for all v € F(I') C €T
by the same theorem. Properties (i) and (i) follow immediately from the
preceding lemma. W

Corollary 6.4.6 If I" is a compact subset of the Greenian set 2 and p € £t
then Goprry = Rr(Gaop,-).

Proof: Since Gou > R[‘(GQN, ), ﬁp(Ggp, -) is the potential of a measure
po € ET by (i) of Theorem 6.2.4. By Corollary 4.6.2, Gouo = Rr(Gopu, ) =
Gqou on I' except possibly for a polar set. It follows from the preceding the-
orem that o = pr(ry; that is, Rr(Gopu,-) = Goprr). W

The Gauss-Frostman theorem, Theorem 6.2.9, can be generalized to po-
tentials Gou, u € ET, by defining

DPGou(v) :/GQVdI/72/GQ,udl/, vet&t.

Theorem 6.4.7 Let F be a nonempty, closed convex subset of E and let
w € EY. Then ur is the unique measure that minimizes P, over F.

Proof: i — v[2 = Pa,(v) + [uf2. W

6.5 Wiener’s Test

Wiener’s original theorem characterized irregularity of a boundary point of
a region {2 in terms of the capacities of parts of ~ 2 in neighborhoods of
the boundary point. Since thinness of the complement and irregularity are
equivalent, it suffices to relate thinness of ~ (2 to the capacities of certain
subsets of ~ 2.
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Let £2 be a Greenian subset of R™, let x € {2, and let A be any subset of (2.
For a > 1, let ‘ ‘
Aj={y e 20’ <ufz,y) <a7*Y,

let A7 = U A, let Aj=ANA;j>1, and let A = AN AJ. Choose k > 1
large enough so that (A¥)~ C (2, diam(A4*) < 1, and A* is a subset of the
component of {2 containing x. Several lemmas will be required to prove the
celebrated theorem of Wiener.

Theorem 6.5.1 (Wiener’s Test [64]) A is thin at x if and only if (a) the
series Y22y a/C*(A;) converges or (b) the series 3222 Ry (x) converges.

Several lemmas will be required to prove Wiener’s result. The proof that
the series Z;io R}xj (z) converges as a consequence of the thinness at x will
be accomplished by showing that the two series corresponding to odd num-
bered terms and even numbered terms converge. This amounts to considering
alternate annuli As;1; and alternate annuli Ay, respectively. To avoid cum-
bersome notation, only the annuli with even subscripts will be considered;
the treatment of odd subscripts being essentially the same.

Lemma 6.5.2 For each j > k, let I'; be a nonempty compact subset of A;
and let I' = U2 I;. If a > 1, there is a constant m > 0, depending only
upon o and k, such that

(y,2)
(y,z)

<

<m zeclyyel ~1Iy,j>k.

e

Proof: Consider the n = 2 case first. If u(y,z) < a?~! and o¥ < u(x,z) <
a?t1 then

u(y,z) _ —logly — 2|
u(y, ) u(y, )
—log (ly — x| — |z — z|)
B u(y, )
<1 —a_2k+110g (1 — |x—z> .
|z —y|
Since
|$ o Z‘ B e—u(z,2) - efazj’l(afl)

|q; — y| - e*u(af’y) -

and the last expression has the limit 0 as j — oo uniformly in y and z, it
follows that u(y, z)/u(y,x) is bounded uniformly in j and y, z as described
above. Suppose now that u(x,y) > a**2 and o® < u(r,z) < o+ In this

case
log (‘i:z‘ - 1)
P i N ]

u(y, ) u(y, )
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Since
|17 — Z| a2;+1(a71)7
lz—y|
a2t (a—1
uly, 2) log <6 ( ) 1)
<1-— - ,
u(y, ) ~ a?t?

where the last term has the limit 1+ (1 — )/« as j — oo, and again it follows
that u(y, z)/u(y, z) is bounded uniformly in j and y, z as described above.
This proves the assertion in the n = 2 case. Consider now the n > 3 case.
Similarly, if u(z,y) < a?~1 and o < u(x,z) < a?*1 then

n—2
u(y.s) _ (_al/r=)
u(y,z) — \al/(n=2) —1

and u(y, z)/u(y, x) is uniformly bounded in j and y, z as described above; if
u(z,y) > 12 and o < u(z,z) < a®*!, then

u(y,2) _ 1 2
ulyw) = \al/o -1

and u(y, z)/u(y, ) is uniformly bounded in j and y, z as described above. W

Lemma 6.5.3 There is a constant ¢ > 0, depending only on k, such that
1 e
-Go(z, ) <u(z,:) <cGo(x,-) on (A")".
c

Proof: Since Go(z,-) = u(z,-) — ghmou(x,-) on 2,Go(x, ) < u(x,-) on
(AF)~. Note that A* = B, 5 ~ {z} where § = o*/("=2) if . > 3 and § = e=o"
in the n = 2 case. Since Gp(x,-) and u(z,-) are positive and continuous on
0B, s, there is a constant ¢ > 1 such that ¢cGo(z, ) —u(z,-) > 0 on 0B, s so
that

liminf (cGo(x,y) —u(z,y)) >0

y—2z,y€By 5

for z € 0B,,s. Since

Yy—z Yy—r

liminf(cGg(z,y) — u(z,y)) = iminf((c — Du(z,y) — cgf(L?m u(z,y)) = +oo,

liminf, ., yep, s~fa}(cGa(z,y) —u(z,y)) > 0 on O(By,s ~ {}). By Corol-
lary 2.3.6, cGgo(z,-) — u(z,y) > 0 on B, s ~ {2} = A¥. Thus, u(z,-) <
cGo(x, ) on (A¥)~. Since c > 1, (1/c)Ga(x, ) < Go(z, ) < u(x,-) on (AF)~.
|

Lemma 6.5.4 If I' is a compact subset of the Greenian set {2, then

GQ(l’, y)

m =1.
lz—y|=0,z,yel" u(z,y)
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Proof: Since I' is covered by finitely many components of (2, it suffices to
prove the assertion for the part of I" in each of the finitely many components.
Thus, it can be assumed that (2 is connected. Since G (z,y) = u(z,y)—hs(y),
where h, is a nonnegative harmonic function on 2, G (z,y)/u(z,y) = 1 —
h.(y)/u(x,y) whenever |z — y| is sufficiently small. It suffices to show that
there is a constant m > 0 such that h,(y) < m for all z,y € I'. By the
minimum principle, each h, = 0 or h, > 0 on {2. Consider x € I" for which
the latter holds, any y € I', and fixed yo € I'. By Harnack’s inequality,
Theorem 2.2.2, there is a constant k > 0 such that h,(y) < khs(yo). Since
Gg and u are symmetric functions, he(yo) = hy,(z) and ha(y) < hy,(x).
Since hy, is bounded on I', there is a constant m such that h.(y) < m
whenever x,y € I' with h, > 0 on (2. If h, = 0 on {2, this result is trivially
true. W

Lemma 6.5.5 If I' is a compact subset of the Greenian set {2, there is a
constant ¢ > 0 such that Go(z,y) < cu(x,y),z,y € .

Proof: If z and y belong to different components of 2, Go(z,y) = 0 and
the result is trivially true for any choice of ¢. Only the case with z,y in the
same component need be considered. Since I is covered by finitely many
components of 2, it suffices to prove the result for the part of I" in each of
the components and then take ¢ to be the maximum of a finite collection
of constants. It therefore can be assumed that (2 is connected. The result
follows from a simple compactness argument and the preceding lemma. H

Lemma 6.5.6 The series Z;X;O alC*(A;) converges if and only if the series
dizo R}lj (x) converges.

Proof: Since 4] is compact, f{}l] is a potential by (vii) of Theorem 4.3.5.
Letting le = Ggopj, the measure p; is supported by cly A; C Aj_ by Theo-
rem 5.7.13. By Theorem 6.2.8, C*(A;) = p;({2) and

alC*(A)) = o pj(2) = o /1 dp;
< /U(xay) pi(dy) < @t pi(2) = 7T (4)).

Thus, _ _
a?C*(A;) < UM (z) < ajHC*(Aj).

Since ﬁ}lj (z) = Gopj(r) < Ui (z), the convergence of >3, a/C*(A;) im-
plies the convergence of Z;io R}lj (). By Lemma 6.5.3, there is a constant
¢ > 0 such that u(z, ) < cGg(z,-) on (A*)~. Thus,

a’C*(4;) < UM (z) < cGop;(z) = R}, (2)
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so that convergence of the series E;io f{}‘] () implies convergence of the
series 37 @/C*(4;). B

The following proof of Wiener’s theorem simplifies early versions and can
be found in [17].

Proof of Theorem 6.5.1: Suppose first that ZJO.OZO R}h () < 4o0. By
Theorem 4.7.6, for j > k

Rip 4(2) <Y Ry (@) < Y ORY (@),

Since the term on the left increases to 15{}1] (z) as m — oo by Theorem 4.6.5,

oo

R'(2) < 3R (2).

i=j

Since the latter term has the limit 0 as j — oo,lim;_o R, (z) = 0. Since
R, (z) = fl}lju{z}(sc) by Corollary 4.6.4, A7 U {z} is a neighborhood of z,
and f{}lju{x}(x) < 1 for large j, A is thin at x according to Theorem 5.7.11.
Assume now that A is thin at z. It can be assumed that z € 94 ~ A for
the following reasons. Since A is thin at z, z is not a fine limit point of
A and there is a fine neighborhood Of of z such that Of N A = ), which
means that © ¢ A; if it were true that x €~ A~, it would then follow that
Aj = 0 for large j so that C*(A;) = 0 for large j and the series Z;io C*(Ay),
equivalently Z;’io f{}l] (x), would converge trivially. For each j, let {I};;} be
an increasing sequence of compact sets such that I;; T A;. Since R}” T R}lj
by Theorem 4.6.5, for each j > k there is a compact set I; C A; such that
R}j (x) > R}lj (z) — (1/27). To show that the series Z;'io f{}lj (z) converges,
it suffices to show that the two series E]Oik f{}% (z) and Z;’ik R}ﬂzjﬂ(a:)
converge. As indicated at the beginning of this section, only the first series
will be shown to be convergent, the argument for the second series being the
same. Let I" = U2 I5;. If the intersection of I" with some neighborhood of

2 is polar, then at most a finite number of terms of the series Z;’io f{lp% (2)
are nonzero and the series converges. It therefore can be assumed that the
intersection of I with each neighborhood of x is nonpolar. Since I' C A and
A is thin at 2, I" is thin at . By Theorem 5.6.4, there is a potential u such
that u(z) < 400 and lim,_., e p~{z} u(y) = +00. Since RY% = R} = u quasi
everywhere on I, R“f has the limit +o00 at = on I" except possibly for a polar
set. Since R%(z) < u(z) < +oo, R% is finite at z. Since R} < u and u is a
potential, f{}i is a potential with RY = G for some measure p supported
by the compact set I' U {z}. For j >k, let
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H2j = :UJ|F2j HUJ;' - ,U'|Q~F2j

so that p = poj + //2]-. By Lemmas 6.5.2, 6.5.3, and 6.5.5 there is a constant
¢ > 0, not depending upon j, such that

Gaol(z,y) < cGo(z,y), yel ~Iyj,zely,j>k.
Using the fact that this inequality is trivially true when y = z, for j > k
Gotthy < Gty (2) < cGop(z) = R () < cu(x) < +oo on Ty,

Since u = f{}& =Gou= G’Q/,l/[‘2j —&-Ggu’Qj quasi everywhere on I, Ggup2j >
u — cu(zx) quasi everywhere on I', Gopu n; = 1 quasi everywhere on I5; for
sufficiently large 7 > k. Thus,

f{}gj <1< Gougj

quasi everywhere on I5; for sufficiently large j > k. Since R}zj is a potential

of a measure with support in ng,ﬁ}zj < Ggopg; on §2 by Theorem 6.3.5.
Thus,

> Ry, (2) €Y Gomj(x) < Gop(x) < Rp(r) < u(z) < +oo

Jj=>i Jj=>i
for sufficiently large ¢, proving that the series Zjoozk R}Qj (z) converges. W

Example 6.5.7 (Zaremba’s Cone Condition) Let A be a subset of R",
n > 3, let x € 04, and let K be a closed cone with vertex at x, nonempty
interior, and K C A. Zaremba’s cone condition in Theorem 2.6.29 implies
that z is a regular boundary point of ~ A. Wiener’s theorem can be used to
prove that A is not thin at x as follows. Fix a > 1 and consider the series
Z;io a’C(A; ). Since A; = ANA; D A;NK, it suffices to show that the series
Z;io a/C(A;NK) diverges. Consider any orthogonal transformation ¢ of R™
about x. By symmetry, Rg(a,nx)(y) = Ra;nkx (¢~ 'y) and using the equation
for calculating C(¢(A; N K)) in Example 4.4.2, C(¢(A; N K)) = C(A; N K).
By the compactness of A;, there a finite number of such transformations
o9 o) such that A; ¢ U™, 67 (A; N K). By Lemma 4.4.20, C(4;) <
S C(gbg])(Aj NK)) =mC(A; N K). As calculated in Example 4.4.4,

C(A]) =q 2.
Therefore,

n—

> alC(4;NEK) = — 3 alC(4)) = — Y ai = 4o
J=0 j=0 =0
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Chapter 7
Interpolation and Monotonicity

7.1 Introduction

In order to take advantage of known facts about the Dirichlet and Neumann
problems, it is necessary to study transformations from one region onto an-
other and their effects on smoothness properties of transformed functions. In
later chapters, it will be shown that the solution of the Neumann problem
for a spherical chip with a specified normal derivative on the flat part of
the boundary can be morphed into a solution of an elliptic equation with an
oblique derivative boundary condition. The method for accomplishing this
is called the continuity method and requires showing that the mapping
from known solutions to potential solutions is a bounded transformation.
The essential problem here is to establish inequalities known as apriori in-
equalities which are based on the assumption that there are solutions. The
passage from spherical chips to regions {2 with curved boundaries requires
relating the norms of functions and their transforms. The final step involves
the adaptation of the Perron-Wiener method and the extraction of convergent
subsequences in certain Banach spaces called Holder spaces.

Eventually, very strong conditions will have to be imposed on (2. So strong,
in fact, that the reader might reasonably conclude that only a spherical chip,
or some topological equivalent, will satisfy all the conditions. As the ultimate
application will involve spherical chips, the reader might benefit from assum-
ing that {2 is a spherical chip, at least up to the point of passing to regions
with curved boundaries . But as some of the inequalities require less stringent
conditions on {2, the conditions on {2 will be spelled out at the beginning of
each section. Since these conditions will not be repeated in the formal state-
ments, it is important to refer back to the beginning of each section for a
description of (2.

L.L. Helms, Potential Theory, Universitext, 267
(© Springer-Verlag London Limited 2009
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7.2 Holder Spaces

As solutions of elliptic equations require at least that second-order partial
derivatives exist and be continuous, the approximation methods used in prov-
ing the existence of solutions must involve slightly stronger conditions. It is
not necessary to go so far as requiring the existence of third partials as some
kind of smoothness between continuous second partials and the existence of
third partials will suffice. Collections of such functions constitute the Holder
spaces. The definitions of this section apply to any subset 2 of R™.

Definition 7.2.1 If k£ is a nonnegative integer, 0 < o < 1, and u €
C*(92), let

[kt = sup  [Du(x)],
z€R,|B|=k
k
lulko.0 = [ullke = [uljro.0,
§=0
DBu(x) — DPu
o= sp D2 = D)
z,y€0R,|B|=k |z -y

[ullk, @ + [U)kta,0-

|u|k+a,.!?

For k > 1, note that |u|ry0, is not the same as |ulr, 0 = |u|(r—1)4+1,0. The
collection of functions u on §2 for which |u|k+a,n < +oo0 will be denoted by
Hiyo(82). For u € Hyyq(82) it is clear from the definition of [u]r4q, that
DB, |B| = k, is uniformly continuous on {2 and has a continuous extension
to 27 which will be denoted by the same symbol. It is easily seen that the
Hito(£2) spaces are normed linear spaces with norm |u|g+q,. These spaces
are called Holder spaces. In general, [u]y+q o is only a seminorm. The
collection of functions u on {2 such that v € Hy4o(I") for all compact subsets
I' of 2 will be denoted by Hyta.10¢(£2).

In the remainder of this section, {2 will denote a bounded open subset
of R"™. Granted that C°(§27) is a Banach space, it will be shown that C*(£27)
is a Banach space for every k > 1.

Theorem 7.2.2 C*(27),k > 1, is a Banach space under the norm ||ul|x. q-
Proof: Let {u;}32, be a Cauchy sequence in C* (7). Since
1D%u; = DPujllo.0 < llui = w0

for each (3 with |3] < k, the sequence {DPu;}22, is Cauchy in C°(£27), and
thus there is a v € C°(027) such that DPu; — v% as j — oo uniformly on
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Q7. If it can be shown that v® = DPu for |3| < k where u; — u = v° as
j — oo uniformly on {27, it would then follow that

luj = ullre =Y |DPu; — DPullo.0 — 0 as j — oo
|8|<k

and that u; — w in C*(£27). This statement will be proved by a finite
induction argument on |3| using Theorem 0.2.2. Suppose €, is a multi-index
with all 0’s except for a 1 in the mth position, |5+ €,,| < k, and Dﬁuj — DBy
as j — oo uniformly on 7. Since D" (DPu;) = DPtemy; — pfFem ag
j — oo uniformly on 27, vPtem = Dem(DPy) = DPTemy. Thus, uj — u in
ck(27). |

Theorem 7.2.3 Hj,,(§27) is a Banach space under the norm [ulj4q o -
Proof: If {u;}32, is a Cauchy sequence in Hyio({27), then it is a Cauchy
sequence in C*(£27) and there is a u € C*(£27) such that |ju; — up.o- — 0

as j — oo. Thus, it suffices to show that [D7u; — DPu], o- — 0 as j — oo
for each 8 with || = k. If | 8] = k and € > 0, there is an N(¢) > 1 such that

[DPu; — Dougla g = sup 122062 = DPus() =~ (DPuily) = DPuyw))]
T, YyENT ‘LL' - y‘oc
TFY
<€

for ¢,5 > N(e). Thus,

|(DPui(x) = DPuj(a)) — (DPuily) — DPuy(y))| < el —y|*
for x,y € 274,75 > N(e). Letting i — oo,

(D u(x) — DPuy(x)) — (D uly) — DPuy(y))] < elw —y|*

for x,y € 27, > N(e). Since the sequence {[D?u;], o} is bounded in R, say
by M > 0, it follows from this inequality that [D"u], o- < [DPu;], o- +€ <
M +€,j > N(e), that u € Hyyo(£27), and that

[DPu — DPujl, o- <€ forj> N(e).

Thus, [DPu — DPujla.o- — 0as j — oo and uj — uin Hyio(27). W

A useful tool for proving the existence of solutions of an equation is to
construct a sequence of functions in Hay,(f2) and then extracting a conver-
gent subsequence to approximate the solution. The principle embodied in the
following theorem will be called the subsequence selection principle. The
subsequence selection principle also applies to sequences in Hyy,(£2),k > 1.
The theorem will be stated and proved for k& = 2. To simplify the notation,
D and D? will serve as generic symbols for first- and second-order partial
derivatives, respectively.
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Theorem 7.2.4 If 2 is a convez, bounded, open subset of R™ and {u;} is
a sequence in Hoy(£2),0 < o < 1 for which there is an M > 0 such that
|Ujlata,0 < M,j > 1, then the u;, Du;, and D?u; have continuous extensions
to 27 and there is a function uw on 2~ and a subsequence {u;_ } of the
{u;} sequence such that the sequences {u;, },{Duj.}, and {D?u;,} converge
uniformly on 2~ to continuous functions u, Du, and D?u, respectively.

Proof: Note first that the inequality

<yleva <M, zye

implies that the D?u; are uniformly continuous on {2 and have continuous
extensions to {2~ which will be denoted by the same symbol. The inequality
also implies that the sequence {D?u;} is uniformly equicontinuous on 2.
Since |D?ujlo,0 = [uj]at+0,0 < M,j > 1, the sequence {D?u;} is uniformly
bounded on 27. It follows from the Arzeld-Ascoli Theorem, Theorem 0.2.3,
that there is a subsequence of the {D?u;} sequence, which can be assumed
to be the sequence itself by a change of notation if necessary, which converges
uniformly on £2~ to a continuous function v on 2. By the mean value the-
orem of the calculus, there is a z; on the line segment joining x to y such that

|Duj(z) — Du;(y)|
|z -yl

= |VDu,;(z;)| < Vnlujlero,0 < v/nM.

This shows that the Du; are uniformly continuous on {2, have continuous ex-
tensions to {2~ which will be denoted by the same symbol, and that the {Du;}
are uniformly bounded and equicontinuous on {2~ . Again it follows from the
Arzela-Ascoli Theorem that there is a subsequence of the {Du;} sequence,
which can be assumed to be the sequence itself, which converges uniformly
on 2~ to a continuous function vV on 2~. Applying the same argument to
the {u;} sequence, there is a subsequence of the {u;} sequence, which can be
assumed to be the sequence itself, which converges uniformly on 2~ to a con-
tinuous function u on 2. By Theorem 0.2.2, Du = v(}) = lim; o Duj; and
D?u = v® = lim;_, D?u; on 2. Note that Du and D?u have continuous
extensions to 27. W

The roles played by a function u on {2 and a function g on a portion X' of
the boundary of 2 are distinctly different and the norm of the latter will be
defined differently based on the idea of considering g to be the restriction of a
function u to X as discussed in [25]. The following definition and subsequent
discussion is also applicable if stated with the 14+« replaced by k4« for k > 1.

Definition 7.2.5 For g : X — R, let

191402 = inf {Ju|11a,0;u € Hita(2),uls = g}},

and let Hy1(X) be the set of all g for which |g|14q,5» < +00.
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According to the following theorem, it can be assumed that a boundary
function g in Hy1,(X) has an extension ¢ on {2 of the same norm.

Theorem 7.2.6 If {2 is a convez, bounded, open subset of R", X is a rela-
tively open subset of 082, and g : ¥ — R with |g|i14+a,5 < 400, then there is
au € Hy1o(2) such that u|lx = g and |u|14a.0 = |9l1+0.5-

Proof: Let {u,} be a sequence in Hyy,(£2) for which |un|14a.0 | [9/11a.2
and u,|x = g¢. Since the sequence {|uy|1+4.0} is bounded, by the subsequence
selection principle there is a subsequence {u,,} and a function v on {27 such
that the sequences {uy; } and { Du,,; } converge uniformly on 2~ to u and Du,
respectively, as j — oo. Since |un,|o,0- — [ulo,0—, [Dun,lo,0- — [Duloo-,
and liminf; oo [Dn,|o,0- < [9l14a,2—|ulo,0- —[Dulp,o-, for any z,y € 27

|Du7lj (JJ) - Dunj (y)|

lim inf <liminf[Duy,_]o. o-
1= |z =yl gmee T
< |glita,z — ulo,o- — [Dulg o

Since Dup;(x) — Du(z) and Du,,(y) — Du(y) as j — o0, [Duly o~ <
|9l14a,5 — |u|o,o- — [Dulp o- so that |uli1q o- < |9|1+a,s. Since u belongs
to the class defining |g|1+q,5, the two are equal. W

The proof of the following theorem is an easy exercise.

Theorem 7.2.7 Hyo(X) is a normed linear space under the norm |g|i+a, -

The norms |u|kta,0 on Hiyq(f2) are global in that the points of {2 are
treated equally. An alternative is to deemphasize points of {2 near the bound-
ary by using a weight function.

Definition 7.2.8 If ¢(z) is a positive, real-valued function on {2, k is a non-
negative integer, ¢(x,y) = min (é(z), d(y)),u € C*F(27),0 < a < 1,b € R,
and k4+a+b>0, let

b
oo o= sup (@) D%u(a)|
z€8,|B|=k

k
b b b
s 0100 = ws o 1= [u; 6] ¢
j=0

o DPu(x) — DPu(y
W dlile = sup o7 “’(%y)l () = )
z,yeR,|8|=k |z —yl
b b b
15 911 a2 =1 15 6 100,00 03 Sl

0
|t; @lkta,0 = |u; ¢|§€la79~
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Holder classes Héb)(Q; ¢),H&b)(0; gZ)),H,g?O(Q; ¢), and Hk+a((2 ¢) are de-
fined as above and are easily seen to be normed linear spaces. These classes
will be of particular interest for

(i) o(x) = ¢, a constant,
(ii) ¢(z) =dy = d(x) = dist(z,012).

b b b b
When ¢(z) = 1, [us 110 o0 s I, [us 1)), o and [us 17, o are the
same as [u]k+0,g,||u||k Q,[ ]k_m,g, and |ulktaq,0, respectively, as defined
above. The superscript (b) is dropped when b = 0; that is, |u;¢>|§£&a o is

written simply |u; @|p+o. Whenever the notation HQ(Z_?Q(Q; @) is used, it is
understood that 2 4+ b+ o > 0.

Theorem 7.2.9 H,i?a(ﬂ; d) is a Banach space under the norm |u; d|§§b_‘)_a79.

Proof: If § € (0,1), let 25 = {y € 2;:d(y) > ¢}. There is then a constant C'
such that o)
C|u|k+oc,95 < |u;d|k+a,9 (71)

where
C = min {#0(02), d*ToTb(02), 6710 hTatb 5 —0,... Kk},

where d(f2) is the diameter of (2. Let {u;} be a Cauchy sequence in

H lgia(ﬁ d). By the above inequality, the sequence of restrictions of the u; to
25 is Cauchy in Hy4q(f25) and has a limit u. The function « has an obvious

extension to 2 which is independent of 4. Since the sequence {|u;; d|,(ﬁa’ ot

is Cauchy in R, there is a constant M such that |uj,d|k+a o < M for all
j > 1.1f 8 is a multi-index with |3| = ¢ < k, then

d“T ()| DPuj(z)) < M, x€0,5>1.

Letting j — o0,d"*(z)|DPu(z)| < M so that [u;d]gjr)(w2 < M. Similarly,
[u; d]kJroz o < M, proving that u € Hk L(82:d). If € > 0 and |B] = € < k,
there is an m such that

b € ..
d“* ()| DPui(w) — DPuj(x)| < |(us — uy);d ), o < T hizm

Letting j — oo and taking the supremum over x € {2 and § with |8] = ¢,

€ .
|ui Ud|z+0(z<k+1 Lz m

Similarly, [u; — u; d]k+a o < €/(k+1) and it follows that |u; — u; d|k+a o <€
for i > m; that is, the sequence {u;} converges to u in H,giza(ﬂ, d). |
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7.3 Global Interpolation

Given norms | - |s, | - |u, and | - |¢ on a normed linear space X with s < u < t,
interpolation inequalities compare | - |, to some function of | - |s and | - |¢,
usually a linear function of the latter of the form

2|, < alz|s +blzl;, x€X.

Such inequalities can be derived from certain convexity properties of norms
due to Hormander. It will be assumed throughout this section that {2 is a
bounded, convex, open subset of R". Since only norms of functions on {2
will be considered in this section, the subscript 2 will be omitted from
the norm notation; that is, |u|x+a,o will appear as |u|x4q-

Lemma 7.3.1 If k is a positive integer and k <b=m+ 0,0 < o <1, then
there is a constant C = C(b,d(£2)) = n™/?(max (d(2)?,d(£2),1))™ such that
lulk < Clulp.

Proof: Let yo be a fixed point of 2, let

o) = 32 LDruly),

[7[=m

and let w = u —v. Consider any multi-index 3 with |3| = m. Then DPv(y) =
DPu(yo),y € 12, and DPw(y) = DPu(y)— DPv(y) = DPu(y)— DPu(yy). Note
that D?w(yo) = 0 and that [w], = [u]} since
[w]y, = sup [Dw], = sup [D%u— DPu(yo)]s
|B|=m |Bl=m

= sup [Dul, = [u]p.
1B1=m

(7.2)

Now consider any multi-index § with [5] = m — 1. For 1 < j < n, let ¢; be
the vector having 1 as its jth component and 0 as its other components. By
the mean value theorem, there is a point z on the line segment joining x to
y such that

|DPw(x) — DPw(y)|
|z —y
= |VDPw(z)|
— |(Dﬁ+€1w(z), e ,Dﬁ+e"w(2)|
= |(D7w(z) = D i), ... D7 w(z) - D (o))

i Elw i “w 0 20
Z('w @) =D wllly?), >
< Vil

(S

|2 — yol”

)7 [Wmto = Vnd(2)7 [wly.
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This shows that [w]m = [W]m-1)+1 < VRd(2)7[w]y < /nd(2)7 [u], by
Equation (7.2). Consider [u],, = [w+ v] < [w]m + [v]m and the last term in
particular. By the mean value theorem,

= s 270 = D7)
m =
|7|=m—1=yc2 |£TJ - y|
TFY

= sup sup |VD7u(2)|
Ir|=m—1zven
7Y

where z is a point on the line segment joining x to y. Since

[VD™u(z)] = [(D"F0(2), ..., DT u(2))|
‘(DT+€1 ( )7~~-7DT+E"U(yo)|7

VD7 v(2)| < v/n[u]myo so that
[v]m < Vnlulmo.
Therefore,

(U] < [W]m + [V]m
< Vnd(£2)? [uly + vn[ulm+o
< vnmax (d(2)7,1)([tu}mio + [u]p)

where y/nmax (d(£2)?,1) > 1. Thus,

‘u|m - |u|(m—1)+1 = ||U||m71 + ['I.L]m

< 3 ulyso + vimax (d(£2)° 1)((ulmro + [uly)

=0

< Vnmax (d(£2)7,1)|ulp.
Replacing b by m and m by m — 1,
-1 < v/ max (d(2), 1)l < n(max (d(2)7, d(2), 1)) uls.

Repeating the last step m — k + 1 times,

m—k+1
[ulie < 00D/ (max (d(2)7, d(2),1))

|ulp-

The conclusion follows with
C=C(b,dR2) = nm/z(max (d(2)7,d(£2),1)". 1

The growth of |ul, as a function of a will be considered now.
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Theorem 7.3.2 If0 < a<b=m+0,0 <o <1, then |u|l, < Clu|p with
C = C(b,d(2)) = n™?max (1,d(£2)7,d(£2)).

Proof: Three cases will be considered according to a > m,a = m,a < m.
Case (i) (@ > m) In this case, a = m + p where 0 < p < 1,p < 0. Since
[DPu), < d(£2)°~°[DPul, whenever 8] = m, [u]m+t, < d(2)° P [u]m+o and

< max (1,d(£2)7 ") |ulp.

Since d(£2)777 < 1if d(§2) < 1 and d(£2)7 7 < d(02)? if d(£2) > 1,|ul, <
max (1,d(£2)7)|ulp. In this case, the constant in the assertion can be taken as
max (1,d(£2))7).

Case (ii) (a = m) This case is covered by the preceding lemma with the
constant n™/?(max (1,d(£2)7,d(2))™.

Case (iii) (a < m) Suppose a =+ p <m < b=m+ o where 0 < p < 1.
Consider any multi-index 8 with |3 = ¢. Since

|Du(x) — Du(y)|

D], = sup x—yltr
[ ]p eyen |IL’ o y| | |
T#y
< d(2)'7° sup |VDPu(z)|
x,yE€ N
z#y

< Vnd(2) P [u]et1+0,
where z is a point on the line segment joining x to y,

[ulep < Vnd(2)'Plulesivo

and
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Since ¢ + 1 < m, the latter sum is less than or equal to |ul,. As above,
d(£2)*77 < max (1,d(£2)) and the constant of the assertion can be taken as
Vnmax (1,d(£2)). The constant C(b,d(£2)) = n™/? max (1,d(£2)7,d(£2)) will
suffice for all three cases. W

A polynomial approximation is needed for the proof of the next lemma.
Given a function f on a neighborhood U of the origin in R™ and a finite set
= C U, the polynomial p in n variables of degree k is said to interpolate f
on = if p = f on =. The number of terms of such a polynomial is

k )
()= (]
the jth term of the sum being the number of terms having degree j (c.f., Feller

[21], pp. 36, 62). It is shown in [14] that there is a subset = = {&1,..., &}
of U having M = ("+k) points such that the polynomial

n

W) =>_ piWf(&)
=0

interpolates f on =. The polynomial p is unique, the p; are of degree less
than or equal to £ and are products of linear factors, and the p; depend only
upon n, k, = and not on any f.

Lemma 7.3.3 (Homander [34]) Let 0 < a < k < b where k is an integer.
If [uls <1, [ulp <1, and « is a multi-index with |a| = k, then there is a
constant C' = C(a,b)) and a polynomial function P of d(£2) that increases
with d(£2) such that || D%ulo < C max (d(£2)%,d(£2)")P(d(£2)).

Proof: Suppose the result is true when a < 1. Consider any multi-index [
with [l =j. Ifa=j4+0,0<o0 <1, then0<a—7<k—7<b-—j.
Since [DPul,—; < [u], < 1,[DPulp—; < [ulp < 1, and a — j < 1, for any
multi-index v with |y| = k — j,[|DY(DPu)|lo < C. Thus, ||D%llp < C for
any « with |a| = k. It therefore can be assumed that a < 1. Since neither
the hypothesis nor the conclusion is affected by adding a constant to w, it
can be assumed that there is a point z¢ € {2 such that u(xy) = 0. Since
(ula < LJu(y)| = fu(y) — ulwo| < |y — zol* < d(2)* and [uflo < d(12)°. Let
b=m+ 7,0 <~ < 1. For each x € §2, consider the Taylor formula of order
m — 1 with remainder

u)= 3 3 ZMD ey 3 PE e yen,

«

=0 |a|=j lal=m

where z is a point on the line segment joining x to y. Letting

Poy) =Y Da;;(m)
=0 '

lev|=j

(yf‘r)av y€Q7
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Taylor’s formula can be written

Therefore,

ul) — Pty < Y P DTN, e

|a]=m

<l 32 ly— ™ < OO

loe|=m

Combining this inequality with the bound for ||u||o, there is a constant C' =
C(a, b)) such that | P, (y)| < Cmax (d(£2)%,d(£2)"),y € §2. Let p be the unique
polynomial of degree m that interpolates the function

iz D%'(x)za, z€R"

=0 |a|=;

on the set = = {&,..., &} discussed above. Since this function interpolates
itself on = and p is unique,

M
Pu(y) =Y pily—2)Pu(&y),  ye Q.
=0

If o is any multi-index with |a| < m, then

M
DPy(y) =Y _ Dp;(y — z)Px(&)
j=0

so that
M
| DY Py (y)| < Z |Dpj(y — )| | Pe(&5)]
=0
’ M
< C'max (d(2)%,d(2)") Y [Dpi(y — )|, ye 2
j=0

Note that the sum is bounded by a polynomial function P of d({2) that
increases with d(f2). Thus, there is a constant C' = C(a,b) such that
|IDYP,(y)] < Cmax(d(£2)%,d(2)°)P(d(£2)) for |a| < m,y € 2. Since
D*P,(x) = D*u(z), the conclusion follows from the preceding inequality.
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If ¢ is a positive integer, the expression [u]. in the statement of the following
theorem can be interpreted as [u]cq0 or [u](c—1)+1 since [u]c—1)+1 < Clulcto.
If the theorem is proved for [u].4o, then it is also true for [u]e—1)41.

Theorem 7.3.4 (Hérmander [34]) If 0 < a < ¢ < 0,0 < XA < 1, and
c=Aa+ (1 —A\)b, then
(e < Clulafuly,™ (73)

and
Jule < Clufy|uly ™ (7.4)

where C' = C(a,b,d(£2)) is a constant.
Proof: If [u], < [u]q, then by Theorem 7.3.2

[ule < Cluly = Clulpful,™ < Clulgluly ™,

where C' = C(b,d(£2)). It therefore can be assumed that [u], < [u]y for the
remainder of the proof, which will be dealt with in several steps.

Step 1 Consider the case that there is no integer between a and b. Suppose
first that 0 < a < ¢ < b < 1. Then for z,y € {2,

A 1—X
Ju(z) — u(y)| <|u<x> - u<y>|) <|u<x> - u<y>|>

|z —yl¢ |z — y| |z —yl°

so that [u], < [u]é‘[u}éf)‘ when a > 0 and [u]. < 2*[u]}[u];™* when a = 0. In

either case, [u]. < 2[ulMul; ™ < 2Jul2|ul;~*. Suppose now that k < a < ¢ <
b <k +1 for some integer k > 1. By the preceding argument,

fule = sup [D*ulo_ <
la|=k

2 sup (Dl 4D 2) < 2ulafuly ™ < 2ulfuly ™

Step 2 Suppose now that c¢ is an integer £ > 1. It can be assumed that
|u|q > 0 for otherwise u = 0, a trivial case that can be excluded. For x € (2
and 0 < e <1, let

up(y) =u((l —e)z +ey), ye 2

It is easily seen that [u ], < €[u]a, [uS]s < €*[u]p, and DPus(x) = ¥ DPu(x) if
|3 = k. Since 0 < [u], < [u]p,0 < € < 1 can be chosen so that €’[u], = €*[u],.
Since |ut /€*[u]q]a < 1 and |ut/e*[u]q]s < 1, it follows from Lemma 7.3.3 that

‘Da%‘ < C(b,d(2)) if 18] = ,
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where C'(b,d(2)). Thus,
€"|DPu(x)|=|DPus, (x)| < C(b, d($2))e* [ula=C (b, d(£2))(e* [ula) (" [uls) .

Since ¢ = k = Aa + (1 — \)b, |DPu(z)| < C(b,d(£2))[u])[u]; . Taking the
supremum over x € {2 and j satisfying |3| = k,

[ule < C(b, d(2))[ulgul,™ < C(b,d($2))lulg|ul; ™. (7.5)

Step 3 Let ¢(A) = Aa+ (1 — A)b,0 < A <1, and assume that the inequality
[ulen) < Cla,b,d(2)|ulgluly, ™ (7.6)

holds when A = Ay and A = X If 0 < g < Lo = 1 — g, and A =
Apin + Agpra, then ¢(A) = pe(Mr) + pac(A2) = pac(hr) + (1 = p)e(A2). By
Step 1, if there is no integer between ¢(A1) and ¢(A2), then

[Wler) = [l e(nn) +(1—p1)e(ra)

< 2l lule

c<a,b,d<rz>>(<[uml[u1;Al) 1(@122 [u]i“)
< C(a, b, d(2))|ul}|ul; ™

M2

IN

that is, Inequality (7.6) holds for ¢(X) for all A between A\; and Ay providing
there is no integer between ¢(A1) and ¢(A2). Note that the inequality holds
for A\=1and A =0.

Step 4 Counsider any ¢ € (a,b). If there is no integer in (a,b), then [u]. <
2|ul2ul,~* by Step 1. If ¢ is an integer in (a, b), then [u]. < |u|}|ul;~* by Step
2. Suppose c is not an integer and there are one or more integers k1, ..., kiin
(a,b) ordered so that a < k1 < --- < ky < b. By considering the three cases
¢ € (a,k1),c € (ki—1,ki), and ¢ € (k¢,b) and the fact that Inequality (7.5)
holds for each k;, Inequality (7.5) holds for each ¢ € (a,b). This completes
the proof of Inequality (7.3).

Step 5 Suppose a = j + « and ¢ = ¢ + +, then

J V4
ule = [uli+ ) [uli + [l
i=0 i=j+1

For i =0,....j[u]i < [uli < C(a,b,d(2))]ula < Cla,b,d($2))|ul3]uly* by
Theorem 7.3.2. For i =j+1,...,¢,a <1 < b so that

[u; < C(a,b, d(Q))|U|2|u|;_>‘

by Step 2. Lastly, [u]. < C(a,b,d(£2))|u|}|ul;~ by the preceding step. M
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In applying Step 3 to the interval (k;—1,k;), C = C(k;—1, ki, d(£2)) can be
replaced by C(a,b,d({2)) since the k}s can be expressed as explicit functions
of a and b.

Theorem 7.3.5 If 0 < a < ¢ < b and € > 0, there is a constant C =
C(a,b,c,e,d(£2)) such that

[u]e < Clula + €[uls (7.7)

and
[u]e < Clulq + €|ulp. (7.8)

Proof: Letting ¢ = Aa+ (1 — A\)b,0 < A < 1, the result follows from Inequal-
ity (7.3) when [u], = 0. It therefore can be assumed that [u], # 0. It suffices
to prove the result when [u], = 1 for then

e = Clapl. e

implies that [u]. < Clu]s + €[u]y. In the case |ul, = 1, [u]. < Clu]} by
Theorem 7.3.4, where C = C(a,b,d(£2)). It is easily seen that there is a
linear function Kz + ¢/C' such that 2 < Kz + e/C for x > 0 where K
depends upon ¢, ¢, and C} in fact,

€ )(/\—1)//\

K:)\(m

where A is determined from c¢. Thus,
[u]. < Clu]) < C(K[ula +¢/C) = CKu]q + ¢,

where C'K may depend upon ¢ through A. The second assertion follows in
exactly the same way. W

7.4 Interpolation of Weighted Norms

In this section, {2 can be any bounded open subset of R". Convexity is not
required. The section applies to any weight function ¢ > 0 satisfying the
inequality |¢p(x) — ¢(y)| < M|x — y|*, z,y € §2, for some fixed o € (0,1]. As
the results will be applied only to the weight function ¢(x) = d(z) = d(x, 912),
the results of this section will be stated only for d. In the proof of the following
lemma, D7y will denote a generic symbol for a jth order partial derivative of
u. The lemma is a special case of a more general result that can be found in
[25] allowing arbitrary j, k > 0. As the consideration of many cases is required
in the proof, only a few cases will be dealt with to illustrate techniques.
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Lemma 7.4.1 If j + o < 2+ 0 where j = 0,1,2,0 < o, < 1, and u €
Hy15(02;d), then for any e > 0 there is a constant C = C(¢, j, v, §) such that

[U;d]j+a.0 < Cllullo,o + €[u; dlats.0 (7.9)
[u;dljta,2 < Cllullo,o + €lu; dl2yp,0 (7.10)

Proof: Since [u; d]o+o,02 = [|ullo, o, Inequality (7.9) is trivially satisfied in any
case with j = 0, =0. Thecases (j =1,aa=1,4=0),(j =2,0<a< 1,8 =
0), and (j = 2, = 1) are excluded by the requirement that j + « < 2 + 3.
Let z,y be two points of {2 labeled so that d(z) < d(y), let 0 < p < 3,
let § = pd(xz) and B = B, s. For any y € B,d(y) > d(x)/2. Consider the
j=1,a=0,8=0 case. For a fixedi =1,...,n, let 2’ and " be the points
where a diameter of B parallel to the z;-axis intersects 0B. For some point

T=(Z1,...,Ti—1,Ti,Tit1,--.,Ty) on the diameter,
vy Ju(@) —u(@”)] _ 1
Dy, = r/mWE N
1Dy, u@) s Y
and
T
|D11u(x)| < |D$1u(f‘ + DfL’iCDz‘u(xla vy Li— 15 Yis Tig1y - - - 7xn) dyl
. ;
< g”u”OwQ +0 sup |DTszu(y)‘
yeB
1 _
< 5llullo.e +dsupd *(1)d* ()| Do, u(y)].
yeB
Thus,
d(x) 40d(x) 9
d(x)| Dy, < — —— supd Dy
(@D u(w)] < S5 o+ 5 sup d(3)| D)
< p M ullo,o + 4pu; d2o.0-
Thus,

[wi 1o, < plullo.e + 4pfus dlz+o.0.
Given € > 0, choose p < min (1/2,¢/4). Then

[us d110,0 < Cle)[ullo,e + €[u; dl2 o, (7.11)
where C'(e) = 1/p. This proves Inequality (7.9) in the j = 1, = 3 = 0 case.

Suppose now that j = 0,1, @ € (0,1),8 = 0. For some point z on the line
segment joining x to y € B,
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Diu(z) — D’ u(y)|
|z —yl|*

B+ (2, )] — (g — g V(D) ()

< FT(2)8' O d T )@ (2) V(D) (2)]
S 2j+1da_1(.’lﬁ)(51_a\/ﬁ[u; db‘+1+079
= 2 0/np = [u; d 140,00
On the other hand, if y ¢ B, then
[Diu(e) — Diu(y)| _ d*e (@)
|z — y|* - o
< (& (2)| D u(@)] + du(y)| D uly)|)
<2 %usd]jr0,0-

At (z,y) (1D7u(x)| + D7 u(y)))

Combining these two cases and taking the supremum over z,y € (2,
(Wi d]jra,0 < 207w d]jro,0 + 27T np' " u; d) 140,00

Given € > 0, choose p such that 2/t /nu!=* < €. Then for j = 0,1, € (0,1)
and 0 =0,

[us d]j4a,0 < Cl6)[us d]jro,0 + €lu; d]jt140,0 (7.12)
where C'(e) = C(n,«, j,€) = 2u~*. Consider now the j =1 or 2, = 0, and
0 < B <1 case. Defining 2/, 2", T as above,

DIu(T)

Dj—l AN Dj—l " 1 .
— | U(Q? ) u(m )l <= sup |D7_1u(y)|.
26 5 yEB

Therefore,
|DIu(z)| < |DIu(E)| + |Du(x) — DI u(T)|
1 , . ,
< <supd 7 (y)d T (y) [ D7 u(y)]

yeB

| D7 u(z) — D7u(y)|

+ 07 sup d™ 7P (z, y)d P (2, y)

yeB |-75 - y|ﬁ
92j—1 ’uﬁgj-&-ﬁ
< W[U, dlj—140,0 + W[U, dj+s,0

so that
du(z)| DV u(e)] <277 us d]j-ro,0 + 2777 0P [us d .

If € > 0, by taking the supremum over z € {2 and choosing p such that
2788 < €, there is a constant C(¢) = C(j, ¢, 3) such that

[u;d]j+0,0 < C()[usd]j—1+0,02 + €lu; d]j15,0 (7.13)
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whenever j =1 or 2, =0, and 0 < § < 1. Inequalities (7.11), (7.12), and
(7.13) are not quite enough to prove Inequality (7.9). Consider the j = 2, a0 =
0,0 < 8 <1 case. Given € > 0, choose €; > 0 such that 2¢; < e. There is then
a constant C(e1) satisfying Inequality (7.13). Choosing €2 > 0 such that
1 — Ci(e1)ea > 1/2, there is a constant Ca(e2) satisfying Inequality (7.11).
Thus,

[u; d]2y0,0 < Ci(er)[u;d]iqo,0 + ei[usdlayp 0
< Ci(e1)(Ca(e2)|ullo,e + e2[u; d)2to,0) + €1us dl2+5,0
from which it follows that

240,0 < 701(61)02(62)
’ - ]. — 01(61)62

< C(e)|lullo,2 + €lu; dlatp.n (7.14)

€1

[u; d] l|ullo,e + m[wd}?-&-ﬂﬂ

where C(e) is the coefficient of [Ju||o in the first line. By successive applica-
tions of Inequalities (7.11), (7.12), (7.13), and (7.14), the following cases of
Inequality (7.9) can be established:

(i) 7=0,1,2and a=0
(i) 7 =0,1and a € (0,1).
Cases (j =0,a=1),j=1a=10< B <1),and (j =2,a € (0,1),0 <

[ < 1) require separate arguments. Consider first the j = 0, = 1 case. As
in the argument leading to Inequality (7.12),

[us dlos1,0 < 207 ullo,e + 2v/nlu; d)i10,0-

Now apply Inequality (7.11) to the second term and then Inequality (7.14).
Consider now the j = 1,a = 1,0 < 8 < 1 case. Using the fact that d(z,y) =
d(x) < 2d(z') for any 2z’ € B, for some point z on the line segment joining x
and v,

2 |Du(z) — Du(y)| 2 [Du(x) — Du(y)|

d(z,y) P < d(z,y) P x5 (y)
iy DA DU,
< (e, IV Duxn ) + 25D a1 400
< A[u;dlavo,0 + %[u]lJrO,Q-
Choose p1 = % and apply Inequalities (7.11) and (7.14) to the latter two

terms. Lastly, consider the j = 2, « € (0,1) case. If y € B, then
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|D?u(x) — D?u(y)|
[z —yl|*

= d*t(2)|x -y d P (2, y)d* T (2, y)

d*(z,y)

|D*u(z) — D*u(y)|
|z —y|?

S d"“*ﬁ(m)éﬁ*a[u; d]2+[37g = ,uﬁfa[u; d]2+[379.
On the other hand, if y € B, then

|D2u(z) — D*u(y)|

2+« T

" (z,y) g

< d2+a(x7y)d—2( )(d2( )‘D2 ( )|+d2( D2 <20 % u: d

S —a 4@ y)(d (@) D u(z YID7u(y)]) < 2p~"[u; d)240,0-

Applying Inequality (7.14) to [u;d]at0,o with € = p2<,

[u; oo, < 17wy dlars,0 + 20~ “(CL () |ullo + 12 [u; d)2+5,0)
=201 (1**) ™ |ullo,2 + (17 + 2u)[u; d]2,0.

Given e > 0, choose u so that uf~% + u® < € to obtain Inequality (7.9).
Lastly, Inequality (7.10) follows by applying (7.9) to each of the terms of

|u; d|j+a,f2 = ZLO[U; divo,0 + [u;dl21a,e. B

7.5 Inner Norms

If 2 is a bounded open subset of R™ and X' is a relatively open subset of 02

with 902 ~ X # 0, dy = d(x) is defined by the equation
dy = d(z) = dist(z,002 ~ X),z € 2.

Since 852 ~ X is closed, d is positive and continuous on £2; in fact, |CT(
d(y)| < |z — yl for z,y € £2. Recalling that a A b denotes the minimum of
the two real numbers a and b, let d(x y) = dm, =d, A d for x,y € £2. For
§ >0, let 25 = {z € 1 -d(z) > 0}, if nonempty. Thus, (25 is defined for
0<d<sup{n>0; Q # U)} and is an open set. If (2 is a convex set, it does
not necessarily follow that .Q(; is convex; but if X' = (), then _Qg 25 and is
convex. It will be assumed at the end of this section that {2 and the {25 are
bounded, convex, open subsets of R". In addition, it will be assumed
also that (2 is stratifiable, a condition assuring that the annulus between
_(25 and .(225 is of uniform width. Since the first theorem does not require this
assumption, the definition of stratifiable appears after this theorem. All of
these assumptions are fulfilled for a particular case of interest here; namely,
2 is a spherical chip and X is the interior of the flat part of the boundary.
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Definition 7.5.1 If (2 is a bounded open subset of R", ¥ is a relatively
open subset of 02,0 < a<1,and k+b+a >0, let

b a+b O
|u|’(§-")—a,9 = sup {5k+ +t |u|k+a,f25;0 <H< 1, 95 75 (Z)},

[u]l(:)ka,ﬂ = sup {6k+a+b[u]k+a,§a;0 << 1,05 #0},

and let H,iljza(()) be the set of u such that |u|k+a o < +oo.

There is no restriction that X be a proper subset of 92 in this definition. In
the X = () or X = 02 cases, {25 and (25 are taken as the same.

Remark 7.5.2 The requirement that § € (0,1)) in the definition is based
on the fact that the behavior of |u[, 5 is of interest only for small J. Any

number &y € (0, 1) for which Qs # () for all § < §y could serve as well at the
expense of increasing the bound by a factor that does not depend upon wu;
that is, if supgs<s, 0*T*[ul, 5 < M, then

~ 1 a+b
sup{5a+b|u|a7!~26;0<5<1,957&@}§ (%—&-1) M.

To see this, suppose the first inequality is true. Consider those ¢ for which
8o <8 < 1and 2 # 0 and let ¢ be the smallest integer such that 1 ANd(2) <

qdp. Since §/q < (1)/q < 6o and Q5 C Qg/q,
5 a+b 5 a+b
(5) s < () lula,, <M

6a+b|u|

so that

0py S4TM, s <i< 1

Since q < 5= + 1,
1 a-+b
5|, 5 < (— + 1) M, 6§ <d<l.
a,82s 50
As this inequality is trivially true for 0 < § < g,
" 1 a+b
sup{§a+b|u|a§5;0<6<1,(257&(/)}§ <6—+1> M.
' 0
Tt is easily seen that for 0 < §p < 1, there is a constant C' = C(dp) such that

1 b a =~ b
6|u|g7}2 < sup {0 ul, 5,50 < 8 < 8o, 25 # 0} < Clulp,.
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Theorem 7.5.3 If k is a nonnegative integer, 0 < a« <1, and k+b+a > 0,
then H,iﬁa(ﬂ) is a Banach space under the norm |u|k+a Py

Proof: It is easily checked that H(?Q(Q) is a normed linear space. Let

{un} be a Cauchy sequence in H,gf:a(ﬂ) The sequence {|un|kb+a o) is then

bounded by K, say. Let {6(j)} be a sequence in (0,1) decreasing to zero.
Since 6(j )k+b+a|un\k+a796m < \un|kia’9 < K, the sequence {\un\kJra’_Qa(j)}
is bounded for each j > 1. Using the subsequence selection principle, an in-

duction argument, and letting g&o) = Uy, the functions wuy,, Duy, ... , D*u,

have continuous extensions to Qg( ) there is a function v; on Qg(j), and a
subsequence {un } of the {u } sequence such that usl-) — v],Du%j)

Duvj, ..., DFuy W Dkvj on (25() with v; = vj_1 on (26(] 1) Thus, there
is a function v on {2 that agrees with v; on Qa(j),j > 1. Consider the di-
agonal sequence {u(j )} that is a subsequence of all of the above sequences
so that u(J) — v, Du(J) — Du,...,DFu (j) ,— DFy on 2 as j — oo. It will
be shown now that v € H( ) (Q) Note first that \u(J)|k+a o < K for all
j > 1. Consider any ¢ € (0,1) and z,y € 25. Since 6k+b+a|ujj)(x)|0ﬁé <

|u (J)|k+a o0 < K < 400, letting j — oo, taking the supremum over x € (25,

and then taking the supremum over 6, |v|0 )Q < K < +4o00. Similar arguments

apply to |Du])|0 -, |DFu (J)|0 o, and [D*u (])]a «- Thus, |v|k+a < 400 and
H,E?a(_()) To show that u(]) — v in H,g;)a(ﬁ), consider any ¢ € (0,1)

and x,y € 2s. Using the fact _that the sequence is Cauchy, given € > 0 there
is an N(e) > 1 such that |u§l)' — uS—”JEﬂmQ <e/(k+1) for all 4,5 > N(e).
For any § € (0, 1),5k+b+°‘|u§’) - u§4])|k+a’§(s < €¢/(k+1). ‘Expanding the
norm according to its definition, the last term §F+b+e [Dkul(.l) — Dkug.j)]af)é
dominates

|DFu @) = DR (@) = DM (y) = DM )] e
|z — yl« “k+1

§k+b+a

Letting j — oo and taking the supremum over x,y € !~25,(5k+b+a[Dku£i) -

D*v) | 5, < €/(k+1). Similar arguments can be applied to the other

terms, resulting in 5k+b+o‘|u£—i) — v|k+a 8, < € Taking the supremum over
0€(0,1), \uf — U|k+a o < €forall i > N(e). This proves that the sequence

{u(.i)} converges to v € H,Esza( ). Since the sequence {u,} is Cauchy and a
subsequence converges to v € H ,g)b) (£2), the sequence {u,} converges to v in

b
B (2). o
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The above definition of inner norm cannot be applied to a boundary func-
tion if X' = 0f2, as an open set in its own right, because d(z) and Ys are
not defined in this case. As in Definition 7.2.5, the inner norm of a boundary
function can be based on the idea that g is the restriction of a function u on
02~ to X.

Definition 7.5.4 For g: ' — R, let
(1+b) . 1+b 1+b
9y = inf {Juli 0w € HYE (2),uls = g}

and let Hﬁzb)( X’) be the set of all g for which |g|§fab2 < +o0.

Theorem 7.5.5 If ¥ #0,0<a < 1,2+ b+a >0, Hl(f;b)(ﬂ) is a normed
. (1+0)
linear space under the norm |g|, |, s

(14b)

Proof: As it is a routine exercise to show that [g[; ', s is a seminorm, only the

fact that |g| glj;b)z
(14b) '

|9/1 o » = 0, there is a sequence {u,} in Hﬁzb)(ﬂ) such that |un|§l+zbQ 10
(14b)

as n — oo. Since the sequence of norms is bounded, |un|; o < K,n > 1,
for some K > 0. For each § € (0,1),8 4w, |, 5, < K, and therefore
each sequence {|un|,, 5 } is bounded. Let {6(m)} be a sequence in (0,1)

= 0 implies that g = 0 on X' will be proved. Assuming that

that decreases to 0. For each m > 1, {|ual, o )} is a bounded sequence

in Hl+a Tistmy” . As in the proof of Theorem 7.5.3 for each m > 1, there is a

subsequence {uy™} of the {ul"""} sequence and a function v,, on _(NZ(;(m)

such that u; m _, U, and Du% m _, Duv,,, uniformly on ﬁ(;(m) and v, = Vym—1

on .(NZ(;(m_l). Consider the diagonal sequence {uS,Z” )} which is a subsequence
of all of the above sequences. It follows that there is a function v on {2 such
that ugn) — v and Du( ™) _, Dy on 2 as m — oco. Given ¢ > 0, there is

an N > 1 such that \un|§1_~_txb9 < € for all n > N. By looking at the terms

(m)|(1i_+ab ¢ bointwise and taking the limit as m — oo, \v\g{;ﬁ)n < ¢ for

every € > 0 so that |v|gif)g = 0 and, in particular, that [v]; 5 = 0 for every

0 € (0,1). Thus, v = 0 on 2. Since the ul™ = gon X v =gon X, and
therefore g =0on ¥. A

of |u

Theorem 7.5.6 If g : X — R and \g\gl_;b)z < 400, then there is a u €

1+b 1+b 1+b
H{D(02) such that uls = g and [u]( 17, = 9]0

Proof: Let {u,} be a sequence in H&Zb)((}) for which |un|§1+":1b)Q 1 ‘9‘1{::2

and u,|x = g. As in the preceding proof there is a subsequence {um )} and
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) (m)

a function v on {2 such that u,(%n — w and Duyy, ' — Duon 2 asn — oo. As

1+b 1+b . 1+b) (1+b
before, |u|§+a>g < gl and u|E = g. Since u € H{{W(02), [, =
g |(1+b)
1+a2

7.6 Monotonicity

Geometrically, a spherical chip (? is the smaller of two regions determined
by intersecting a solid ball with a hyperplane. It will be assumed in this
section that a coordinate system is chosen so that 2 = {z € R™ : |[x — x| <
p, Tn > 0}, where 2o = 0 or g is a point on the negative x,-axis, and that
X is a relatively open subset of 92 N {z : x, = 0}. When (2 is a ball in
the statement of the theorem, X' is the empty set in which case d = d and
Qs =

Theorem 7.6.1 If (2 is a spherical chip with X a relatively open subset of
o N{zx : xz, = 0} or a ball in R™ with ¥ = 0, 5,k = 1,2,b > —1,0 <

a,B<l,j+a<k+p,j+b+a >0, and € > 0, then there is a constant
Co(b, o, B,€,d(£2)) such that

b b
W], 0 < Colld®ullo,q + eul)5 o

and

b
\u|§_@a o< Colld Pullo, o + €fu ]l(qJ)rﬁ(z

Proof: Since 6 < 1,
‘u|j+a7f25 = HuHo_ﬁé + Z[u]i+0,f25 + [u]jJra,f)M
=1
d>6&on 2, and §i+e < 1for 1 <i < 7,
5J+b+a|u|j+a,(~25 < ||6]+b+auHo,fz5 + Zé]-&-b—&-a[uh_w o + 5]+b+a[u}
i=1

< d(Q)*+e||d u||m+z P S (7.15)

j+a,2s

and the second assertion follows from the first by repeated application of the
first to the terms on the right side. It also can be assumed that the right
members of the above inequalities are finite, for otherwise there is nothing to
prove. Consider the following four cases:
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(i) j=1Lk=2,a=0=
(i) j<k,a=0,0>0
(i) j < k,a>0,0=0
(iv)j <k,a>0,0>0.

It will be shown first that there is a constant C' = C(b, «v, 3, €), not depending
on {2, such that

[1]570,0 < Cluli .0 + luly)s o (7.16)
For this purpose, let = be a fixed point of {2, let u < 1/2 be a positive
number that will be specified later, let § = Jw/Q, p=pud, B =B, o7 and
BT = Bn{z :z, > 0}(BT = Bif 2 is a ball). If y € BT, then d, >
dy — |z —y| > (3/4)d, = (3/2)6 > 6 so that y € £2; that is, B¥ C .
Similarly, if y € BT, then Elv <dy + |z —y| < (5/4)d,. Therefore,

§Zi <d, Zd y € B*. (7.17)

If r is any real number, then
d, < A(r)d;, yeB* (7.18)
where A(r) = max ((4/5)",(4/3)"). Fori =1,...,n—1, let 2, z} be the end

points of the diameter of B parallel to the xi—a)ﬂs, for i =n, let 2/, = x and
xll = x + pep; i.e., the latter is the point of intersection in 2 of B and a
line through = perpendicular to R{j. Moreover,  will denote a point on the
line segment joining x} to x! resulting from an application of the mean value
theorem. (Note that convexity of 2 or (NZ(; is not required since the mean
value theorem is applied to the convex set B*.) Since
[Dyues) = Dyui)l L 0 D), =1, n—1

2p P yeB+

and

D; D;

|Dju(x;) — Dju(z; )|<_Sup D), i=n,
P pyEB+

for some point T on the line segment joining z to x7,

_ 2 .
|Djiu(T)| < = sup [Dju(y)l, i=1,...,n
P yeB+

by the mean value theorem. Since |z — T| < p = pud,

[Dyiule) = Dyu(@

| Djiu(z)| < [Djiu(T)| + P— T
<2 | Dju(y)| + 16" [u]
< = sup |Dju 168l 4
110 JeB+ 248,425

2

= E[u]lﬂlﬁo‘ Jr'uﬁgﬁ[u]%rﬁ,f?a'
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Multiplying both sides by §2+°,

53| Dj ()| < 25 u]
%

)+ 170l
I

652+b+6[u]

140,025 +u 248,825

IN

140,02 2+8.02

Since 6 = d(z)/2,
- 23+b b b
d(x)2+b|Diju(x)| < —M [u]g_&oﬁ + 22+bﬂﬁ[u]é_‘)_5'9.

For x € £2, ,

240D, < E (b) 92+b 51, 1(0)
0~ Dyju(z)] < " [u]1+0¢(2+ H [u]2+,6.(2'

Taking the supremum over x € (NZU and then the supremum over 0 < n < 1,

23+b

b b b

W0 < =l o0+ 2 W W 0

Choosing p such that 22+°% < e 1 < 1/2 and letting C' = 23+ /1, the proof
of Inequality (7.16) is complete.

Case (i) j = 1,k = 2, = 3 = 0. For some point T on the line segment
joining z} to z,

N 1
\Diu(F| = M <= sup |uy), i=1,....n—1
P pyEBJr
and , Y 5
Da@)] = =@l 2 ), i=n
1Y 1Y yeB+
so that

IA

2
— sup |u(y)| +p sup [Diu(y)l.
P yeBTt yeBTt

Multiplying both sides by §'*? and using the fact that p = pud < OZ~I/47

21—b

3" Dyu(x)| < sup |dbu(y)| + po*lul,. g 5,

H yeB+
21—b
I

IN

7 b
AW®)d ullo,e + ulul$y o-
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Therefore, for all x € (N)n, 0<n<l1

4A(D)
"

| Dyu(z)| < ]y

240,02

Taking the supremum over x € ﬁn and then the supremum over 0 < 7 < 1,
choosing u such that p2'+? < ¢, and taking C = 4A(b)/u,

b)
[1i%0,0 < Clld"ullo,0 + efulyg o (7.19)
Case (ii) j < k,a = 0,08 > 0. Suppose first that j = 1,k = 2. By Inequal-
ity (7.16), there is a constant Cy such that
b b
[u ]élo o = Colu }glo Q "‘G[U]élg,o-

Choose €; > 0 such that e;Cy < 1/2 and €1 < 1/2. Applying Inequality (7.19)
with this choice of ¢; < 1, there is a constant C; such that

b b
[ng<a [W)$)o.0

<C’1

b
[u ]1+o o T eefu }gl@,(r

Since €;Cy < 1/2, the second term on the right can be transposed to the left
resulting in
b
[y o < 20/|d"ullo.0 + €[uld), o (7.20)

where C' = 2C. Suppose now that j =1 and k£ = 1. In this case,

|Diu(x) — Diu(T)

—
ez T

|Diu(z)] < |Diu(T)| +

2
< = sup |u(y)|+p’%u], 4 5. -
P yen+ 143,825

Multiplying both sides by 61 = (d,/2)'*?,

dyt 2 Bl ®
Diu(z)| < sup |dyu(y)| + p’[u
21+b| )| [ y€B+| T ( | [ ]1+ﬁ7()
217bA(b) b
STH ullo,0 + 1 [u ](ngrr

Thus, for all z € f)n

~ 4A(b) | ~
@Mwﬂwns—;wwwmyszﬂﬁgg
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Taking the supremum over x € (N),, and then the supremum over 0 < 7 < 1,
choosing  such that 21 7% < €, u < 1/2, and taking C = 4A(b)/p,

[ ]gio 0 < CHd UHOQ—FE[ ]giﬁyﬂ' (721)

Suppose now that j = 2 and k = 2. By Inequality (7.16), there is a constant
Cy such that
[ ](b)

(b)
[uly} 0.0 < Colu }1+o o T 5ot

Choose €1 > 0 such that €;Cy < €/2. By Inequality (7.20), there is a constant

(1 such that ) )
[ui}0.0 < Cl||d ullo,2 + €1uly) 5 o

Thus,

(b b
W0 0 < CoCilld"ullo.0 + Coer [l o + Sl 0

< Olld ullo,e + efull?) 5 ¢ (7.22)

where C' = CyC, completing the proof of Case (ii).

Case (iii) j < k,a > 0,3 = 0. The hypothesis that j + o < k + [ requires
in this case that j = 1,k = 2, and « € (0,1). Fix 6 > 0, let z,y be distinct
points in (~225, let ;1 < 1/2 be a constant to be specified later, let p = ud, and
let B = B,,. If z€ Bt then d, > d, — |z — 2| > (2 — p)d > 36/2 > 4,
showing that BT C !NZ(;. For some point Z on the line segment joining x to v,

p1+b+a|DiU($) — Diu(y)| _ p1+b+a|Diu($) Diu(y)

|
|a:—y|1 X|z—y|<p

[z —yl* [z =y
o | Diu(x)| + | Diu
1 ittt [ Diu( )|pa| iu(y)| oyl >p
< p**|VDu(@)| + ZPHb[U]HO,fm'

Therefore,

sitbia |D; u(|x)_ yl;uw” < 1ROl g 5+ 20T ] g
< \/ﬁﬂl’“[u]ﬂo,n + 27bﬂia[u]§20,(z'
Taking the supremum over x,y € (~225 and then the supremum over 0 < § < 1,
(Y00 < V' [ul ) o + 2700 ful iy o
Applying Inequality (7.19) with e = u, there is a constant C such that

b
W] < Colldullo,o + plul§)o.o-
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Therefore,
\/—104 (b) 2-b(C 7046'1“11 9—b, 1-a (b)
[]1+o¢(27 np [u]2+0ﬂ+ ou” *[|d ullo,o + H [U}2+0,Q'
Choosing g such that (v + 27%)u!~ < e, < 1/2, and letting C =

2—1700“—017
b
W o < Cld ulloo + elul$)y o, (7.23)

completing the proof of Case (iii).

Case (iv) j < k,a > 0,8 > 0. The j = 1,k = 2 case follows by applying
Inequality (7.23) and then Inequality (7.22). Only the j = k = 1, 2 cases need
to be discussed in detail. Suppose first that j =k = 1. Fix § > 0, let x,y be
distinct points in (225, and let p, p, B be defined relative to = as above. Then

Libra [Diu(x) = Diw(y)| 1 4pya | Din(r) — Diu(y)
lz =yl M—y
+ p" P (|Dsu()| + |Dyu(y)])

|
|x7y|6 X|z—y|<p

so that
a b b _ b
PO < g ) 2 ]
Therefore,
b b — —a b
W) 0 < 1P g 0+ 2700 ] P o

Applying Inequality (7.21) with e = y?, there is a constant Cj such that
b b - —a|| 5 ap, 1(b
[u H-ﬁ)-oz 2= N “[u ]Qﬁ ot?2 bCOM ||dbu\|0,!2 +27 bﬂﬁ [u ]Qﬁ o
Choosing p so that (1 +27%)u%~® < € and taking C = 27°Cou~?,
b
(1Y 00 < Clldullo.0 + efuli?5 o
The j = k = 2 case is essentially the same. W

Corollary 7.6.2 If the conditions of the preceding theorem are satisfied and
J=1,2,b> —1,0 < a < 1, then there is a constant Cy = Co(b, v, d(£2)) such
that

b
0l < Co(lldulo.e+ 1) ).

Proof: Apply Theorem 7.6.1 to the terms [u]go,n in Inequality (7.15). W

It will be assumed in the remainder of this section that {2 and the f)g are
bounded, convex, open subsets of R".
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Theorem 7.6.3 IfO < a < a27b1 < b2,a1 + b1 > 0,0 < A< 1, and
(a,b) = Ma1,b1) + (1 — N)(az, ba), then

(b b1) \A b
il < C(ul ) (Julez) ™
where C = C(al,ag,bl,bg,d(ﬁ)).
Proof: By Theorem 7.3.4,

5l 5, < OO g !,

a1+b as+b 1=A
= C<6 ! 1‘u|a1 .Q(y) (5 ? 2|u|a2,!~25)
b b 1-X
< (@) (1ul%)

The result follows by taking the supremum over § € (0,1). W

In the course of the proof of the following and subsequent proofs, the
symbol C' will be used as a generic symbol for a constant that may
very well change from line to line or even within a line.

Lemma 7.6.4 If a > 1 and a + b > 0, then there is a constant C =
C(a,d(82)) such that

[uli < C 3 ID |, and > (D, < Clull,. (7.24)

Ja|<1 || <1
Proof: Suppose 1 <k <a < k+ 1. Then
ul, 5, < llullo.g, + D> 1D%llgg, + Y (DU, 4 5,
1<|al<k la|=k

Recalling that €; is a unit vector with 1 in the jth place, for 1 < |a| < k,a =
o + ¢; for some j with |o/| < k — 1. Thus,

n
[ulg iy < ltllg i, + D= DI (DY)l 5,

la/|<k—1 j=1

n
+ D D DY DIW] ey, s

lo/|=k—1 j=1

n
<lull g, +C Y IDYul, g,
=1

Since |[ully g, < |ul, 1 3,

n
|u|a,!~25 S |u‘a71,(~25 +CZ |D€ju|a71,f)5 S C Z |Dau|a71,§§’

j=1 lal<1
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Multiplying both sides of this inequality by §*** and taking the supremum
over § € (0,1), the first inequality of (7.24) is obtained. On the other hand,

Z |Dau|a—1,fls
lal<1
= |u|a—1,~65 + Z |Dau‘a—1,f35

laf=1

g|u|a_1,@5+z( S 1Dl 5,

lal=1 \|B]<k-1

+ Z [DQ(DQU)](al)(kl),f?&)

|Bl=k—1

- |u|a*1,f~?5 + Z ”Dﬁu”()’f?(s + Z [Dﬁu]a*kfld'
1<|BI<k |8|=k

Replacing |u[, ; 5 by its definition,

Z'Dama*lf)ég Z HDBUHOKZ(S—’_ Z [Dﬂu](afl)*(kfl)f?é

laf<1 |81<k—1 |Bl=k—1
+ 30 1D%ulgg,+ 3 (D%, g,
1<|BI<k |8|1=k
D? _ DB
<23 [Dulgp+ 3 sup (2 Duly)
[BI<k 18|=k—1%,YE2s r—=yY
+ Z [Dﬁu]afk,fl,;'
|81=k

By the mean value theorem for derivatives and the fact that 1 —a + k > 0,
there is a constant K = K (a,d({2)) such that

Z |Dau‘a—1,f3a

la|<1
IVDPull, .1z —yl
<2 ID%ullyg, + D swp \x—y\;—k + > P,
18I<k |Bl=k—1:YE2s 18l=k
<2 ID%ullg g, + K 3 1D%ullg 5, + > (D74l 4 5,
|BI<k |B1=k |B1=k
<O( T I0%ulya,+ 3 (D%, p,)
1BI<k |Bl=k
< Clu|

a,§2s"
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For each a with |a| < 1,|D%|, ; 5 < Clul, 5 . Multiplying both sides by

§%%? and taking the supremum over § € (0,1), |D0‘u|{(lb_+11)Q < C|u|((1b)9. By
summing over |a| <1, the second inequality of (7.24) is obtained. WM

Definition 7.6.5 If O is a bounded open subset of R™ with 5250 # () for
some dg > 0, then O is stratifiable if there is a constant K > 0 with the
property that for 0 < § < 09 and = € 05, there is a y € 025 satisfying
|z —y| < K6.

Example 7.6.6 Let pg > 0, let y be any point in R™ with y, < 0 and
lyn| < po, let 2 = By ,0 N RY, and let ¥ = B, ,, N Rj. The latter is the

flat face of a spherical chip. Taking dg = (po + yn)/4, Qs = By ,—s N R for

0 < § < dg. Note that each !~25 is a bounded, convex, open subset of 2. For
each x € £25,0 < § < dg, there is a y € (295 with |z — y| < K where

£0
((po — 280)% — y2)3

thus, spherical chips are stratifiable.

)

Monotonicity of \u|((1b)Q with respect to each of the parameters a and b will
be considered now. It is easy to see that

\u|gb)n < \u|gb;)2 whenever b > b'. (7.25)

The following theorem and its proof are adapted from the paper cited
below that deals with the X = () case.

Theorem 7.6.7 (Gilbarg and Hérmander[24]) If 2 is a stratifiable,
bounded, convex open subset of R{, each (NZ(; s conver, 0 < a’ <a,a’+b>0
and b is not a negative integer or 0, then there is a constant C = C(a, b, d(12))
such that

ulf o < Clul - (7.26)

Proof: Consider the a < 1 case first. Suppose it has been shown that

ulgt, < Clullyy,  ifb>0 (7.27)
and
[l o < Clul’y  ifb<0,a +b=0. (7.28)

In the first case, a’ = A -0+ (1 — X)a for some A € (0,1] and it follows from
Theorem 7.6.3 that

A 1—-A
Wl < C(lulfh) (1) < Clully
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In the second case, a’ = A(—b) + (1 — A)a for some A € (0,1] and it follows
from Theorem 7.6.3 that

b n )\ p \ A b
[0l < Co(1ul% o) (1) < Clulllly

Tt therefore suffices to prove Inequalities (7.27) and (7.28) for the a < 1 case.
To prove the first, assume that b > 0 and let §p and K be the constants
specified in the stratifiable definition. It can be assumed that |u\((1b)Q is finite,
for otherwise there is nothing to prove. For any § < g,

o qup D=0

sup
ﬂwlefla | B y|a

Consider only those ¢ for which § < dp/2. For any x € f}g, choose k£ > 1 such

that dp/2 < 2F§ < §y. By the preceding lemma, there is a 1 € 255 such that
|z — 21| < K§. Thus,

soralul@) —u@)l _
(K(;)a — ‘“|a,n
or
Ju(z) — u(e)] < K950l ),.
Thus,

Ju(@)] < Ju(e)| + Ju(@) — u(zy)]
< Jul@)| + K6 u|),.

Applying the same argument to x; € 5, there is a x5 € (245 such that
Ju(@)] < Juwz)| + K(26) |y + K26 ul(),

Continuing in this way, there is a finite sequence 1. ...,z with ) € (~22k5 C
(25,2 such that

k—1

()] < fueg)| + K (D (270) 7" ) ul

J=0

Since (80/2)**|ul, D5y 2 \u|§b)n and xj, € (~250/2,

20% )

|u($k)‘ < \u|a 250 /2 < §a+b| |a 0
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Therefore,
5b‘u(x)‘ § |u|(b) +Ka(22 b]>|u|(b)
29 a b
< Salulln + K/ = 1))l p (7.29)
0

for all x € (25,0 < dp/2, and it follows that \u|éb}2 < C|u|l(lb)[2 where
C =2%/§8 + (2° K% /(2% — 1)). This completes the proof of Inequality (7.27).
Turning to Inequality (7.28), assume that b < 0. Consider z,y € (~25 and let
t be a fixed positive number. Two cases will be considered.

Case (i) (6 < t). In this case, choose k > 1 such that ¢ < 2¥§ < 2t. There
are then points z; € Qgg,xg € (245,.. T € sz(; such that |z — x| <
Ko, |z — xo| < K26,...,|xp_1 — xi| < K2k 1§. Letting 29 = = and z; =
Tk € 621«5 C ét,

k k
|z — x| < Z |wim1 — x| < K(SZQi_l < K§2%.
i=1 i=1
Since
/ _ ~
6a+bw <|u |(b)Q for all 2/, vy’ € £2.,0 < € < Jp,

|2/ =y~

and x; € (NZt C (~25,
k
u(@) —w(@e)] < fu(wioa) — ulw)]
i=1

<|U| !22'371 a2 )T

k

< [ul Ty Y (K2 o) (2 )

i=1

k 1 —b
—b
<xY ()

i=1

< Ct_b|“|¢(zlj)(z-
In the same way, for y € 25 there is a Yyt € Q, with ly —y¢| < K62% such that

— b
lu(y) — u(ye)| < Ct Pl
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It follows that
u(z) = u(y)] < |u(@) — u(z)| + |u(ze) — wly)| + |uly:) — u(y)|
< 201 Ml + e — | (2°8) " ul
< 208 ul 0 + o — wilt " ul
Since |z —yi| < 2Ct+|x—y|, putting t = |x—y|, |zt —y:| < (2C+1)]xz—y| and

u(z) — u(y)|

e <(@2C+@2Cc+1)° )|u\a o lzr—y|l>o. (7.30)

Case (ii) (6 > t) In this case,
as—a— b
(@) = u(y)| < |z — |5~ ul
so that
b a( TN o b oo
fu(e) = u(y)| < [ul Tl =y (5) 17" < JulCpla — gl

Taking t = |z — g,

|u(z) — u(y)]

b
et < |, -yl <6 (7.31)

Combining this inequality with Inequality (7.30) and taking the supremum
over z,y € {25,

b b
[0, < Clulg:
This completes the proof in the a < 1 case. The a > 1 case will be dealt with

by an induction argument. Assume that the lemma is true for a — 1 and b is
neither a negative integer or 0. By Lemma 7.6.4, if @’ > 1, then

abl o ((b+1 b
WD <0 N Dl <0 Y DU, < CllM, (7.32)

la<1 la|<1

The 0 < a’ <1 < a case can be proved using the preceding results as follows.
Note that

[l < Clul ",

by the “a < 1” case. Suppose first that 1 < a < 2 so that a —1 < 1. Applying
the mean value theorem,
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0 uly g, = 0 ulg 4 g,
1+b
=0 (llullg g, + [Woi1.3,)

<6 (Jully o, + 3 1D°ully 5,)

|a]=1
< \u|(1+b + Z |DO‘ |(1+b.
le]=1
Since a — 1 < 1, by the above “a < 17 case,
D uly” < CID*ul Y, < Csupd**ful, 5, = Clulyy:
and by Theorem 7.3.2,
1+b b a a
el < Ul = sup "l g, < sup 6™ ul, g = fuliTy
5>0 5>
Therefore,
|’y < Cluly,  1<a<2
so that

[ulie < Cluliy < Cluly, 0<d’<1<a<2

The remaining cases are proved by induction using Inequality (7.32). W

Remark 7.6.8 The above proof does not apply when b = 0, as can be seen in
the derivation of Inequality (7.29). The requirement that b not be a negative
integer is exhibited in Inequality (7.32); for example, if b = —1,

-1 o 1(0
ul =Y [Dul$)

lof<1

and the induction process cannot be applied, since b = 0 in the terms in the
sum.

Ifa+b>0,a+b >0,0 <b,a > a, by combining Inequalities (7.25)
and (7.26)
b v
[ully < Clulys 1 (7.33)
where C' = C(a,b,d’'t’, d(£2)). We now will consider compactness properties
of the Ht(l_b)(.Q) spaces. Recall that b=m + o with 0 < o < 1.

Lemma 7.6.9 (Gilbarg and Hérmander [24]) If 0 < d’ < a,0 < ¥ <
b,b < a,b < a', and neither b nor V' is a nonnegative integer, then ev-
ery bounded sequence (uj) in Ht(l_b)(.Q) has a subsequence that converges in

H(02).
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Proof: Suppose \uﬂi}l;) < M for all j > 1. By Inequality (7.26), |ujlp0 =
|uj|l(7}?) < C|uj|((17_£) < M,j > 1, from which it follows that each u; €
C™(£27). It follows that the sequences {D%u;},0 < |a| < m are bounded
and equicontinuous on §27. By Theorems 0.2.2 and 0.2.3, there is a subse-
quence {u;, } and a function u such that || D%u;, — D% ||p,0— 0 as k —
00, |al =0,...,m. By letting k — oo in the definition of |u;, |s.0, |ulp.0 < M,
and |u;, —ulp,o < 2M,k > 1. Consider any ¢ € (0,b). Then ¢ =tb+ (1 —1¢)0
for some 0 < t < 1. By Lemma 7.6.3,

g, — ule = Jug, —ul
< C(luyj, — |b 0 )(|U’]k

< O2M)" (Jluj, —ullo,0)"™

)1—1‘,

and limy_,o |uj, — ule,o = 0. If @’ = b’ < b, this result is applicable with
¢ =d’ so that |u;, — u|((17?;) — 0 as k — oo. It therefore can be assumed that
a’ > b'. By comparing the slopes of the lines in R? through (a, —b) and the
points (0,0), (a’, —b"), the rest of the proof can be split into three cases.
Case (i) a/b = da’/V'. In this case, the point (a’, —b’) lies on the line joining
(0,0) to (a,—b) so that there is a 0 < ¢ < 1 such that

—b’ b 0
g =l < & (hu, —ul$2) (g —uli)’

< C@M) (| wj, —ulloe) "

—t

Therefore, limy .o |u;, — |(, ) =0.

Case (ii) a/b > o’ /U In this case, the line through (a’, —0') and (a, —b) will
intersect the line y = —x in a point (¢, —¢) with 0 < ¢ < b. Thus, there is a
0 <t < 1 such that

—b
g, —ul(7%) < 0@ (jug, —ul )

|(*b/) _

and limy o |uj, —u w2 =

Case (iii) a/b < a'/V'. In this case, choose ¢ so that b’ < ¢ < min (a’,d).

This is possible since b’ < a’ and b’ < b. Let (¢, —d) be the point on the line
through (a’, —b") and (a, —b). Since —d > —¢, for some 0 < ¢t < 1,

—y d 1—t
g, — ull ) < C@M)! (Jug, —ul )
t —o\'*
< ceM)" (Juj, - ulls

by Inequality (7.6.3). Since 0 < ¢ < b, limy_.co|tj, — u|((17g) =0. N
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Chapter 8
Newtonian Potential

8.1 Introduction

If (2 is an open subset of R", a function k : {2 x {2 — R is called a kernel
and can be used to transform a measurable function ¢ : {2 — R into a new
function g : 2 — R by putting

i) = /Q kel dy,  ze 2,

provided the integral is defined. Properties of k£ and ¢ will be examined now
that will ensure that § has some desirable property; e.g., that § is continuous
on 2. The most obvious criterion for continuity of g is that g be integrable
on {2, that k& be bounded on 2 x 2, and that k(-,y) is continuous on {2 for
each y € (2; for if {x,} is an arbitrary sequence in {2 with limit x, then

A g(@n) = Hm_ | k(zn,y)g(y) dy = /Q k(z,y)9(y) dy = §()
by the Lebesgue dominated convergence theorem. If the integrability condi-
tion on g is dropped, additional conditions on k must be imposed. Rather
than stating some preliminary results specific to the Newtonian, the results
will be formulated in a more general context for use in later chapters.

8.2 Subnewtonian Kernels

Throughout this section, {2 will be an open subset of R™, X will be a relatively
open subset of 02, and k will be a kernel on (2 U X) x (2 U X) that is
continuous in the extended sense on (2UX) x (2U X)) and continuous off the
diagonal of (2 U X) x (2 U X); in addition, it will be assumed that for each

L.L. Helms, Potential Theory, Universitext, 303
(© Springer-Verlag London Limited 2009



304 8 Newtonian Potential

y € §2 the partial derivatives Dy k(2,y), Dz, k(2,y), and Dy, ¢ 0, k(z,y) are
continuous on (2UX) ~ {y} and continuous in the extended sense on (2UX),
and have the following properties:

[k(z,y)| < Clo—y[7"*2, (8.1)
|Dg,k(2,9)| < Cle —y|™", 1<i<n, (8.2)
|qu,xjk3(l’ay)| <Clz—y|™", 1<i4,5<n, (8.3)
|Dszja k(2,y)| < Cla — y ™"t 1<id,5,k<n (8.4)

for all x € QU Xy € 2, where C is a constant depending upon parameters
n,d(£2), etc. Such a kernel will be called a subnewtonian kernel. If 2
is a bounded open subset of R?, the logarithmic potential —log|x — y| is
a subnewtonian potential. See Section 8.3 for details. Throughout this
section k(z,y) will denote a subnewtonian kernel. Most of the results
of this section are adapted from [25].

Example 8.2.1 Consider « satisfying 2 < a < n and a bounded open region
0. The function k(x,y) = |[z—y|~"** is called a Riesz potential of order «.
It is easily seen that such potential functions are subnewtonian. An extensive
treatment of Riesz potentials can be found in [36].

Lemma 8.2.2 Ife >0 and |3| = 0,1, then

Co, e~ 17l
DP k(z,y)|dy < =20 peQu
[,y 1Plkldy < S
moreover,
lim |D(ﬁgc)k:(nc7 y)ldy =0 uniformly for x € QU X.

e—0 QﬁBm,s

Proof: The second assertion follows from the first. By Inequalities (8.1) and
(3.2,

1 Cope= 1Pl
D/ (w,y)\dySC/ dy = ——
/_QQBI @ B, . |z —y|P=2+10l 2—16|

Lemma 8.2.3 If I is a compact subset of 2 and |3] = 0,1, then

/\D k(xz,y)|dy < 400

forallz e QUX.
Proof: Fix x € 22U X. For § > 0,

[ 10t keldy= [ Dlkwwldi+ [ DG kel d,
r Fﬂva,g I'~Bg s
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By the preceding lemma, § > 0 can be chosen so that the first term is less
than 1. Since Df’z)k(x, -) is continuous and therefore bounded on the compact
set {y;y € I, |x — y| > ¢}, the second term is finite. M

Definition 8.2.4 An operator K corresponding to the kernel k is defined as
follows. If f is a measurable function on 2 and z € 2 U X let

Kf(z) = / bl ) ) dy
if finite.

If X is a subset of the boundary of the open set £2, C*(£2U X)) will denote
the set of functions on {2 whose derivatives of order less than or equal to k
are continuous on {2 and have continuous extensions to 2 U X.

Theorem 8.2.5 If f is a bounded and integrable function on §2, then Kf €
CP(RUY).

Proof: It will be shown first that Kf(z) is defined for all x € 2 U X. Fix
x € 2U X and € > 0. Then

ki< [
C
< (Sl.(12p|f|)/9m3 |k(z,y)| dy + e /QNBM |f(y)] dy.

T, e

kel +0 [ el

y‘n 2

The first integral is finite by Lemma 8.2.3 and the second is finite by the
integrability of f. Now consider a function 1 € C?(R) satisfying 0 < 1 <
1,0 <o/ < 2,9(t) =0 for t <1, and ¢(t) = 1 for ¢ > 2. For each € > 0 and
reNUXY let

K. f(z) = /ﬂ ke, vl — yl/)f () dy.

Since f is integrable on {2, by Inequality (8.1)

Kef(z)| < / k(2 y)[¢ (e —yl/e)lf(y)] dy

-Q""B:z,e

<c /
2~ B, y|”
C
< n_Q/ F)|dy < +oo
€ n

and K. f(z) is defined for all x € 2 U X. Let {z;} be a sequence in QU X
such that x; — = € £2U Y. Since

s W)ldy (8.5)

K)ol — 95 W) < ol W)l v @ Bu,
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and the latter function is integrable on (2, lim;_,o, Kcf(x;) = K. f(x) by the
Lebesgue dominated convergence theorem. This shows that K. f € CP(2UX).
By Lemma 8.2.2,

K@)~ Kef @) < [ b1 = w(lz = ol/e) )] dy
<upld) [k ldy—0

uniformly for x € 2U X as € — 0. Thus, Kf is continuous on 2 U X. As to
the second assertion, by what has just been proved there is an ¢y > 0 such
that [Kf(z)] <1+ |K, f(2)| and the latter term is bounded uniformly for
x € 2U X by Inequality (8.5). W

Remark 8.2.6 Only Inequalities (8.1) and (8.2) are used in the proof of the
following theorem.

Theorem 8.2.7 If f is bounded and integrable on (2, then Kf € C*(2UY),
D, Kf(z)= [ Dy k(z,y)fly)dy  foralzecRUX,
Q

and [Kf]1+O,Q < +00.

Proof: Fix 1 < i < n. Define g : 22U X — R by the equation

o@) = | Dukefidy aeoUE.

Let 9 be the function described in the preceding proof. For each ¢ > 0 and
r € NUX, let

ge(z) = /Q (Da k() (1 — 1/€) () dy.

Since

(Deib)) e = /@) £ bl = wl/NF )] < 25170

and the latter function is integrable on {2, g, is continuous on {2 U X by the
Lebesgue dominated convergence theorem. By Lemma 8.2.2,

9(2) — ge(2)]| = \ [ Pkt = (s = s/ S dy

< (sup \fl)/ Dy, k(z,y)|dy — 0
(9] 02N

z,2€
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as € — 0 uniformly for z € £ U Y. Tt follows that g is continuous on 2 U X.
Letting

K. () = /Q k(e w)lz — yl/e)f ) dy

and using the fact that f is integrable on (2,

Kef(z)| =

[ kel - yl/asw)dy
2~By

C
< ——|f(y)|dy
/Q =]

© /Q F@)] dy < +oo

<

€TL

and K, f is defined for all z € 2 U X. It follows from Lemma 8.2.2 that
KF ) = Kef @)] < [ Keg)1 = w(le — yl/e) f(w) dy
Q
< (swplfl) [ Ikwaldy 0
2 QﬂB112E

uniformly for x € 2 U X as € — 0. Thus, lim._,o K.f = Kf uniformly on
U X For fixed € > 0 and z,y € {2,

' la;, —y;

+(Da k(@) (o — yl/e). (8.6)

Since ¢/ (|z — y|/€) = 0 in B, and |k(z,y)| < C/e"~? outside B, ., the first
term on the right is dominated by 2C/€"~!; the second term on the right is
dominated by C'/e"~!. Thus

1Dz, (b, w)(le — 31/€))| < oy (57)

uniformly for z,y € (2. Letting ¢; denote a unit vector having 1 as its ith
coordinate,

K. f(z+ Xei) —Kf(z)
A
:/ k(z + Xei, y)v(lz + Aei —yl/e) — k(z,y)9(|lz — yl/e)
Q A

fy)dy

_ /Q Dy, (K(Ex, )0 (€2 — yl/€)) F(y) dy
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where &) is a point on the line segment joining = to z+ Ae;. Since the first fac-
tor in the last integral is bounded uniformly for z,y € 2 by Inequality (8.7)
and f is integrable on (2,

D, Kof(@) = [ Du(blen)ile =31/ 1) dy
It is clear from Equation (8.6) that the derivative in the latter integral is
continuous and bounded, and therefore K.f € C'(£2). Using the fact that
Y(|lz —y|/e) = 1 whenever |z — y|/e > 2,
(@) = DKo (@) = [ Do) = bl = /) £0) dy
— [ Dkt = bl yl/)) F)dy. 7€ 2,
QﬁBr 2e

By Inequality (8.2),

1D ()1 =l = 91/))| < ZlbCa)] + =

W, CL‘,yEQ

It follows from Lemma 8.2.2 that

9(a) = D Kef(@)] < (supls) [

QﬁBm)25

2
< (sup|f]) (—/ |k<x,y>|dy+2cane> —0
(0] € QQB&QF

<§|k(w,y)| + L) dy

|z —y|"t

uniformly for x € 2 as e — 0. Since K, f converges uniformly to Kf
on 2 and D, K/, f converges uniformly to g on 2, D, Kf is defined and
D, . Kf =g on {2 by Theorem 0.2.2; that is,

D, Kf(x / Dy k(z,y)f(y)dy, x€ .

Since it was shown above that ¢ is continuous on 2 U X, D, K f has a con-
tinuous extension to 2 U X. For z € 22U X and € > 0,

Dy K f(z)] < /

2N By«

Dy () | ()] dy + / Dy k(2. 9)| £ ()] dy

2~Bg

C
< suplf| / Dy k()] dy + — / ()] dy.
9] Q2NBy,. € (9]

The first term on the right can be made less than 1 uniformly for . € QU X
for some choice € = ¢y by Lemma 8.2.2 and the second term is then finite for
this choice of € by the integrability of f. Taking the supremum over z € QUX
and then over 1 < i < n, it follows that [Kf]1+0,.0 < +occ. B
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To conclude that K f is twice differentiable, hypotheses stronger than those
of the preceding theorem are required. The appropriate class of functions f
required for stronger results is the class of Holder continuous functions.

Definition 8.2.8 (i) If f is a real-valued function defined on a bounded
set 2 C R™, xg € 2, and 0 < a < 1, then f is H6lder continuous at xg
with exponent « if there is an M (z¢) > 0 such that

|f(x) — f(zo)] < M(xg)|w — z0|®,  for all z € £2.

(ii) f is uniformly Holder continuous on {2 with exponent « if there is
an M (£2) > 0 such that

If(z) = f(y)| < M(Q)|x —y|*  forall z,y € 2.

(iii) f is locally Holder continuous on 2 with exponent a,0 < a < 1, if f
is uniformly Holder continuous with exponent o on each compact subset
of 0.

If « = 11in (i), then f is customarily said to be Lipschitz continuous at z.
The class of functions satisfying (ii) and (iii) are the Holder spaces H, ({2)
and Hyg 1oc(£2), respectively, defined in Section 7.2.

Let 2 be a bounded open subset of R" with a boundary made up of a
finite number of smooth surfaces. Such a set will be said to have a piecewise
smooth boundary. If {eq, ..., €, } is a vector base for R™, the inner product
of ¢; and n(x) at x € 912 will be denoted by 7;(x) = ¢; - n(x) whenever n(x)
is defined. The equation

/DyJU(y)dy=/ u(y)yi(y) do(y), weC*(27), (8.8)
2 080

is usually proved, as in [43], as a preliminary version of the Divergence
Theorem. In the course of the proof of the following theorem, reference will be
made to subsets of 2 of the form 25 = {z € 2;d(z,~ 2) > §} where § > 0.
Moreover, the following fact will be used in the proof. If g is a differentiable
function on (0, c0), then

Daig(lz = yl) = =Dy, g(|2 = yl), (8.9)

Theorem 8.2.9 Let f be bounded and locally Holder continuous with expo-
nent a,0 < a < 1, on the bounded open set 2, and let {2y be any bounded open
set containing 2~ with a piecewise smooth boundary. If k(z,y) = k(|lz — yl|)
satisfies Inequalities (8.1) through (8.4)on 2y x 25 with X = 02 and

w(x) = Kf(z) = /Q k(i — yl) f(y) dy,
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then w € C*(£2) and
Do ulz) = /Q (Do klle = o)) (F) - F(a) dy

—f(=) Dy k(lx = y)vi(y) do(y), =z €2, (8.10)
082

where [ is extended to be O on 2y ~ 2.

Proof: It suffices to show that w € C?(§2;) for every § > 0 with 25 # 0.
Fix 6 > 0 and consider any € > 0 for which 4e < §. Let |f(z)| < M for all
v e Qand |f(y) — f(o)] < M|z —y|* for all 2,y € £25)5. Fix x € 5. Then
By e C {25/, and by Inequality (8.3),

[ (Dace bl =) (70) ~ @)

</ |D:vi:1a |z -y Hf |dy
+f |DH] o= u)llf dy
-QO""BJ.E
< C’M/ x—y|*dy
1
+2CM/ —dy
20~Ba Yl
€ 20 M
= CM/ / ’I"Oé_1 df dr + —nﬂn(ﬂo)
0|=1 €
@ 2CM
= OMo, — + (20) < +00

Since z € 25 C 27 C (2, by Inequality (8.2),

1

0y |7 =yt do(y)
0

D (2 — o) () da<y>\ <cf

9829

< o(082) < +o0.

Define

ws@ = [ (Do (Daklle=u) (f0) = f@)dy  (311)

—f(x) Dy k(| —y[)v; (y) do(y)

082
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for x € £25,4,57 =1,...,n. Also let v = D,, Kf on {25 and let
velz) = /ﬂ (Dark(z — y)) (| — yl/€) F () dy
_ /Q (D (5 — y) (1 — yl/€) F(y) dy,

where v is the function in the proof of Theorem 8.2.5. The last equation
holds since f = 0 on 2y ~ 2. Applying Theorem 8.2.7 to v,

[v(z) = ve(@)| = ‘/Q (Dzk(lz = y)) (1= ¥(lz = yl/e)) f(y) dy‘

/B (Da k(i — ) (1 — (| — yl/6) F () dy

1
Bgo2e 1€ — y|n

=CMo,2¢ — 0 as e — 0.

dy

This shows that lim._ov. = v uniformly on {25. Since the kernel used to
define v, satisfies Inequalities (8.1) and (8.2), Theorem 8.2.7 is applicable by
virtue of Remark 8.2.6 so that v. € C'(§2), and it follows from Theorem 8.2.7
that

Doyvta) = [ Do ((Doike = )iz =ol/0) fdy (812)
— [ Du, (Dl = y)s(ia = 31/0)) ()~ £(@)dy
20
1) [ D, ((Driklo = yD)tle =31/0) dy
— [ Do, ((Daike = y)tle —31/0)) () ~ £(@)dy
0
~1(@) [ (Daklla =)o~ /0 5) o).

the last equation holding by Equations (8.8) and (8.9). For y € 02,
| —y| > 2€ and ¥ (Jz — y|/e) = 1 so that the last integral is equal to

Dy k(|lz = y|)v;(y) do(y).
982

It follows from Equations (8.11) and (8.12) that
|uij(x) = Da;ve(2)]

| (Day (el =) (1 = 0l = 91/€)) ) (10) — fa)) .

20
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Since ¥ (|z — y|/e) = 1 for |z — y| > 2e,
|wij = Da;ve()]

‘L&%Q%AD“M”‘M»@—Mﬂx—Mk»ﬂﬂw—f@»@

<
TQF

<A4/ W(|z = yl/€)) Da, w k(|z — y])

D%«DMMW—m»a—wﬂz—Mk»Nw—yP@

1(z; —yj
—HDmum—ymwmx—Mkt%§;%4uy@@ (5.13)
2
<M (Dwmuu—m>+ﬂDMMm—yn)u—ma@
Bz 2e
2 1
<C’M/ ( + - 1>|36—yo‘dy
b Nl T
CMoao, 2 (2¢)**o,

—0ase—0

< -(26)* + CM -
- a (267 + e a—+1

uniformly for x € 25. Since the v. converge uniformly to v = D, K f on (25
and the Dy, ve converge uniformly to u; ; on {25, by Theorem 0.2.2 Dy, w =
Dyo, Kf =u;j on £25, 4,5 =1,...,n. Returning to Equation (8.12),

D%m@0=%%3 Da, (D2 (= ) — yl/e)) £(y) dy.

It is easily seen that the integrand is dominated by an integrable function,
namely, a constant, and that D, ,v. is continuous on §25. Since the D, v,
converge uniformly to u; ; = Dy, w on §2s, the latter function is continuous
on (2. Since this is true for each § > 0,w € C?(2). N

Recall that the symbol C is used as a generic symbol for a constant
that may very well change from line to line or even within a line.
Whenever possible, the dependence of C' on certain parameters will be in-
dicated by C' = C(n,a,b), etc. It will be assumed in the remainder of this
section that k(x,y) is a function of |x — yl; that is, k(z,y) = k(Jz — y|). If

x=(z1,...,2,) € R", let © = (2/, x,) where 2’ = (21,...,2,-1), and let
R} ={(2',x,) € R"; 2, > 0}
Ry ={(«',z,) € R"; 2z, =0}
R ={(2',2,) € R";x, < 0};
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moreover, if A C R", let A = ANRY and A = AN RY. Let 2 be a
bounded open subset of R',xg € 2,81 = By, , and By = B, 2, with
By C . The balls By and B, may or may not have a nonempty intersection
with R%. The function f on By of the following lemma is understood to be
zero outside By . Recall that || D*u ||o. stands for the supremum of norms
of derivatives of u of order k.

Lemma 8.2.10 If By = By,,, and By = By, 2, are concentric balls with
center xg in 2,f € Ho(BS),a € (0,1), and w = Kf on §2, then w €
Hoyo(B) and

[w]2+o731+ + pa[w]era,B;f < C(n, CV)(”]C”(),BQ+ + pa[f]a,B;)'

Proof: Note that f is bounded and uniformly Holder continuous on B2+ .
Suppose i # n or j # n, the latter, for example. If y € 832+ N Ry, then
v;(y) =0, and it follows from Equation (8.10) that

Deiayt(@) = | Do =) = S @)
) [ Daklle =) dota)

for € Bf. If i # n instead, interchange i and j in this equation. Using
Inequalities (8.2) and (8.3) and the fact that By C Bz C By, 3p,

1Dy ul(2)] < / 1Dy, k(| — 2| (2) — £ (@) dz
Hf |/ 1D, k(Jz — y])| do(z)

C
<Ulst [ e —afa:

Thus, there is a constant C'(n, ) such that
Dz, w(@)] < Cn, ) (0% fla gy + I1flo5y), =€ B (8.14)

Now let y be any other point in Bf,¢t = |z — y[, { = 3(z + y), and Bgr’t =
B¢y N RY. Then
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Dfrlﬂfjw(y) - szzjw(z) =

/(@) / (Da k(& — 21) — Da k(ly — 2[)7;(2) do(2)
(0B2)*

@) =5 [ Daklly = sl)y(2) do (2

(6B2)t

gy Dol = A0 = 12
+/+ +Df’3i$jk(|y_z|)(f(z)_f(y))dz
B¢ ,NB;

S =10 [ Dunlla = 2 ds

[ Daua ko= 2D) = Dasn by = D) — ()
B, NBE .

Denote the terms on the right by I4,..., s, respectively. For some point Z
on the line segment joining x to vy,

Ll < |If

omilz =4l / IV (o) D k(| — 2])| dor(2).
? (8B2)+

Using Inequality (8.3) and the fact that |2 — z| > p for z € (0B2)™,

C(n
< Wyl ol [ ) _ 4oz
2 (9Bz)+ 1% — 2|

1 e
< [ fllo,pz 17 = ylc(n)ﬁan@f)) .

1—

Since |z —y| < |z — y|*(2p)' ~* , there is a constant C(n, «) such that

lz —y[*
1| < Cn, o)l fllg, 5y :

P

Similarly, [I2| < C(n)[f],, Bf |z —y|*. Using Inequality (8.3) and the fact that
Bgt C By 3t/2;

Bl [ Dre k(o= 2D — )] dz

B,

<Oy [ lo= sl

By 3t/2

< Cn,a)[fl, gy le —yl*
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Similarly,
114l < Cn,0) [ o — 17

By Equation (8.8),

I5] < [flo sy lz — 9l°

/ Dy k(|lz — 2|) dz
By ~Bf

st

~flasle—u| [ Dokl — )3 (2) do ()
wB;NBgQ

Since |z — z| > p for z € 9Bs and |r — z| > t/2 for z € OB¢ 4,

< /8 M) o

B, [T — 2"t

+/a _C do(z)

e J =2

/ Dy k(|2 — 2)y5(2) do(z)
mB;NB;Q

< C(n)2" o, +Cn)2" to,
=C(n)2"op,.

Therefore,

B3] < [fla gy I — y1°C(0)2" 0,

Lastly, for some Z on the line segment joining x to vy,
ol <lo =yl [ VeDas k(e ~ 2DISW) - )] d.
B ~Bf,

By Inequality (8.4),

ly — 2|
g, o=l

5ol < Clole —lflo s [,

Since |y — z| < 3¢ — 2| < 3|& — 2| for 2 € By ~ Bey, t = |o — y|, and
B; NBZt C~ Be,

Is] < C(n, 0)lx — yl[f] gyt
= C(n,a)[fl, pslz -yl

Thus, there is a constant C'(n, ) such that

1
D, 0(y) = Do, w(a)] < Clm, )| —y° (p—aufuo,B; + [f}a,B;)
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and it follows that
1
[Dsiay 0], s < Cln,) (p—anfno,B; + [f]a,3;> . (819)

Taking the supremum over pairs (,7) in Inequalities (8.14) and (8.15) and
then combining,

[w]2+0,Bl+ + Pa[w}2+a,Bl+ < C(n,a) (Hf”o,B;r + p® [f]a,B;) :

Since f is bounded and integrable on (2, |w|1+0’B;r < 400 by Theorem 8.2.5
and Theorem 8.2.7. This fact combined with the preceding inequality estab-
lishes that w € Hayo(B;). B

This proof fails in the @ = 1 case because the bound on |Is| involves a
divergent integral.

Corollary 8.2.11 If {2 is a bounded open subset of R™,xo € §2, By = By, p,
By = By, 2p with By C 2, f € Hy(Bs),a € (0,1), and w = Kf on 2, then
w € Hoyo(B1) and

(w08, + o [wlzra.5, < Cn,0) (Ifll0.6. + P°[Flacs: ).

Proof: If {2 C R}, then Bf = By and Bf = By. If 2 is any subset of R",
the preceding case can be applied by translating {2 onto R7,. W

Theorem 8.2.12 Let {2 be a bounded open subset of R} and let X be a
relatively open subset of 02N RY. If a € (0,1), f € Ho(12), and w =K f on
2, thenw € C*(2)NCHNRUX).

Proof: It follows from the preceding corollary that w € C?(§2). The assertion
that w € C1(2 U Y) follows from Theorem 8.2.7. W

8.3 Poisson’s Equation

Taking the kernel of the preceding section to be the Newtonian kernel u(|z —
y|), the results therein can be used to show that Poisson’s equation Aw = f
has a solution and that w inherits smoothness properties of f. Recall that
the notations u(z,y), u.(y), u(|lz — y|),u(r) for the fundamental harmonic
function are used interchangeably.

If f: R™ — R is Lebesgue integrable and has compact support, the New-
tonian potential of f is the function Uf : R™ — R defined by

Uf(e) = [ ulle—u)f) dy
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The kernel u(x,y) is continuous in the extended sense on R™ x R™ and con-
tinuous off the diagonal of R™ x R™. It will be shown now that u(x, y) satisfies
Inequalities (8.1), (8.2), (8.3), and (8.4). Letting d§;; = 0 or 1 according to
j # i or j = i, respectively, the following derivatives and inequalities are
easily verified:

Dy, u(z,y) = o (8.16)

—(n—2) |xl_yy|; if n > 3,
1 (zi—yi)(zj—y;) . -

- [z—y]? 67,] + 2 i ﬁc_;lﬁ Yi ifn=2
(0~ 2) (- iy + n Sl ity > 3,

Do, u(@,y)| < ‘ 8.18

Pete) i ifn >3, (519
P if n =2

|Da:iazju(x7y)| < (8.19)

n=2)t) iy > 3

lo—y|™
where i,j = 1,2,...,n. More generally, there is a constant C(n, 3) such that

1

Pul < SRR
|D 7'l’| — C(TL75) |£C o y‘n—2+k

if 8] =k > 1. (8.20)

All of the results of the preceding section are applicable to u(x, y) on £2x {2 for
any bounded open subset {2 of R". The statement that u € C°(£27)NC?(£2)
means that the restriction of u to 2~ is in C°(£27) and that the restriction
of u to 2 is in C?(£2).

Theorem 8.3.1 If the function [ is bounded and locally Holder continuous
with exponent a € (0, 1], on the bounded open set (2, then the function

1
R

belongs to C°(27) N C%(2) and satisfies Au = f on §2; if, in addition, g is
continuous on 02, then there is a unique u in C°(27) N C%(§2) satisfying
Au = f on 2 and lim,_,, u(y) = g(x) for each regular boundary point x €
on.

Proof: (n > 3) Extending f to be 0 outside {2, the function v = Uf is con-
tinuous on R™ by Theorem 8.2.5 and belongs to C?(£2) by Theorem 8.2.9. If
{2y is any bounded open set containing {2 with a piecewise smooth boundary,
the second partials of v have the representation
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DMWwa:[;U%wﬂmﬁy»6@>—f@»dy

—f(x) Dy u(z,y)vi(y)do(y), €92,
a2

by the same theorem. Taking ¢ = j and summing over 1,

Av(z) = /Q (B@ullz =y (f(y) — f(x)) dy

—f@)Y_ [ Duulle —yl)yly) do(y).

i=1 /9%

Since Ayu(|z —yl) = 0 for y # =,

Av( Z Dy u(lz —y|)vi(y) do(y).

0829

Now let £29 = B, ,, where p is chosen so that 2~ C B, ,. By Equation (8.16),
S (zi — i)
Av(x) = —f(x / —(n—2)——==~i(y)do(y
@ <>§jém (-2 =) doty)
(n—2)
= Z/ —yi)vi(y) do(y).
OBy,

By Equation (8.8),
(n—
Av(z) = L2 }:/ Dy, (2 — 1) dy

_ x)nn—Q// =1 40 dr
16]=1

= (2~ m)ow f()

The function © = ﬁv therefore satisfies Poisson’s equation Ao = f

on 2 and belongs to C°(27) by Theorem 8.2.5. Consider the continuous
boundary function h = g — ¥|ss and the corresponding harmonic function
Hp. If w = 0 + Hyp, then w € C?(2),Aw = Abd + AHy, = f on 2, and
limy . w(y) = lim, o (0(y) + Ha(9) = tlon() + (&) — dlon (@) = g(a) for
all regular boundary points = € 92. Suppose now that w; and ws satisfy the
conclusions of the theorem. Then wy — we € C?(2), A(w; — wa) = 0 on £2,
and lim, (w1 — w2)(y) = 0 for all regular boundary points x € 9f2. By the
uniqueness of the solution to the Dirichlet problem for continuous boundary
functions, w1 = ws on 2. M
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8.4 Holder Continuity of Second Derivatives

It was shown in Theorem 8.3.1 that Poisson’s equation Aw = f has a solu-
tion w € C?(£2) whenever f is bounded and locally Hélder continuous with
exponent « € (0,1] on the bounded open set (2. The purpose of the next few
results is to show that w € Hoyq 10c(£2) when a € (0,1).

Theorem 8.4.1 If I' is a compact subset of the bounded open set 2 C
R", B = (b1,-..,0n) is a multi-index, and u is a harmonic function on {2,

then 1)
g
D%l < (") ullos

where d = dist(I', 02).

Proof: Counsider any y € I, let p = d/|f|, and consider the concentric balls
Bi,...,Bjg where B; = By j,,j = 1,...,|8|. Since all derivatives of u are
harmonic on 2,

1

Dy u(y) =
= [

D,u(z)dz, i=1,...,n,

by the mean value property. By Equation (8.8),

Dy uy) = — /8 ) dot2)

Up p"

so that

1D, u(y)] < (%) sup. u(z)].

z€B|

Replacing u by Dy, u,j=1,...,n,

n
Doy uly)] < (—) sup | Dy u(2)].
P zeB;

Applying the same argument to each z € B and using the fact that B, , C
327

Doul < (2) sw ) < (%) su futa),

r€B; , r€EB,

Thus

)

Dy uly)] < (%) sup [u(z).

z€B;
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Continuing in this manner,

Du(y)| < (%)'ﬁ sup. [u(2)] < (%)B' Jullo -

ZGBUﬂ

Taking the supremum over y € I" and using the fact that p = d/|A3|, || DPullo.r
< (n|Bl/d)Mlulo,e.

Theorem 8.4.2 If By = B, , and By = By, 2, are concentric balls with
closures in the bounded open set 2 C R™, f € Hqoc(£2),a0 € (0,1), u
C?(02), and Au= f on 2, then

|4 plasa, < C(n,0) ([ullo,s, + 71 f3 pla.B.) -

Proof: Note that |lul|o,p, < 400 since u € C?({2) and that f can be replaced
by fxB, where xp, is the indicator function of Bs. Extend f to be 0 outside
2. By Theorem 8.2.7, w = (1/(2 —n)o,)Uf € C*(R"). Since Aw = f on B
by Theorem 8.3.1, A(u —w) = 0 on By, v = u — w is harmonic on Bs, and v
is the Dirichlet solution corresponding to the boundary function (v —w)|gp,.
A bound for ||w||o,, can be found as follows, the n = 2 case being deferred
to the end of the proof. If x € By, then By C B, 4, and

(o)l = | fn) IR

1
—d
< ( ) ||f||0 Bso /;%4[7 |’I’*y|n72 Y
< C(n)p*(| o,

and )
[wllo,5, < C(n)p*| fllo,5,- (8.21)
Therefore

[vllo.5, < llvllo.5, < lullo.5, +[wllo.5, < C)(llullo.s, +p*[fll0.5)- (8:22)

By Theorem 8.4.1, for any multi-index 8 with |3] > 1

||DﬁvH0, (n5>ﬁl

< o) <n|ﬁ|)5|(

Hence, if |3] = j = 1 or 2, then

).

N\ J
W40, < Cln) (%) (lallo.ss + 721 0.5 (8.23)
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if |8] =2 and x,y € Bj, then for some point z on the line segment joining x
toy

|Dv(x) — Du(y)|

= V() D v(2)[Jw —y|' ™

|z —y|*
3Tl ? 11—«
<C(n) " [v]lo, 5.2 — ¥
3n\° 1—o 2
< C(n) " (2p)" " *([lullo,> + £ || fll0,B2)-
Thus,
P Wavas, < C)(llullo.z, + P21 fllo.5.)- (8.24)

Combining Inequalities (8.22), (8.23), and (8.24),

2
[0, Pl24a,8, = _ P V)10, + P> [V]o1a,,
7=0
< C(n)(llullo,z, + £*|I llo,5.) (8.25)

< C(n)(|[ul

0.5 + 07| f: plov.s)-
By Theorem 8.2.7,

Dyw(x) = | Dyulle —y)f(y)dy, =€ By,

and by Inequality (8.18),

| D w(z)| < C(n)|| f

1
0,B —d T € B .
? /32 o -yt Y °

Since By C By 3, for x € By,

| Dz, w(z)| < C(n)pl| f

0,B2

Therefore,
Wliso.8 < C)plFlo..- (8.26)
By Corollary 8.2.11,

[w]2+0,31 + pa [w]2+a,31 < C(n’ O‘)(”f”(),BQ + pa [f]Oé,B2)'



322 8 Newtonian Potential

Using Inequalities (8.21) and (8.26),
|w; plota,B, = ij [w]j+0,B, + 02+a[w]2+a,31

< C(n,a)(p?

+ P2 fllo,> + P ( + p*[fla.B2))

< C(n,@)p”|f; pla,B.-
Combining this inequality with Inequality (8.25),

[ plasa,, < Cn,a)([[ullos, + p°|f5 pla.sa)-

Returning to the n = 2 case, the functions u(z,y) and f(z,y) can be regarded
as functions of three variables without change to the hypotheses, the sup-
norms || D7ul|, || f|lo,B,, or the seminorms [u; plata, [flo. W

Corollary 8.4.3 If f € Hgy0c(2),a0 € (0,1), and {u;} is a uniformly
bounded sequence of functions in C?(£2) satisfying Poisson’s equation Au; =
f on §2, then there is a subsequence that converges uniformly on compact
subsets of 2 to a function u € C?(£2) for which Au = f on 2.

Proof: For each = € {2, let By ,, B. 2, be balls with closures in 2. Then
{Bgz,p;x € 2} is an open covering of {2 and there is a countable subcov-
ering {By, pi;i > 1}. Note that u; € C?(£2) implies that u; restricted to

B, ,, belongs to C?*(B ) By hypothesis, there is a constant Cj such that
||u] HO o < Cyforj>1. Con51der the sequence {u;} on By, ,,. Using the fact
that f € Ho(B,, 5,,) implies

L5 p1lonBay 2, < (L4 07|, B

2p1

and the preceding theorem,

z1,2p1 )

luj; prl2ta,B,, 0 < Clnsa)([[ujllo,s,, o, + P11S;p1la,
< C(”? a)(CO + pﬂf; p1|a,Bm1,2p1)
=M < 400, 7> 1.

Recalling that D and D? are generic symbols for first- and second-order
partials, respectively, for all j > 1,

+ p2+0‘[D Ujla, B, < M’

lujlo,B,, ,, + p1lDujloB,, ,, + PID*ujl0.B., ,, ke S

Therefore, |ujlo+a,8,,, < M'/ min (1, p1, p3, p37%), and it follows from the

subsequence selection principle, Theorem 7.2.4, that there is a continuous u
on By, ,, and a subsequence {u;-l)} of the {u;} sequence such that the se-

quences {u§-1)}, {Du§-1)}, and {D2u§-1)} converge uniformly on B, , tou, Du,
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and D?u, respectlvely Since Au( ) = = fon 2,Au = f on B, , . Consider

now the sequence {uj } on By, ,,. The above argument applies to this case
also and there is a subsequence {u(2)} of the {u(l)} sequence such that the

sequences {u(2)} {Du(z)} and {D2 } converge uniformly on B, to con-

x2,p2
tinuous functions v, Dv, and D?v, respectlvely, on B, . with Av = f on

B, 5, The functions u and v must agree on B, , N B, , and v can be

relabeled as u so that u is defined on B, , U B;2 p,- By an induction argu-

ment, for each ¢ > 2, there is a subsequence {uj } of the {ugl_l)} sequence
such that the sequences {u(i)} {Du(i)} and {D?u (i)} converge uniformly
on J,_, B ox,p. 0O continuous functions u, Du, and D?u with Au = f on
Ui B, .- Finally, the diagonal sequence {uj } is a subsequence of every
sequence discussed above and there is a function u € C?({2) such that the
sequences {u§j )}, {Duy )}7 and {Dzugj )} converge uniformly on each compact
set I' C 2 to the continuous functions u, Du, and D?u with u € C?(£2) and
Au=fon 2. A

The requirement that f be bounded in Theorem 8.3.1 can be relaxed in
case {2 is a ball. The proof of the following theorem necessitates looking
at the effect of truncation of a function satisfying a Holder condition. If
a,b, c are any real numbers, it is easily seen that | min (a,b) — min (a,c)| <
b — ¢l If f € Ho(£22),0 < a < 1 and k is any real number, then
|min (k, f(z)) — min (k, f(v))] < |f(z) — f(y)| from which it follows that
the function min (f, k) € H(£2). The same result is true of max (f, k). In
particular, the functions f; in the following proof belong to Hy 1oc(B).

Theorem 8.4.4 If B is a ball in R",b € (—1,0),a € (0,1), and f €
Hy10c(B) satisfies [f; d] (240 < 4o, there is then a unique function u €
C%(B™)NC?*B) satzsfymg Au= f on B and w =0 on 0B. Moreover,

[w; dly)y < Clf: ) 5" (8.27)
where C' = C(b, p).
Proof: Let B = By, ,,7 = |x — zo|, K = [f; d] (2+5) ,and v = (p? —r?)~ for
r < p. Using the polar form of the Laplacian as in Section 1.3 and using the

fact that —n 4+ 2(1+b) < 0,

Av = 2b(p? — r?) b2 (n(p2 —r) 201+ b)r2)
<A4b(1+0)p*(p* — 1) 072
<4b(1+b)p~b(p—7)702

Since d(z)?*?|f(x)| < K by hypothesis and d(z) = p — 7,

If(z)] < Kd(z) > =K(p—r)"""2 < CyK Av
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where Cp = 1/4(b(1 +b)p~"). Granted the first assertion of the theorem, the
second assertion will be proved now. Assume that Au = f on B and u = 0
on 0B. Then

A(=CoKv £ u)(zx) < —|f(z)| £ f(z) <0on B

with —CyKv+u = 0 on 0B. By Corollary 2.3.6, —CoKv +u > 0 on B so
that

lu(z)] < —CoKv=—CoK(p*> —r?)™" < —CoK(2p)~%d(z)~".

Letting C = —C(2p)7?, d(z)°|u(z)] < CK = C[f;d]((fgb), completing the
proof of the second assertion. Now let {B;} be an increasing sequence of
concentric balls with closures in B exhausting B. For each j > 1, let m; =
SUD,ep, |/ (@)] and let

—m; if f(z) < —m;

filw) = fla) if [f(2)] <m;

m; if f(z) > m,.

By Theorem 8.3.1, for each j > 1 there is a u; € C°B~) N C?*(B)
satisfying Au; = f; on B and u; = 0 on 0B. By Inequality (8.27),
PPluj ()| < d(@)|u; (@) < Clf; 55" < ClfidE” on B, proving that
the sequence {u;} is uniformly bounded on B. It follows from the above
corollary that there is a function u € C?(B) such that Au = f on B. Since

d(x)’|u(x)| < C[f;d}gfgb) on B,lim,_, u(x) =0forally e 0B. A

Theorem 8.4.5 If 2 is a bounded open subset of R", u € C*(02),f €
HP(2;d), a € (0,1), and Au= f on 12, then

|us dlzya,0 <C (HUHO,Q + |f7d|((12)9)

where C = C(n, ).

Proof: It can be assumed that ||ul/o.o < 400, for otherwise the inequality
is trivial. For the time being, fix z € 2 and let 6 = d(z)/3, B1 = By 5, B2 =
By os. Fori,j=1,...n,

d(x)| Dy, w(z)| + d* ()| Do, oy u(x)| < (30)[ul140,8, + (36)*[u)2r0,5, -

Since the sum on the right is included in the sum defining |u; 0244, 5, except
for a constant, by Theorem 8.4.2

d(2)| Do, u(w)| + d*(2)| Dy o, u()| < C(n, a)([[ullo,p, + 6%|f;6la,5.)-
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Since d(y) > d(z)/3 = ¢ for y € Ba,

52|f§ 5|a,B2 < sup d2(y)|f(y)\ +  sup d2+a(y/’ y//) |f(y ) — f(y )|

yeB2 y',y""€B2 ‘y/ - y/lla
< Clf5dEy (8.28)
Therefore,
lus dla+o,.0 < C(n,a)(|[ullo,e + |f5d| %)) (8.29)

Now consider any z,y € 2 with d(x) < d(y) and define 6, By, By as above.
Since d(z,y) = d(z) = 39,

|Dzlz]u(1’) - szju(y”

d* (z,y) F—"

< (36)*"*[ul24a,B,

+3%2(36)2[u]2-+0.0-

Since 027 [u)ata.B; < [U;0)21a.8, < |U;0]24a.B,, by Theorem 8.4.2 and In-
equality (8.28)

62+a[

0.8, + 0%|f56]a,,)
0.2+ 1£;d|C).

U]2+a,B1 < C(nva)(Hm
< C(n, a)(||lu

By Inequality (8.29)

|Dz111u(x) - D:zzizrju(y)‘

< C(n,a)(|[ullo.q + 1£5d| 7).

This shows that
[u; d]21a,0 < C(n, a)(|lullo,2 + \f;d|fj)9).

Hence, |u; dlosa,0 = [uidl210.0 + [ui d)21a,0 < C(n,a)(ullo.c + |5 dI57%)-

Corollary 8.4.6 If (2 is a bounded open subset of R",u € CP(£2)NC?(£2), fe
HéZ)(Q; d),a € (0,1), and Au=f on 2, then u€Hat g 10c(12).

Proof: Let I be a compact subset of 2 and let dy = d(I",0f2) > 0. By the
preceding theorem,

min (1, do, d(2)7 d(2J+a)|u|2+oc,F§‘u§ d|2+a79 <C(n, a)(||“||0,52+|f; d|§y2,)(2) < +o0.

Thus, v € Hata10c(£2). W
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8.5 The Reflection Principle

The classic reflection principle, known as Schwarz’s Reflection Principle,
can be described as follows. Let {2 be an open subset of R™ that is symmetric
with respect to Rf with 2 = 2N Ry # 0, let 2, = 2N R, and let
2 =0NR". If h € C°(N24 U () is harmonic on 24 with A = 0 on (2,
then the function

) h(z', zp) if (', @) € 24
h(z' x,) = 0 it (2, 2) € £29
—h(z', —xp) if (2/,xp) € 02

is harmonic on 2 by Corollary 1.7.10, since it is continuous there and satisfies
the local averaging principle.

Throughout this section, unless noted otherwise, {2 will denote a spherical
chip; that is, 2 = By, s N R} for some xg € R™ U Ry and § > 0. It will be
assumed that B, s N R{ # (). X will denote the interior of the flat portion of
the boundary of 2. Recall that y" = (v/, —y,) if y = (v, y») € R™ and that
2" = {y";y € 2}. Each point of X' is then an interior point of the convex
region 2 = 2 U 2" U X. Note that each point of the boundary of £’ is a
regular boundary point for the Dirichlet problem, since the Zaremba cone
condition is satisfied at each such point.

Theorem 8.5.1 If h € C°(002 ~ X)), then there is a function u € C°(27)N
C%(RUX) satisfying Au=0 on 2, Dyu=0 on X, and limy_., yenu(y) =
h(z) for each x € 02 ~ X.

Proof: Define A’ on 02’ by putting

oo [ h(' x,) onof2~X
W (@', 2n) = { h(z', —x,) on (92 ~ X)".

Note that h'(2', x,) = h'(2', —x,) on 082'. Now consider u in the class Ly
of lower bounded superharmonic functions with liminf, ., u(y) > h/(z),z €
082'. Then u(z’, —x,,) is a lower bounded superharmonic function on 2’. Since

liminf  u(y’, —yn) > h'(2/, —z,) = b'(2/, 2,),
(¥ yn)— (2 z0)
(2!, —xy) is in Yy Letting o' (2, z,) = min [u(z’, z,), u(z’, —x,)], v is a
lower bounded superharmonic function on (2, and it is easily seen that

liminf /(v yn) > B (2, 2).
(Y yn)— (2", 0)
Note that u'(2,2,) = v'(2', —x,). Thus u € U = v’ € Up and v’ < u.
Therefore, Hpr = inf {u' : uw € 4y, } and Hp(2',x,) = Hp (2, —z,,) because
this is true of each «’. Similarly, H,, (2', x,) = H,, (', —x,). In particular, if
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h is continuous on 92 ~ X, then H,, = H}/, and we put Hy = H,, = Hp.
Now consider a point (2/,0) € X, which is an interior point of {2’. Since Hyp,
is harmonic on a neighborhood of (2/,0) and

0= Hpy (w/vxn) - Hh/(x/a _mn)

2,
_ th/(CC/,l‘n) — Hh/(CC/,O) + th/(zla —In) — Hh/(,I/,O)
2 T 2 —x, ’

D, Hp(2',0) = 0. Letting u be the restriction of Hy, to £2, it follows that
u € CYUNT)NC?*(NUX), since Hy is harmonic on £2 and on a neighbor-
hood of each point of X. Lastly, if « € 002 ~ X, then lim,_, yenu(y) =
limyﬂm,yeg Hh/ (y) = h/(x) = h(:[,’) [ |

The following lemma results from combining Theorem 8.2.7 and Theorem
8.3.1. The set {2 need not satisfy the standing assumption stated at the
beginning of this section.

Lemma 8.5.2 Let f be bounded and locally Holder continuous with exponent
a € (0,1] on the bounded open set £2 and let

1

wle) = G /Q u(lz — y)fw)dy, =€ R

Then w € CO(27)NCHNRU )N C?%(N2) with Aw = f on £2.

The solution w of the equation Aw = f is not unique, for if w is replaced
by w + h, where h is harmonic on R", then another solution is obtained.

Lemma 8.5.3 If f € Ho1o(2),a € (0,1], there is a function w € C°(27)N
CHQRUX)NC?%*(2) such that

Aw = f on 2 and Dyw =0 on X.

Proof: Since f € Hoi(f2) implies that f is uniformly continuous on 2, f
has a continuous extension to {27, also denoted by f. Let

1ot _Jf@e,)  ifx, >0
f(x,xn)—{f(x,7_xn) 20

It is easily seen that f' € Hoi(2'). Applying the preceding lemma to f,
there is a bounded function w € C°(£2'7)NC?(£2’) such that Aw = f’ on 2.
Foreachy' € Ry, let Iy = {yn; (v, yn) € £2'}. Using the fact that f'(y/, yn) =

F'W's —yn), the fact that u(|(z', zn) — (¥, yn)l) = w(l(@’, —2n) — (v, —yn)l),
and Fubini’s Theorem,
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(2 —n)opw(z’, z,)

_ /R :; ( /F RCESE <y’,yn>|>f'<y',yn>dyn) dy’
-/ ( /F ull =) = =) ) dyn) ay
(L

- /R g ( / RUCRAE <y/,zn>|>f'<y',zn>dzn> dy

Y

( [ ull's =) = 2D —zn>d<—zn>> ayf

n
0 ’

= (2 —n)opw(, —xy).

The change from d(—z,) to dz, in going from the fourth line to the fifth
is justified since I}, is replaced by I It follows that w is symmetric with
respect to R{. By the argument used above to show that D, H(h')(z',0) =
0,Dhbw=0o0onY. N

The sets 2 and X of the following lemma need not satisfy the standing
assumption stated at the beginning of this section.

Lemma 8.5.4 (Boundary Point Lemma [33]) If {2 is a bounded open
subset of R, X is a relatively open subset of 02, u € CY(2 U X)N C?(N2)
with Au > 0 on 2,0 € X, u(zo) > u(x) for all x € 2, and there is a ball
B C 2 internally tangent to X at xo, then Dyu(zg) > 0.

Proof: Let B = By ,,x € By,,r = |z — y|,v(z) = ek’ _ e*kpz, where
k is a constant to be chosen, and 0 < § < p. Then v = 0 on 9B, ,, Av =
(4k%r? — 21{:11)6_’"27 and k can be chosen so that Av > 0 on the annulus
Ay 5 =By, ~ Bys. Since u(x) —u(zrg) < 0on 9B, s and v = e~k _eke” on
0B, s, there is a constant € > 0 such that u(x) —u(zo)+ev < 0 on 0B, 5. This
inequality also holds on 0B, , where v = 0. Since A(u—u(xo)+ev) > eAv > 0
on A, s and u — u(zg) + ev <0 on 9A,5,u — u(zg) + ev < 0 on A, 5 by the
maximum principle. Thus,
ua) —ulwo) vl —vlew)
|z — o |z — @0l ’

As z — x9 in A, s normal to X, the limit of the left term is the inner normal
derivative of u at xp. Thus, the outer normal derivative of u at z¢ is

Duu(zo) > —eDnv(z0) = —€Dyvp=, = 261@,067]”’2 >0. W

), € (0,1], and g € C°(002 ~ X)), then there

(
Lemma 8.5.5 If f € Hytof
(RQUXYNC?(0) such that Au = f on 2, Dyu = 0

N
is a unique u € C°(27)NCL(N
on X, and u=g on 02 ~ X.
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Proof: By Lemma 8.5.3, there is a w € C°(27) N CHL2 U X) N C?(2) such
that Aw = f on 2 and Dyw = 0 on Y. Extending f to be 0 on R} ~ 2, the
function w constructed by way of Lemma 8.5.2 can be regarded as an element
of CY(R U Rf) by Theorem 8.2.5. In particular, w|po € C°(92 ~ X). By
Theorem 8.5.1, there is a v € C1(2 U X) N C?(£2) such that Av = 0 on
2, Dpv=0o0n X, and

li = -
o v(y) = g(z) — wloa(z)
for all z € 92 ~ X. Since v € CH(2 U X),limy ., yen v(y) exists in R for all
x € Y. As noted in Section 0.1, the function v has a continuous extension on
Q7. Letting u = w+ v, Au = Aw+ Av = f on 2, Dhyu = Dyw + Dyv =0
on Y, and

lim wu = lim w(y)+ lim v
y—z,yeN (y) y—z,yes (y) y—z,y€S? (y)

= wlan(r) + g(x) — wlon(r) = g(z)

for all x € 92 ~ X. Since w is continuous on 2~ and v has a continuous
extension on 27, u € C°(£27). To prove uniqueness, assume that both w; and
wy satisfy the conclusions of the lemma. The difference w = w; — wo satisfies
Aw=0on 2,Dhw=0o0n X, and w=0on 92 ~ X. Since w € C(27), it
attains it maximum value at some point z¢ € 27. If xg is an interior point of
(2, then w is constant by the maximum principle for harmonic functions, and
therefore w = 0 on 2~ because w = 0 on 92 ~ X. If w does not attain its
maximum value at an interior point of £2, then zy € 92 and w(z) < w(xp)
for all z € §2. By the preceding lemma, zyp ¢ X because Dyw(z) = 0 for
x € X. In this case, z9g € 002 ~ X and w(z) < w(zg) = 0 for all x € 2.
Since —w has the same properties as w,w > 0 on 2~ and so w = w; —w2 = 0
on2-. W

A standard method for passing from the homogeneous boundary condition
on X to the nonhomogeneous condition is to incorporate the boundary func-
tion into the function f. In addition to the standing assumptions regarding
the spherical chip, another condition will be imposed in the following lem-
mas. Suppose 2 = BT = BN R, where B is ball with center at (0, —po) and
of radius p where 0 < py < p. If the condition py > p/+/2 is imposed and
x = (2',zy) € £2, then the ball in R with center 2’ of radius z, will lie in
2. This can be seen by considering the intersection of {2 with hyperplanes
containing the x,-axis. If g : ¥ — R is a boundary function, recall that
|9l1+a,2 = nf {|ul1+a,0iu € Hiya(2),uls = g}

Lemma 8.5.6 If 2 = BY where B is a ball with center at (0,—po) and of
radius p,po > p/V2,a € (0,1], and g € Hyo(X), then there is a function
Y € Hayo(£2) satisfying ¢ =0 on X, Dptp = g on X, [Y|24a,0 < Clglita,x,
and Ay € Hoo(82).
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Proof: According to Theorem 7.2.6, it can be assumed that g € Hy44(£2).

Consider any n € C?(Rpy) with support in By; C Rf and fRS’ n(z)dz = 1.
Let
vl ) =on [ gla’ w2 0n(z) d. (3.30)

Ry

Under the hypothesis that pg > p/V/2, it can be seen from geometrical
arguments that the point 2’ — z,z € X for all z € By; C Rj. For
x = () zy) € 2,9(2',0) = 0,Dp9p(a’,0) = g(a’,0). Therefore, [¢]o.0 <
[9]o.2 < Clgl1+a,0- For i # n, integrating by parts with respect to z; and
making use of the fact that n(z) = 0 for z outside the ball with center at z’
of radius z,,,

D, (2 zy) =z, Dy,g(z" — x,2,0)n(2) dz
Ry

=— D..g(z" — 2,2,0)n(2) dz

Ry
= / g(x' — 2,2,0)D,,n(2) dz. (8.31)
"
For i,j # n,
Dy (2, ) = Dy, g(x' — 2n2,0)D;,n(2) dz. (8.32)
Ry
Similarly,

n—1
Dy tb(a’ ) = 7 /R 3 Dl — a0z, 0)(~z)n(z) dz

0 j=1

—I—/R g2’ — 2,2,0)n(2) dz

n
(9]

n

n—1 ) 1
_xnjzl/Rg Dzjg(x fxnz,())(— x_)(_zjn(z))dz

—&-/R g2’ — 2,2,0)n(2) dz

n
(9]

n—1
= /R (@ — 202, 0)Ds, (z7(2))dz
j=1 0

Jr/R g(x' — 2p2,0)n(2) dz

n
(9]

=— /R g(@' —2,2,0)(Vn(2) - 2+ (n = 2)n(z)) dz.  (8.33)

n
0
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By Equations (8.31) and (8.33), [¢]i+0.2 < C[glo.» < C|g|li+a,0- For i # n,

Dy, o b(2 2y) = — . Dy, g(a' = 2,2,0)(Vn(z)- 2+ (n—2)n(2)) dz. (8.34)
Similarly,
Dy, o, (2 2) = /R" (Vyg(z' —2,2,0)-2) (Vn(z) 2+ (n—2)n(z)) dz. (8.35)

As before, [¥]240.0 < Clgli+o,2 < Clg|i+a,2 = C|g|i4a,x- Since |(2' —zp2)—
(v —yn2)| < |z —yl(L+]z]), for i #n

|Dw1‘,1j'¢)($/axn) - meﬂﬂ(y/vyn)l
|z — yl*

D, g(x' —2,2,0) — D, .g(y —ynz),0
< [ Dot Dni D = Dot 20y e, e
RE ‘(LU —{L‘nZ)— (y _ynz)‘
< Clgli+a,5 < Clglita,2 = Clglita,x- (8.36)

Taking the supremum over z,2’ € 2, [Y]ata.2 < C|9|l1+a,5. Therefore,
|w|2+a,fl S C|g|1+a,E~ |

Theorem 8.5.7 If (2 satisfies the conditions of the preceding lemma and
f € Horal$2),a € (0,1],9 € Hi1o(X) and h € C°(092 ~ X), then there is a
unique w € C°(27)NCHNRUX)NC?(N) satisfying Aw = f on 2, Dyw = g
on X, and w="h on 082 ~ 3.

Proof: Consider the function v of the preceding lemma for which Dyy = g
on X and Ay € Hyyo(82) and the problem

(i) Av=f— AY on 2,
(ii) Dpv =0 on X, and
(ili) v =h — 1 on 2 ~ X.

Since ¥ € Hoyo(£2), it is uniformly continuous on {2 and has a continuous
extension to 92. Since f — Ay € Hy () and h — ¢ € C°(02 ~ X)), by
Lemma 8.5.5 there is a v € C°(27) N CH(N U X) N C%(2) satisfying (i)-(iii).
Letting w = v + ¢, Aw = Av+ AY = f on 2, Dhyw = Dyv 4+ Dy = g on
Y,andw=v+1v=h—1v+1vY=hondR~ X Since ) € Hoy,({2) implies
that v € CO(27)NCHNRUX)NC?3 (), w e CO(NT)NCHRUD)NC?(N).
Uniqueness of w follows as in the proof of Lemma 8.5.5. W
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Chapter 9
Elliptic Operators

9.1 Introduction

Up to this point, all of the concepts pertain to the Dirichlet and Neumann
problems for the Laplacian. In this and later chapters, the Laplacian will
be replaced by an elliptic operator as described below and mixed boundary
conditions will be allowed that specify the value of a function on part of
the boundary and the value of its normal derivative on the remainder of the
boundary as in Theorem 8.5.7.

Let {2 be a bounded open subset of R" with a smooth boundary 02. A
precise smoothness requirement will be specified later. For i,j = 1,...,n,
let a;;,b;, c be real-valued functions on (2 with a;; = a;;. In addition, for
i=1,...,n, let §;,7 be real-valued functions on 9f2. An elliptic operator
is an operator acting on real-valued functions v on 2 of the form

Lu(a) = 37 (o) o o) + D b(o) g (@) + elwula). € 2

ij=1

with suitable conditions imposed on the coefficients. In addition, a boundary
condition can be specified by an operator M defined by the equation

Mu(z) = Zﬁz(x)g—;(x) +y(@)u(z) =0, x€ 0.

In terms of the operators L and M, the Dirichlet problem is a special case of
the problem
Lu= fon 2,u=gon df,

and the Neumann problem is a special case of the problem
Lu = f on 2,Mu = g on 0f2.

The latter problem is known as the oblique derivative problem.

L.L. Helms, Potential Theory, Universitext, 333
(© Springer-Verlag London Limited 2009
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Each of the results of this chapter are stated under minimal conditions on
the coefficients of L; all of these conditions are satisfied if

0 1 2
sup(llasjllo.0+lasss A+ billoa+ 105 AL, +llelloo+ les d T ) < +oo.

1<i,j<n

9.2 Linear Spaces

Results pertaining to the Dirichlet problem for the Laplacian operator can
be carried over to a general elliptic operator by the method of continuity.
This method requires the use of some theorems about mappings between
normed linear spaces.

A map T from a Banach space B into a normed linear space X is bounded
if there is a constant C' such that | Tz||x < C||z| . The smallest C' for which
this is true is denoted by ||T'[|; that is, |T]| = sup,em szo |T2lx/|Zs.
A map T : B — B is a contraction map if there is a constant A < 1 such
that ||Tx — Ty|le < M|z — y|/s for all z,y € B. The map T : B — X is a
linear map if T(ax + by) = aTxz 4+ bTy for all a,b € R and all z,y € B.
A map T : B — B is a bounded linear operator or simply a bounded
operator on T if bounded and linear as defined above.

Theorem 9.2.1 If T is a contraction map on the Banach space B, then
there is a unique x € B such that Tz = x.

Proof: Let zg be an arbitrary point of 6 and let A < 1 be a constant such
that | Tz| < Al|z|| for all z € B. Tt is easy to see that | T/z|| < M||z|| for all
j=>1,2€B. For each j > 1, let z; = TJxzg. If j > i, then

J J
oy — il < 7 llax —aoall = Y T ey — T Lo |
k=i+1 k=i+1

j .
)\’L
< ) E‘H)\k*lﬂxl — x| < T )\||x1 —z9]| — 0 as i — oo.
=1

This shows that the sequence {z,} is Cauchy in B and therefore converges
to some z € B. Since T is a continuous map, Tx = lim; . Tz; =
limj_o zji1 = z. If Ty = y also, then ||z — y|| = [|[Tz — Tyl < Az — y||
with A < 1 and therefore x = y. W

Theorem 9.2.2 (Method of Continuity) LetB be a Banach space, let X
be a normed linear space, and let Ty, Ty be bounded linear operators from B
into X. For each t € [0,1], let Ty = (1 —t)To+tT1. If there is a constant C,
not depending upon on t, such that

lz||s < C||Tiz||x, for allt €[0,1],z € B, (9.1)

then T1 maps B onto X if and only if To maps B onto X.
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Proof: Suppose T maps B onto X for some s € [0, 1]. By Inequality (9.1),
T, is one-to-one and therefore has an inverse T; ! : X — . For fixed ¢ € [0, 1]
and y € X, there is an = € B satisfying the equation Tyx = y if and only if
Tao=y+ (Ts —Ty)xe=y+ (t—95)To— (t —s)T1.
This equation holds if and only if
x=T; 'y+ (t —s)T; (To — T1)x;
that is, if and only if the map T : 8 — B defined by
Tr =T, 'y+ (t—s)T; (To — T1)x
has a fixed point. Since | T y|ls < C|ly||lx for all y € X,
I Ta1 — Taallx = [[(t = s)T; (To — T1) (21 — 22)|
< CJt = s[[|[To — Tall|lz1 — 2]l
< Clt = s[([Toll + ITa]) 21 — 22l[

so that T is a contraction operator on B if

1
(I Toll + T4 )"

t— 5=
it —s| < e

By the preceding theorem, T has a fixed point whenever |t — s| < §; that
is, if |t — s| < 4, then T; maps B onto X whenever Ty maps B onto X.
By subdividing the interval [0, 1] into subintervals of length less than ¢, the
mapping T is onto for all ¢ € [0, 1] provided it is onto for some s € [0, 1], in
particularif s=0ors=1. W

9.3 Constant Coefficients

It will be assumed in this section that o € (0,1) and that the coefficients
aij,t,7 = 1,...,n, of the elliptic operator defined in Section 9.1 are all con-
stants, that a;; = a;;,7,j = 1,...,n, and that the b;,7 = 1,...n, and c are
all 0. In this case, the operator will be denoted by

Lou(z) = Z aijDiju(z).

ij=1



336 9 Elliptic Operators

It also will be assumed that there are positive constants m and M such
that

m|z* < Z aijriz; < M|z (9.2)
ij=1
This assumption implies that the matrix A = [a;;] is positive definite.
The following facts from elementary matrix theory will be needed (c.f.,
Hohn [31]). There is an n x n orthogonal matrix O = [0;;] such that O AO" =
diag[A1, ..., A,] where A; ..., A, are the eigenvalues of A and the superscript

t signifies the transpose matrix. Regarding elements of R™ as column vectors
for purposes of this discussion, if y = Oz, then

n n
2t Ax = g AT = g )\iy?.
i=1

i,5=1

It also is known from matrix theory that O preserves norms; that is, |Oz| =
|z],z € R™. Tt follows that m = min (A1,...,\,) and M = max (A1,..., A\n).

Now let .
D = [\, 26;;] = diag[1/v/ A1, ..., 1/ )
and define T': R™ — R"™ by the equation y = Tax = DOz. Since

' Az = Z M (Tx)?,

i=1

mlz> <Y N(Tx)] < Mlz|*.
i=1
Thus,

n
m M
sz <) (Ta)f < szv
i=1
and there is a constant ¢ = ¢(m, M) such that
1
Y| < |Ta| < cla]. (93
c

If (2 is an open subset of R", let {2* be the image of {2 under T'. Recalling
that d(y) = dist(y,~ 2), the d notation will be augmented by adding the
subscript {2 in order to deal with the two sets {2 and 2* simultaneously. It
is easily seen using the above inequality that

%dﬂ(x) < do-(y) < edo(z). (9.4)

Consider now any function u on {2. The transformation 7" defines a function
ux on the image 2* of 2 by the equation u*(y) = u(x) where y = Tx. If
u € C%(2) or u € Hy(R2), then u* € C?(02%) or u* € H,(§2%), respectively. If
u € C%(2) and f € H,(02), the equation Lou = f on §2 is transformed into
the equation
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Aut(y) = f*(y), yer*

with u* € C%(£2*) and f* € H,(£2*). This result provides a means of solving
the equation Lou = f on the bounded open set {2 by solving the equation
Au* = f* on £2*.

The norms |u;d9|2+a’g and ‘f§d0|éljza,(z are related to |u*;do«|24a,0
and |f*; do-|S

2 +a o«» respectively, as in

E|u;dn|2+a,n < |u*;do+|24a,0+ < clu;dolata,0, (9.5)

|f dQ|o¢ 2 = |f dQ |a 2% < C|f dQ‘a (%} (96)

where ¢ = C(n,m, M ). These inequalities follow from Inequalities (9.3) and
(9.4). Just one of the inequalities will be proven as an illustration; namely,
[w;dolota,n < clu*;do«|ota 0. Clearly, ||ullo,o = [|u*]lo.o+. Suppose y =
Tx. Then y; = Z?zl(l/\/)\—i)oijxj so that dy;/0x; = (1/v/A;)osj. For each j,

ou* dy;
Z 0y; Ox; ZZ Oy; \/_

and therefore

[do(z)Dju(z)] < CZWQ* )\\/—|Ow|

1
< clu”;do-]1vo,0¢ <§ —foij|> : (9.7)
i=1 Ai

With j fixed, let z; = 1 if 0;; > 0 and z; = —1 if 0;; < 0. Then |z| = /n and

"1 "1
= —0;i%; = —10ij|-
;\/)\_z J=] ;\//\_z| ]‘
Thus,

; \/Lx‘om — (T2)i < |T2| < cl2| = ey 9.8)
and it follows that
[w; dolivo,0 < C(n,m, M)[u™; do+]140,0+
Similarly, [u; dolato,0 < C(n,m, M)[u*; do-]ato,0- and
[u; do)ata.0 < C(n,m, M)[u*; do-]ota,0x-
Therefore,

2

s doloyae = Y [uidaljro.0 + [uidalaran < C(n,m, M)|u; do-
=0

24, 2% -
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The following lemma is an immediate consequence of Theorem 8.4.5 and
Inequalities (9.5) and (9.6).

Lemma 9.3.1 If u € C*(2), f € H? (2;d),a € (0,1), and Lou = f on 2,
then 2
|U§d|2+o¢,9 < C(n,a,m,M)(”uHOﬂ + ‘f’d|((1’)9)

9.4 Schauder Interior Estimates

The following terminology regarding the operator L will be used. If there are
positive functions m and M on the open set {2 C R™ such that

n
mIA? < > ag(r)Aid; < MIA? for all o € 2, € R", (9.9)
i,j=1
the operator L is said to be elliptic on (2; if m is a positive constant, L is said
to be strictly elliptic on (2. Granted that the solution of the equation Lu =
f is bounded, a bound for the weighted norm |u;d|21q, can be obtained.

Such estimates are called Schauder interior estimates. All of the results
in this section can be found in [25].

Lemma 9.4.1 If a € (0,1),a+a > 0,b+a > 0,a+b+a > 0,f €
HY(2;9),9 € HY (2 9), then fg € HY ™ (2;¢) and
Fg: 88 < 11501 g 61V (9.10)

Proof: By definition,

1£9: 015" = sup ¢+t ()| f (x)g ()|
TE(?

+ sup ¢a+b+a(x y) |f(z)g(x) — f(w)g(y)]
z,yeN ’ |z — y|@

< |£5 01519 016 1

+ sup ¢‘”b+“($, y)

[f(@)llg(x) = gyl + lgW)I|f (=) = f(y)]

z,yEeN ‘x - y‘a
< |f; 015 |g,¢>|0 b+ 17 815019 01T
+Hgs Al H1F: 01

< (I o) + 15501 ) (1930188 + 19910 )
= |£:0lnlg: 2157
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Lemma 9.4.2 If o € (0,1),g9 € Hc(f)((?,d),u < 1/2,z9 € 2,0 = pd(xo),
and B = By, 5, then

19:d5|0 < 42lg dI + 82 g d) Dy < 8p2lgs dl D) (9.11)
Proof: For z € B, dp(x) = d(x,0B) < 6 and d(z) > (1 — p)d(zo) so that

9:51% = sup d (@)]g(@)] + sup d?;@(x,y)w

z,yeB €T — y|a
< 52 sup d?(z)d? (z)|g()|
52+a sup d 2— a(x y)d2+o¢(x y) |g( ) g(y)|
z,yeB |l‘ - y|a
< (@) lg()]
— = Su X xr
== 0P (xo) seny Y
gt lg(x) — g(y)|
+ sup d*te(x,y) 20
0 prreda(ey) b, e
N (2) pre @)

———g;d ——g;d
— (1_ ) [gv }07 + (1_M)2+a [gv }a,(l
< 4’lg iy + 817 (g3 ),
< 8u%g; |}, W
Lemma 9.4.3 Let 2 be a bounded open subset of R™ and let L be an elliptic
operator on {2 satisfying
jaij: d| O b dl s 16 d, < K, ae(0,1),d,5=1,...,n.  (9.12)
Ifu € Hypo(2;d), f € HP (02;d), 0 € (0,1), and Lu = £, then
i dlasa,0 < Clllullo. + 1F:d12%)- (0.13)
where C' = C(m,n,a, K).

Proof: By Inequality (7.10), it suffices to prove the result for [u; d]24q, 0. Let
Zo, Yo be two points of 2 with z¢ # yo and labeled so that d(z¢) < d(yo), let
1 < 1/2 be a constant that will be further specified later, let § = pd(z¢), and
let B = By,.s. The equation Lu = f can be related to an elliptic operator
with constant coefficients by writing

Z aij(zo)Diju(z) = Z (aij(zo) — aij(z))Diju(z)

~ Y bi(@)Doule) - ela)u() + /().
i=1
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Denote the left side of this equation by Lou and the right side by fo. Note
that for yo € By, s/2,d(yo,0B) > /2 so that by Lemma 9.3.1,

s\ D;iu(xo) — Diiu
(3) PRl oo + lidslZ) @10
2 [z0 = wol ’
where C' = C(m,n, o, K). Since ¢ = pd(xo) = pd(zo, yo),
D;iu(xg) — D;u 1
g, o) LN B0 < (o + L fosdplTp)- (919

Each of the terms on the right side of the inequality

|f07dB|aB = Z |(aij(zo) — aij) Dsju; dB| B+Z|bD u; dB‘
1,j=1 i=1

+ |ey; dB| B+ dB‘a B (9.16)

can be estimated as follows. The subscripts on a;; will be omitted temporarily.
Keep in mind that D? is a generic symbol for a second-order partial derivative.
By Inequalities (9.10) and (9.11),

(a(x0) — a) D*u; di|

lawo) - as gy 5| D*us ds|
a(0) — a; dpla, s (40°[D%u; dI S + 807 [D?u; d] )
a(w0) — a; dpla,5 (44 [u; dl210,0 + 81> [u; d]21a,0).

ININ

IN

Using the fact that (1 — u)d(xo) < d(z), (1 — p)d(zo) < min (d(zo),d(x)) =
d(zo,x) for x € B,

la(zo) — a(z)]
|x — xol@

jo latzo) = a(@)]

|z — xo|®

la(zo) — a(@)| = [z — zo|*

< pud(zo

[e3

I

o la(xo) — a(x)]
S o o e

| — 2o|@

la;d]a,0 < 2%u%a; d]o,0

=T—wr

so that [|a(zo) — allo,. 5 < 2*u*[a; d]w, . Moreover,

[a(zo) — a;dBla,B = sup d%(m,y)w
z,yEB |I _ y|a
—« olalx) —a
< p®d(zo)® sup d(z,y) “d(z,y) M
z,yeB |.’L' _ y|
pd(wo)”

. < ol
>~ (1 — [L)ad(ill'o)a [a,d]a79 > 2 M [avd]a,ﬂ
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Combining these two inequalities,
la(z0) — a;dpla,p < 27 u%(a; dla,0
Since |a; d|q,o < K by Inequality (9.12),
[(a(wo)—a)D?u; dp| Py < 20 1% [as dla 0 (422 s ]z 0,0+ 8% s dla o )
< 32K 1T ([us dloyo,0+1% [us dl24a,0).

Applying Inequality (7.10) to [u;d]ato,0 with € = p®, there is a constant
C = C(p, ) such that

(a(w0) — a)D?u; dp| D)y < 64K 12 (Cllullo.0 + pus dlaae).  (9.17)
By Inequalities (9.11) and (9.10),

|b: Dy dp |y < 842 (b Dyu; d| L,
< 842 [bs; d|{y | Diu; d|
< 8K pP|u; dl14a,0-

Applying Inequality (7.10) to |u;d|1+a,0 With € = p?®, there is a constant
C = C(p, «) such that

b Diw; d| Dy < 8K (Cllullo,e + 127 |u; dlz4a,0).- (9.18)

Similarly, there is a constant C' = C(u, o) such that

jous dp | < 8p2les dl plus |
< SK2(Cllullo.o + 12 w3 dla o 0). (9.19)

By Inequality (9.11),
‘f dB'aB < 8#’ |f d‘a 2 (920)

In combining the above inequalities to estimate |fo;d B|£¢2)B7 it is essential to
keep track of the dependence of constants on the data;7 in particular, it is
essential that the coefficient of p272%[u; d]a4.q, does not depend upon p. As
usual, C' will be a generic symbol for constants depending upon the data but
the symbol for the coefficient of u?72%[u; d]2 . Will exhibit the dependence
explicitly. Returning to Inequality (9.16) and using Inequalities (9.17), (9.18),
(9.19), and (9.20),

fo: dP < CrPllullo,n + CE) 2 [u)ata,0 + Cr2(f; d -



342 9 Elliptic Operators
Returning to Inequality (9.15), for yo € B, 5/2

oo | Diju(zo) — Diju(yo)|

d($0790) a
|zo — yol
(9.21)
§C||u2||£79 —I—C‘ + C(K)p™ |u; d\2+aQ+C| |
e o pe
Using Tnequality (7.10) with € = 42%/2°%, for yo & By, /2
Djju(zo) — Diju 20+
o D) D) 2 e
|$o - y0| 0
2o¢+1 u2o¢
< s ( ga77 4 dJ24a,0)

< Cllullo,e + p*u; dl24a,0-

Combining this result with Inequality (9.21),

F:d P
[u; d]2ya,0 < Cllullo,o + C(K)p|u; dl2ta,0 + C—F".

[e3%

Adding |u; d|240,0 to both sides and applying Inequality (7.10) with e =
and choosing p < 1/2 so that (C(K) + 1)u® < 1/2, there is a constant
C = C(K) such that

s dlaae < Cllufo.o+|f:dy). ™
Theorem 9.4.4 Let L be an elliptic operator satisfying

lai;d Vs bsdl Vg, led$y <K, dj=1,....n. (9.22)

If f e H&Z)(Q;d),a € (0,1),b € (—1,0], and {u;} is a sequence of uniformly
bounded functions in HQ(Z)Q(Q; d) satisfying the equation Lu; = f on {2, then
there is a subsequence that converges uniformly on compact subsets of {2 to
a function u € Hoyo(82;d) C Hoya 10c(£2) for which Lu = f on (2.

Proof: Suppose first that b € (—1,0). Since d(z) < d(£2),d(x)® > d(02)°, z €
2, and d(2)%|u;; d|2ya,0 < \ui;d\g?_aﬂ < +00,7 > 1. By Lemma 9.4.3,

lui; d|ota,0 < C (||U1

(%)Q) <C (K' + |fvd|(o¢2,)(2) < 400 (9.23)

where K' = sup;> [|[uillo,o. If b = 0, this inequality follows from the same
lemma. Now let I' be any compact, convex subset of {2 and choose 0 <
6 < min (1,d(I,02) so that I' C 5. Since |u;;d]y,, o < [uid|ata,e <

C(K'+|f; d|((12)9 < 400, it follows from the subsequence selection principle,
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Theorem 7.2.4, that the sequences {u;}, {Du;}, and {D?u;} are uniformly
bounded and equicontinuous on I'. Let {B;} be a sequence of balls with
closures in {2 which exhausts 2. Applying the above argument to each B,

there is a function () on each B, and a subsequence {u; J)} of the {u;}

sequence such that the sequences {u } {Du(] )} and {D?%u; 2 } converge to
v, Du | and D?ul?), respectively, on BJ Note that the u9) agree on

overlapping parts of the B;. The sequence {u§7)} is a subsequence of each of
the above sequences and there is a function u on {2 such that the sequences

{u } {Du } and {D%u; @ } converge to u, Du, and D?u, respectlvely, on 2.

(@)

Since Inequality (9 23) holds for each u;’, each term of \u \g_m  is bounded

by C(K' +|f; d|a Q) for example,

D" (x) — D*u(y)| _ C(K,+ ‘f_d|(2)ﬂ) P>y e

d(z, )2+

Letting ¢ — oo and taking the supremum over z,y € 2 and Dy, [u; d]o4a,0 <
+o00. Similarly, for the other terms of |u;d|2+a,0. Thus, u € Hopo(82;d) C
HZ—i—a,loc(-Q)- |

9.5 Maximum Principles

Although an existence theorem for the Dirichlet problem corresponding to an
elliptic operator L has not been proven, a uniqueness result can be proved us-
ing a weak maximum principle. Before stating the principle, some results
from basic analysis will be reviewed. Consider the quadratic function

n
y) = Z CpqYpYq

p,q=1

where the n X n matrix [c,,] is a real symmetric matrix. The quadratic form
Q is said to be nonnegative definite if Q(y) > 0 for all y € R"; if, in
addition, @Q(y) = 0 only when y = 0, then @ is said to be positive definite.

Lemma 9.5.1 If u € C*(2),z9 € 2, and u(zy) = sup,co(x), then the
matriz [~ Dy, ., (x0)] is nonnegative definite.

Proof: Let B = B,, s C {2 and let z € R". Since u attains its maximum
value at g, D,,u(xzo) = 0,1 < i < n. By Taylor’s formula with remainder
(c.f. [1]), for 0 < t|z| < 6,

0> u(xo + tx) — u(xo) Z Dy o;u(wo +1t "v)txitr;
3,7=1
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for some 0 < t’ < t. Thus,

Z Dy u(zo + t'w)ziz; < 0.

ij=1

Letting § — 0,57, Dy, o u(xo)zir; < 0. M

i.j=1
Lemma 9.5.2 Let 2 be a bounded open subset of R™ and let L be an elliptic
operator with ¢ = 0 and sup,¢ o 1 <;<,(|bi(x)|/m(z)| < +oo. Ifu € CO(27)N
C?(02) and Lu > 0 on £2, then u attains its mazimum value on 0§2; moreover,
if Lu > 0 on {2, then u cannot attain its mazimum value at an interior point

of £2.

Proof: It will be shown first that if Lu > 0, then u cannot attain its maxi-
mum value at an interior point of 2. Suppose u attains its maximum value
at an interior point zo of £2. At such a point, the matrix [—D;;u(xo)] is real,
symmetric, and nonnegative definite. Since the matrix A = [a;; ()] of coef-
ficients is positive definite, there is a nonsingular matrix S = [s;;] such that
A= 5'S (c.f.,[31]). Since a;;(x0) = D j_y SkiSky,

Lu(zg) = — Z aij(20)(=Da;z;u(x0))

]
- — Z (Z k:zskzj) wlzj ($0))
i,j=1 k=1
n n
== ( Z Daaz;u (SEO))Skj)-
Since the double sum is nonnegative for each k = 1,...,n,Lu(zg) < 0, a

contradiction. Therefore, u cannot attain its maximum value at an interior
point of 2 if Lu > 0 on {2. Suppose now that Lu > 0 on {2. By hypothesis,
there is a constant My such that |b;|/m < My,i = 1,...,n. Since a1; > m,
for any constant v > M,

Le?™t = (y%aq; +b1)e?™ > m(z)(y* — yMp)e™™ > 0.

For every € > 0,L(u + €e"®) > eLe?* > 0 on (2. By the first part of the
proof, there is a z = z(e) € 92 such that u(z) + e’ > u(x) + 7 for
all z € £2. Thus, sup,cgq u(z) + €sup,cgn €% > sup,cgo(u(z) + ee??1) >
u(x) + e’ > u(x) for all z € £2. Letting € — 0,sup, g, u(z) > u(x) for all
z € (2. Thus, sup,cgq u(z) > sup,cou(z). N

Recall that u™ = max (u,0) and v~ = max (—u, 0).
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Corollary 9.5.3 (Weak Maximum Principle) Let 2 be a bounded open
subset of R™ and let L be an elliptic operator on 2 with ¢ < 0 and

sup  (|bi(a)]/m(x)) < +oo.
z€2,1<i<n

Ifue C%(27)NC?*(N2) and Lu > 0 or Lu < 0, then

supu < supu’ or infu~ < infu,
) a0 982 2

respectively; if Lu = 0, then

sup |u| < sup |ul.
Q a9

Proof: Suppose Lu > 0 on {2 and let Lyu = Lu — cu. Since Lu > 0 on (2,
Liu > —cu on £2. Letting 2,7 = {z € 2;u(z) > 0}, Liu > —cu > 0 on 2.
If 27 =0, then u < 0 on 2,u™ = 0, and sup,, u < supy, ut; if 25 # 0,
applying the previous lemma to Lj on 27, 4 attains its maximum value on
992 . But since u = 0 on 9§27 N2, u attains its maximum value on 912 where
u=u". Thus, sup, u < supyg, u'. Suppose now that Lu = 0 on §2. For any
x € 2,u(z) < supyout < supyp |ul; since L(—u) = 0, —u(z) < supyg |ul.
Therefore, |u(x)| < supyq |u| for all z € 2. N

A uniqueness theorem and comparison principle follow easily from the
weak maximum principle.

Theorem 9.5.4 Let {2 be a bounded open subset of R™ and let L be an
elliptic operator with ¢ <0 and sup,¢ 1 <i<,(|bi(2)]/m(x)) < +o00. Ifu,v €
CO(027)NC?(0) satisfy Lu = Lo on 2 and u = v on 912, then u = v on 2.
If Lu> Lo on 2 and u < v on 012, then u < v on {2.

The weak maximum principle does not exclude the possibility that a func-
tion u satisfying Lu > 0 attains a maximum value at an interior point of {2 as
was the case with the Laplacian for nontrivial functions. A stronger form of
the weak maximum principle is needed to exclude this possibility. The open
set {2 C R™ is said to satisfy an interior sphere condition at xy € 042 if
there is a ball B C {2 with x¢y € 0B. The upper inner normal derivate of u
at o € 012 is defined by

t —
D u(xo) = limsup ulzo + V(a;o)) (o)
t—0t

where v = —n.

Lemma 9.5.5 (Hopf [33], Boundary Point Lemma) Let L be a strictly
elliptic operator on the open set {2 C R™ with ¢ <0 and with |a;|, |bi], |c| <
K,i,j=1,...,n and let u € C*(2) satisfy Lu > 0 on 2. If for o € 012,
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(i) w can be extended continuously to xo,

(i1) u(zo) > u(x) for all x € 2, and

(i) the interior sphere condition is satisfied at xq,

then the upper inner normal derivative at xo satisfies D u(xg) < 0 whenever
u(zo) > 0; if, in addition, ¢ = 0, then D} (x¢) < 0 regardless of the sign of
u(zg).

Proof: Let B = By ,, be a ball in {2 with z9 € 0B. Fix 0 < p1 < po and
define a function w on the closed annulus A = B,", '~ By ,, by putting

w(zr) = A
where p; < r = |z — y| < po and 7 is a constant to be specified below. By

Schwarz’s inequality,

n

Lw(z) = e’ (472 Z aij(xi —yi)(x; — yj)

i,j=1

— 27 (i + bi(wi — yi)) +cw
i=1

> e (wmrz — 29> a — 2y]blr + c)
=1

> e (4v*mp? — 2ynK — 2vyy/nK py — K).

It follows that v can be chosen so that Lw > 0 on A. Since u — u(zg) < 0 on
0B,y ., there is an € > 0 such that

u—u(zo) +ew <0 ondBy,,.

Since w = 0 on IBy ., u — u(xo) + ew < 0 on IB, ,, and therefore on 0A.
Since L(u — u(zg) + ew) = Lu — cu(zo) + eLw > —cu(xp) > 0 whenever
u(zg) >0, u—u(zg) + ew < 0 on A by Corollary 9.5.3. For x¢ + tv € A,

u(zo + tr(xo)) — u(zg) - _Ew(xo +tv(wg)) _ew(:co + tv(zo)) — w(xo)

t - t t

so that D u(zo) < —eDjfw(zg) = eDywlr=p, = —2yepoe= 170 < 0. If ¢ = 0,
then the preceding steps are valid without any condition on u(zy). W

Theorem 9.5.6 (Hopf [32], Strong Maximum Principle) Let L be a
strictly elliptic operator on the connected open set {2 C R"™ with ¢ < 0 and
laijl, |bil, |c] < K,i,5=1,...,n, and let w € C°(27)NC?($2) satisfy Lu >0
on §2. Then u cannot attain a nonnegative maximum value at a point of {2
unless it is constant; if, in addition, ¢ = 0 and uw attains its mazximum value
at a point of £2, then u is a constant function.
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Proof: Assume that u is nonconstant and attains a nonnegative maximum
value M at an interior point of 2. Let 2y = {z € 2;u(x) < M} # 0.
Under these assumptions, 92y N 2 # (), for if not, then 92y, C A2 which
implies that 2 = 2y U (2 ~ 2p) = 20 U (2 ~ £2,,), contradicting
the fact that {2 is connected. Thus, there is a point xg € 23, such that
d(xo,082p) < d(xg,082). Let B be the largest ball in £2); having xy as its
center. Then u(y) = M for some y € 0B and v < M on B. Since 2y
satisfies the interior sphere condition at y, the inner normal derivative of u
on B at y is strictly negative according to the preceding lemma. But this is
a contradiction since any directional derivative of v at y must be zero. Thus,
if u attains a nonnegative maximum value at an interior point of {2, it must
be a constant function. If, in addition, ¢ = 0, the preceding lemma can be
applied in the same way. W

Theorem 9.5.7 (Hopf [32]) Let 2 be a connected open subset of R™, let L
be a strictly elliptic operator with ¢ < 0 and locally bounded coefficients. If u €
CO(027)NC%(N2) satisfies Lu > 0 on (2, then u cannot attain a nonnegative
mazximum value on §2 unless it is constant on 2. If, in addition, ¢ = 0, then
u cannot attain its maximum value on {2 unless it is constant on 2.

Proof: Suppose M = sup,c- u(r) > 0 and let 2y = {y € 2;u(y) =
M}, Then §2) is a relatively closed subset of 2. Suppose xy € (23 and
B = By,s C B, s C 2. By the preceding theorem, u = M on B since

u(zg) = M. Therefore B C 2); that is, £2); is relatively closed and open in
2. Since 2 is connected, 2); = () or QM =0 N

9.6 The Dirichlet Problem for a Ball

It will be assumed in this section that the coefficients of L belong to
Hy loc(£2); in particular, the coefficients belong to H,(B) when restricted
to a ball B with closure in (2.

If it were possible to solve the Dirichlet problem corresponding to an ellip-
tic operator L and a ball B, then the Perron-Wiener-Brelot method could be
used to solve the Dirichlet problem for more general regions. The following
lemma reduces to Theorem 9.4.3 when b = 0.

Lemma 9.6.1 Let L be a strictly elliptic operator on the bounded open set
2 C R™ satisfying Inequalities (9. 12) If u € Hoyo(82;d), 0 € (0, 1), satisfies
the equation Lu = f on (2, |u; d|0 o < 400, and |f; d|(2+b) < +o0 for b €
(—1,0), then

w41 0 < C (Jusd$h + 154155

where C' = C(n,a,b).
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Proof: For the time being, fix = € 2. Letting 6 = d(z)/2,B = By s, and
applying Theorem 9.4.3,

d"**(2)| Du(x)| + d** ()| D*u(z)|

< d"(z)|u; d|2ta,B

< d'(&)C (sup fu(y)] + sup ()| ()]

yeB yeB
+ sup d2+a(y » Y ) |f( /) //( H)|>
y',y'eB ‘ Y |(x
<C (sup d®(z)[u(y)| + sup d®(z)d*(y)| £ (y)|
yeB yeB

4 sup db(x)d2+a(y )‘f( ) (”)|>

v'.y'€B ly' =yl
Since d(y) < 0 + d(z) = (3/2)d(x) for y € B,d(z) > (2/3)d(y) and
d'*0(2)|Du(w)| + d** (@) D*u(z)] < C (\u;dﬁ‘” + 1751 8E)
<C (\u dIh + |f; d|(2“’>).
Taking the supremum over x € 2,
i di)o o < € (lsd + 114135 (9:24)

Consider now two points x,y € {2 labeled so that d(z) < d(y) with © # y

and define 0 and B as before. As above, for |z —y| < ¢

|D?u(x) — D*u(y)|
|z —yl|*

d2+a+b( < db(x)\u; d|24a,B

<C(jwdfy +15d85)

z,y)

On the other hand, for | —y| > ¢

|D2u(x) — D*u(y)|

d2+a+b( | |a
r—y

S d2+a+b (SC)

) e )<|D2 u(@)| + | D?u(y)))
< 2%(d%*t(2)| D2u(x)| + d**°(y)|D?u(y)))
< 4lu; d|2+0 ?

<40(jus d|yp + | £ dS ),

the latter inequality following from Inequality (9.24). Taking the supremum
over z,y € {2 and combining the result with Inequality (9.24),

b 2 b
s dly) o o = lusdlS)o o + [ dl) o < CUusdl$ ] + [ £:d ). ™
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Lemma 9.6.2 Let L be a strictly elliptic operator with ¢ < 0 on a ball B =
By, ,p C R" satisfying

|aij|7 |bi|7 |C|§K OnBaiaj:L""n

Ifu e C%(B~)NC%B),a € (0,1),be (-1,0), f € H¥™(B;d),Lu = f on
B, andu =0 on 9B, then |u;d|\"), < C|f; d|§f§b> where C = C(n,b, p,m, K).

Proof: Since f € H(g‘%b)(B;d)7

A = sup &> ()| f(x)] < +o0.
reB
The inequality is trivial if A = 0, for then f = 0 and v = 0 by the weak
maximum principle, Corollary 9.5.3. It can be assumed that A > 0. Let
wi(z) = (p> —r2)7" where r = |z — 0| If # = (21,...,2,) and 79 =
(zo1,---,Zon), then

Luw (x Za” (20)(p* — r2)~0t

+ Z aij4b(b+1)(p* — r?) "7 (s — m0:1) (z; — wo;)

4,j=1

DB ) ) +ela) ()

=b(p® —1? ( Z (b4 Dasj(z; — z0i)(z; — x05)

+ 2b(p* — r? ( (@i + bi( 3502))) + ;—b)(pQ — r2)>

<b(p? —rH)? (4(1+b)mr +2(p* — r?)(mn — Kv/nr)).

Since the first term within the parentheses has the limit 4(1 + b)mp? as
r — p, there is 0 < pg < p such that Lw(z) < —k(p? — r?)7"=2 for some
constant k and py <7 < p. Since (p? —r?) 2 = (p—7) " 2(p+ )02 >
(p —1)7""2(2p) =2, there are positive constants c; and co such that

ci(p—r)=b=2 0<7r<po
L < .
wi(@) < { —calp—1)7""2  py<r<p. (9.25)

Now let ws(z) = e — e*®17%01) where a is a positive constant that will be
specified later. Then

Lwsy(z) = —aypa2e®@1=r0) _p get(Tr—ror) 4 c(x) (e — e“(mr“’l)).
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Since ¢ < 0, % — ¢¥*1=%01) > (0 and a1; > m,

Luwy (x) < e 7200 g(—ma + |by|)

= —me@E1—ro)g <a - @) .
m

Choosing a so that a > 1+ supz(|b1|/m),

b
a(a——1> > (1+supM) <1+supb—1—b—1> >1
m B m B m m

and therefore
Lws(x) < —me®@1—%01) < e~ on B,

Note that Lws(z) < 0 on B. For 0 < r < pg, using the fact that b € (—1,0)

Luws(z) < —me™?(p—r) "% (p—r)**
< —es(p—r)t?
where c3 = me~%(p — po)*>*°. Therefore,
—c3(p—r)~02 it 0<r<po
Lw,(z) < { 0 i po <7 < p. (9.26)

Consider the constants 11 = 1/c2, 72 = (1 + £-)/cs, and the function w =
nwy + nwe. By Inequalities (9.25) and (9.26),

|f ()]
T

Therefore, L(Aw £+ u)(z) < —|f(x)| £ f(z) < 0. When r = p,w = (e’ —
e®(@1=201)) > (), Since u = 0 on dB by hypothesis, Aw £+ u > 0 on dB. By
the minimum principle, Corollary 9.5.3, Aw £+« > 0 on B; that is,

Lu(z) < —(p—r)"""% = =d"(2) < -

|lu(z)] < Aw(xz)  on B.
An upper bound for the function w can be obtained as follows. First note that
wi(@) = (p* =) " =(p—r)"(p+r)" <p(p—r)"" onB.
Since wa(x) = e*” — e@1=%01) depends only upon the first coordinate of z, it

can be assumed that  is on the xi-axis. When 1 — 291 = p, wa(z) = 0. By

the mean value theorem, |ws(z)| = |V (w2 (2)|(p— 1) < ae(p—r)~PptTt =

c4(p—r)~" where z lies on the line segment joining  to zo+(p, 0, ..., 0). Thus,

u(z)| < AC(p — 1) = ACd™"(x)
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so that

jus d| ")y = sup d°(x)[u()| < AC = C sup &> ()| f(2)| = C|f;d|$ ;" W
? zEB z€B

Theorem 9.6.3 If « € (0,1),b € (—=1,0), B is a ball in R", and L is a
strictly elliptic operator on §2 with coefficients satisfying

\aij|a73, |bi|a,B, |C|QVB < K < 400, ,j=1,...,n. (9.27)

then L is a bounded, linear map from H; o(B:d) into &Y (B;d).

Proof: The assertion follows if it can be shown that there is a constant C
such that

2+b 2+b) 2+b
lai Dijus d|CE ) |b:iDiws d| T8, Jews d| S5 < Clusdly), g

for u € HQ(I_"_)O‘(B; d). By Inequality (9.10),

lag Dijusd| S5 < Jaig; d|Op 1 Dijus d|C L < max (1,d(B)*) K| Diju; d| 7
b Dyu; |05 < |bz,d\aB|Dl u;d| 7 @+b) ) < max (1,d(B)*)K|Dyu; d| 0
cu; d|,; 2+b) < c;d u;d 2+b) <max (1,d(B)")K|u 2+b)
oz,B a,B

so that it suffices to show that there is a constant C' such that |D;ju; d|a2]+3b),

|Diu,d\g‘2}§b ) us d\(2+b < Clu d|gf£a. An upper bound for the second-order
term follows from the inequality

2+b b b b
|Dij“§d|( = <[y d]gJZOB + [u;d}gia,B < ‘U§d|§la,3~

Consider two points z,y € B so labeled that d(z) < d(y). A simple convexity
argument shows that if z is a point on the line segment joining z to y, then
d(z) > d(z). Applying the mean value theorem,

D; — -Dz
| Dju; d\?‘Bb) = sup d*°(z)|Dsu(x)| + sup d>F0re(z, y)| u(@) au(y)|
’ zeB z,yeB |l‘ - y‘

(b (b
< d(B)[y; d]uZo BT d(B)\/_[U d]szo B
b
<d(B)(1+ Vs dlf), 5
Another application of the mean value theorem results in the inequality
2+b b b

i d$5 < @(B)ws dly + & (B)Valui i,

< (B)(1+v)lusdlf, s
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This shows that
Lu;d| U5 < Clusdly),,  for all u € HY), (B;d). W

Lemma 9.6.4 If o € (0,1),b € (=1,0), B = By, is a ball in R", and
feHE (B;d), then there is a unique u € C°(B™) ﬂHQ(l_?a(B;d) such that
Au=f on B andu =0 on 0B.

Proof: It is easily seen that f € Hy joc(B). By Theorem 8.4.4, there is a
unique u € C%(B~) N C?(B) such that Au = f on B and u = 0 on dB. By
Lemma 9.3.1,

lu;dlzsa.5 < C(llullo,s + 1f:d| ) < Cllullo,s + p~ 1 f5d|$E) < +o0

so that u € Hoyo(B;d). By Theorem 8.4.4,
b b b
[ dlg’p < [f3dlys” < |f:dl})5) < +oo.

The hypotheses of Lemma 9.6.1 are satisfied and so u € HQ(Z_)Q(B; d). i

Theorem 9.6.5 Let B be a ball in R", let o € (0,1),b € (—1,0), and let L

be a strictly elliptic operator on B with ¢ < 0 satisfying Inequality (9.27). If
|f; d|(2+b < 400, then there is a unique u € C°(B™) ﬂHQ(?a(B; d) satisfying

Lu—f on B, u=0 on 0B, and
us ), 5 < Clluwsdlys + 1£3d125) < +00 9.28)

where C' = C(n,a,b,m, K).
Proof: For 0 <t <1, let
Liu =tLu + (1 — t)Au.

Since L and A are bounded linear operators from the Banach space B, =
Hz(i)a (B;d) into the Banach space By = HE (B;d), the same is true of each
L; with the m in Inequality (9.2) replaced by m; = min (1,m) and the K in
Inequality (9.27) replaced by K; = max (1, K). Consider the Dirichlet prob-
lem Liyu = f on B and u = 0 on dB. Suppose there is a u € H2 (B d) sat-
isfying the equation Lyu = f. Since d(z)® |u(x)| < [u,d}&B < |u,d\2+a’B <
—+00, the function u has a continuous extension, denoted by the same symbol,
to B~ with v =0 on 0B. By Lemma 9.6.2,

b b b
us |y < CIEdTEY < C1f:d|CE < oo
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Using the fact that d(B)® < d(x)® for z € B, it is easily seen that u €

HQ(ljr)a (B;d) implies u € Hato(B;d) and it follows from Lemma 9.6.1 that

s d|) < Ci(lusdly + 1 f: dCEY) < € d| LY

or, equivalently,
l[ulls, < C[[Lyul[s,

where C' is independent of t. Since the Laplacian Ly = A is an invertible map
from B, onto B, by Lemma 9.6.4, it follows from Theorem 9.2.2 that L is
invertible. Thus, given f € H, 2er)(B d) there is a u € HQ( ) o(B;d) such that
Lu = f on B and u = 0 on dB. Uniqueness follows from Theorem 9.5.4. W

Theorem 9.6.6 Let B be a ball in R™, let « € (0,1),b € (—=1,0), and let
L be a strictly elliptic operator with ¢ < 0 and coefficients satisfying In-
equalities (9.22). If | f; d|(2+b) < 400 and g € C°(OB), there is a unique
ueC'B7)nN Hj o 10c(B) that solves the problem Lu = f on B and u =g
on 0B.

Proof: Consider any g € C3(B~) and the Dirichlet problem Lv = f — Lg on
B and v =0 on 9B. Since f —Lg € H(2+b)(B; d), by the preceding theorem
there is a unique v € C°(B~) N Hé_ga(B;d) that solves this problem and
satisfies Inequality (9.28). Letting u = v+ g, Lu = f on B, u = g on 9B, and

ue C%B7) ﬂHQ(i)a (B;d). Consider any g € C°(9B). It can be assumed that
g € C°(B7) by the Tietze Extension Theorem. Now let {g;} be a sequence
in C3(B™) that converges uniformly to g on B~. For each j > 1, let v; be
the solution of the problem Lv; = f — Lg; on B and v; = g; on 0B as in
the preceding step. Letting u; = v; + g;,Lu; = f on B, u; = g; on 0B,
and u; € C°%(B7) N Héi)a(B;d). Since L(u; — u;) = 0 for ¢,7 > 1, by the
weak maximum principle, Corollary 9.5.3, |[u; — ujllo, 5~ < |lgi — 9; the
sequence {u;} is Cauchy on B~ , and therefore uniformly bounded on B~ . By
Corollary 9.4.4, there is a subsequence that converges uniformly on compact
subsets of B to a function u € Hatq,10c(B) for which Lu = fon Band u = g

on OB. Since the sequence {u;} converges uniformly on B~, u also belongs
to C°(B7). A

9.7 Dirichlet Problem for Bounded Domains

Throughout this section, {2 will be a bounded open subset of R™, L will be
a strictly elliptic operator with ¢ < 0 and coefficients a;;, b;, c,4,j = 1,...mn,
in Hy 1oc(£2). Unless otherwise noted, f will be a fixed function in CP(£2) N

HE (2;d),a € (0,1),b € (—1,0).
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Definition 9.7.1 v € C°(£27) is a superfunction if for every ball B with
closure in 2 and v € C°(B~) N C%(B),

Lv=fon B,u>wvondB implies u > v on B.

Reversing the inequalities of this definition results in the definition of a sub-
function. The fact that u is a superfunction does not mean that —u is a
subfunction. Otherwise, superfunctions and subfunctions share most of the
properties of superharmonic and subharmonic functions.

Definition 9.7.2 If B = B, 5, € (0,1),b € (—1,0), |f;d|((f;b) < 400, and
g € C°(B7), LS(z, B, g) will denote the unique solution of the problem

Lv=fonB, wv=gondB.

Lemma 9.7.3 u € C°(27) is a superfunction if and only if u > LS(z, B, u)
on B for every ball B = B, s with closure in (2.

Proof: Suppose first that u is a superfunction on {2 and let v = LS(z, B, u)
on B. Then Lv = f on B and v = u on B. Thus, u > v = LS(z, B,u)
on B. On the other hand, suppose u > LS(z, B,u) on B. Consider any
v € C°B~) N C?%(B) satisfying

Lv=fon B and u>von dB.

Since L(LS(x, B,u) — LS(z, B,v)) = 0 on B and LS(z, B,u) > LS(z, B, v)
on OB, by Theorem 9.5.4

u > LS(x, B,u) > LS(z, B,v) = v on B,

showing that u is a superfunction on 2. W

Lemma 9.7.4 u € C°(27)NC%(12) is a superfunction if and only if Lu < f
on £2; moreover, if u € CY(27) N C?($2) is a superfunction and k > 0, then
u + k is a superfunction.

Proof: Suppose first that Lu < f on (2. Let B be a ball with closure in
2 and let v € C°(B~) N C%(B) satisfy Lv = f on B and u > v on dB.
By Theorem 9.5.4, v > v on B and w is a superfunction. Now let u be
a superfunction and assume that Lu(zg) > f(zo) for some point xy € (2.
Then there is a ball B = B, s such that Lu > f on B. By Theorem 9.6.6,
there is a function up on B~ such that Lup = f on B and up = u on
0B. Since L(u —up) > f — f = 0 on B, by the weak maximum principle,
Corollary 9.5.3, u — up < supyp(u —up)™ = 0 on B so that u < up on B.
Since u is a superfunction, u > up on B, and therefore © = up on B so that
Lu = Lup on B. Thus, f(z¢) = Lug(x¢) = Lu(xo) > f(x0), a contradiction,
and it follows that Lu < f on 2. The second assertion follows easily from
the first and the fact that Lk =ck <0. W
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Lemma 9.7.5 Ifv € C°(27) is a superfunction, u € C°(£27) is a subfunc-
tion, and v > u on 012, then v > u on 2.

Proof: Let m = infp-(v —u) and let I' = {y € 2;0(y) — u(y) = m}. If
I' = (), then v — u attains its minimum value on 942, and therefore v —u > 0
on 27 since v —u > 0 on 9f2. Assume I" # () and let z be a point of I" such
that d(z) = d(I,0§2) > 0. Let B = B, s be a ball with closure in {2. Note
that BN (2 ~ I') # () since z € OI'. By Theorem 9.6.6, there is then a vp €
CY(B~)NC?(B) satisfying Lug = f on B and v = v on dB. Thus, vg < v
on B since v is a superfunction. Likewise, there is a u®? € C°(B~) N C?(B)
satisfying Lu®? = f on B, u® = w on 0B, and v®? > u on B. Note that
L(vg —uf) = 0 on B and that m = v(z) — u(z) > vg(z) — uP(2). Since
vg —uP =v—u>mon dB, vg —uP > m on B by the weak maximum
principle, Corollary 9.5.3. It follows that vp(2) — u®(2) = m so that vg — u®
attains its minimum value at an interior point of B; if m < 0, then vy — ubB
would be constant on B by the strong maximum principle, Theorem 9.5.6.
But this contradicts the fact that BN (2 ~ I') # 0 where vg — u? > m.
Thus, m>0andv>wuon 2. A

Lemma 9.7.6 Ifu € C°(£27) is a superfunction, B is a ball with closure in
2, Lv=f on B,v=u on 0B, then

v on B
UB =y on 2~ B

s a superfunction. If u and v are superfunctions on {2 and u > v on 2, then
up > vp on 2.

Proof: Let By be an arbitrary ball with closure in §2, and let w; € C°(B; )N
C?(By) satisfy Lw; = f on By,w; = up on dB;. Since u is a superfunction,
u > up on {2 and, in particular, u > w; on dB;. Using the fact that u is a
superfunction again, u > w; on By. Since ugp = uw on {2 ~ B,ugp = u > w;
on B; ~ B. Noting that Lugp = Lv = f on B,L(up —w1) = 0 on BN Bj.
Since up = u > wy on BN By and ug > wy on 0By N B,ug —w; > 0 on
(0BNBy)U(0B1NB). By continuity, up—w; > 0on d(BNBy) C (0BNB; )U
(0B1 N B7). It follows from the weak maximum principle, Corollary 9.5.3,
that ug > w; on B N By and therefore on By. This proves that ug is a
superfunction. Let u and v be superfunctions on {2 with « > v on (2. Since
L(up —vp) =0o0n B and up —vg =u—v > 0on dB, up —vp > 0 by the
weak maximum principle. W

The function up of the preceding lemma will be called the lowering of
u over B; the corresponding operation for subfunctions will be called the
lifting of u over B and will be denoted by u?.
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Lemma 9.7.7 If uj,us € C°(£27) are superfunctions, then min (uy, uz) is a
superfunction.

Proof: Let v = min (u1,u2) and consider any ball B with closure in 2.
Suppose Lw = f on B and v > w on 0B. Then u; > w on 0B so that u; > w
on B,i = 1,2. Therefore, v = min (u1,u2) > w on B and u is a superfunction.

Definition 9.7.8 A function v € C°(£27) is a supersolution relative to
the bounded function g on 942 if v is a superfunction and v > g on 942.

The set of supersolutions relative to g will be denoted by $4(f, g). There is
a corresponding definition of subsolution relative to the bounded function
g on 9£2; the set of such functions will be denoted by £(f,¢g). According to
Lemma 9.7.5, each subsolution relative to g is less than or equal to each super-
solution relative to g. The hypothesis of the following lemma is an exception
to the requirement that f be a fixed function.

Lemma 9.7.9 If 7 C CY(2) N H,g2+b)((2;d) with supser| flloe < M <
+00,G is a collection of bounded functions on 02 with supgeg|lgllo,on <
N < 400, then

(N @fg)nC*(27) #0and () (L(f.9) NC2(R7)) # 0;

feF,geg feF,geg
moreover, the set Ufe}‘ gegil(f,g) (UfE]-‘ 9eG £(f,g)> is uniformly bounded
below (above) by a constant.

Proof: Choose d > 0 so that 2 C {a;—d < 21 < d}. Let

B=sup  ([bi(x)|/m),

z€R,1<i<n
let p>p3+1,and let Ly =L — ¢. Since § < p — 1,
Lye? ) = a11 9”070 4 by peP T > mp(p — B)eP ) > .
Letting
vy =N+ l(e%d _ ep(t7l+w1))]\/[7
m
Loy = Livy + cvgp = Ly(—e” N M/m + coy < —M < —|fllo < f

for all f € F. Since v. € C°(27)NC?(N2) and vy > N > g on 92, vy is a
supersolution relative to ¢ for all g € G and therefore

) (W(f,9)nC*(27)) #0.

fEF,geG
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Now let
v_=—N — i(62pd — ep(d“”))M.
m

Then
Lo_ = Lyv_ +cv_ > Ly (e’ M/m > M > || fllo > f.

for all f € F. Since v_ € C%(27)NC?*(2) and v— < —N < gon d2,v_isa
subsolution relative to g for all g € G and it follows that

(N (&(f,9)nC?(027)) #0.

feEF,geG

Consider now a fixed f and g. Since each subsolution is less than or
equal to each supersolution, 4U(f,g) is bounded below by each element of
£(f,g) and £(f,g) is bounded above by each element of (f,g). Since
vy < N +e2°?M/m, the elements of £(f, g) are uniformly bounded above by
the constant N + e2°?M /m. Similarly, the elements of {(f, g) are uniformly
bounded below by the constant —N — 24\ /m. W

Definition 9.7.10 The Perron supersolution for the bounded function g
on 0{2 is the function H}’-‘g = inf{v;v € U(f, ¢)} and the Perron subsolu-

tion for g is the function H; = sup{v;v € £(f,9)}-

Tt can be assumed that U(f,g) is uniformly bounded on (2 by considering
only those u for which u < ug for some ug € U(f, g) since

H;’[’g = inf {u Aug;u € U(f,g)}

It follows that H}: p is bounded on {2 as is ’H; o Clearly, 'H; 9 < u for all

u € U(f,g) and consequently Hiy < H; ;- The same assumption can be
made for £(f,g).

Definition 9.7.11 If H; H on {2, then ¢ is said to be L-resolutive
and Hy 4 is defined to be the common value.

Lemma 9.7.12 If g is a bounded function on 92, then H;g € Hayo(B;d)
for every closed ball B with B~ C {2 and satisfies Poisson’s equation LH;Q =
f on 2; in particular, 7-(+ € C%().

Proof: By Lemma 2.2.8, there is a countable set I, C H(f, g) such that for
every ls.c. function w on 2, w < ’H+ whenever w < inf{v;v € I,}. By
Lemma 9.7.7, it can be assumed that Ig is a decreasing sequence {uj} of
uniformly bounded functions on 2. Let u = lim;_.o u; and let B be a fixed
ball with B~ C (2. By replacing each u; by (u;)p, if necessary, it can be
assumed that each u; satisfies the equation Lu; = f on B. By Theorem 9.4.4,
there is a subsequence {u;, } that converges uniformly on compact subsets
of B to a function w € Hay(B;d) for which Lw = f on B. Since w = u
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on B, Lu =Lw = f on B and u € Hoy,(B;d). Since w is continuous on B,
u is continuous on B, and since B is an arbitrary ball with closure in {2, u is
continuous on {2 and Lu = f on (2. Clearly, u > HJr since each u;, € il(f, g)-
Since u is continuous on 2 and u < inf {v;v € I}, u < inf {v;v € U(f,g)} =
H f.g on £2. Therefore, u = H":g on {2 and LH f.g=Lu=fon (. |

9.8 Barriers

Throughout this section, {2 will be a bounded open subset of R™, L will be

a strictly elliptic operator with ¢ < 0 and coefficients a;;, b;,c,7,5 = 1,...n

in H,(£2). Unless noted otherwise, f will be a fixed bounded function in
CH(2:d), 0 € (0,1),b € (~1,0).

Under the hypothesis that g is a bounded function on 942, Hi 9 satisfy the
equations Lij’g = f on §2. In the case of the Laplacian with f =0 on {2, it
was possible to show that every continuous function g on 02 is A-resolutive.
This is the statement of Wiener’s theorem, Theorem 2.6.16.

Definition 9.8.1 If ¢ is a bounded function on 92 that is continuous at
xo € 012, a sequence of functions {w;L} in C°(£27) is an approximate
upper barrier at x( for g if

(i) each w+ is a supersolution relative to g and

(i) hm]—>oo w+($0) = g(xo).

An approximate lower barrier {w]_} is defined by using subsolution in
place of supersolution. If both an approximate upper barrier and an approxi-

mate lower barrier at x( for g exist, the pair {w]i} is called an approximate
barrier at z( for g.

Lemma 9.8.2 Let g be a bounded function on 0f2 that is continuous at
xog € 0. If there is an approximate barrier {wji} at xqo for g, then

hmy—»wo’yEQ H]{g(y) = g(x())

Proof: Since every subsolution for g is less than or equal to every super-
solution for g,

- +
w; ngg §w
so that

wy () = wj (z0) +wy (w0) — g(wo) < Hf 4(x) — g(o)
< wf (z) — wf (z0) +w; (w0) — g(wo)
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for z € £2. Given € > 0, choose jo > 1 such that w} (zo) — g(xo) < €/2 and
w; (z0) — g(wo) > —€/2. Then

_ _ € €
wjy (@) = wy, (20) = 5 < M (&) — glao) < w (@) — wh(w0) + 5

and since wjf) € C%0),

—€¢/2 < liminf (Hj{g(x) —g(z0)) < limsup (H;{,g(x) —g(z0)) <¢€/2

T—0,rE ’ T—x0,LEN
: + —
and so limg.z,cc0 Hy () = g(z0). W

Lemma 9.8.3 Ifzo € 012, g is a bounded function on 02 that is continuous
at xg, and w € CO(27) N C?(N) satisfies

(i) Lw < —1 on 0,

(i) w(xzg) =0, and

(i) w > 0 on 082 ~ {xo},

‘.~> =
j
9(wo) + (1/§) + vjw and w; = g(xo) — (1/j) — vw are supersolutions and

subsolutions, respectively, and {w]i} is an approximate barrier at xo for g.

then for each j > 1 there is a constant v; > 0 such that the functions w

Proof: Using the continuity of g at xg, for each j > 1 there is a neighborhood
U of zp in 92 such that g(zg) — (1/7) < g(z) < g(zo) + (1/4) for z € U. On
012 ~ U, w is bounded below by a positive constant and it follows that there
is a constant 3; > 0 such that

g(zo) — % — Bjw(x) < g(r) < g(wo) + jl + Bjw(z)  for x € 912

For each j > 1, let v; = max (03;, || f — c(g(zo) + %)Ho) and let

wji = g(xo) £ % tvyw  on 27.
Clearly, w; () < g(z) < wj(x),x € 012. Since Lw < —1 on {2 and ¢ < 0,
Lw;-r = c(g(zo) + (1/4)) + viLw < eg(zo) + (¢/4) —v; < f. This shows
that each wj+ is a superfunction. Since w;r (x0) = g(xo) + (1/4) — g(xo) as
j— oo,{wj} is an upper barrier at xo for g. Similarly, {w; } is a lower
barrier at xg for g. W

By analogy with the classic case, a point zog € 942 is called a L-regular
boundary point if lim,_.,, ycn ij,g(y) = g(zp) whenever g is bounded on
0{2 and continuous at xg. The region (2 is called L-regular if each boundary
point is L-regular. It will be shown below that Poincaré’s exterior sphere
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condition at a point zy € 02 suffices to show that z¢ is a L-regular boundary

point; that is, the existence of a ball B with 2~ NB~ = {xzg} suffices to prove

L-regularity at z¢. Assuming that 2 has a smooth boundary and that the

a;j,bi, ¢, and f are locally Lipschitz continuous on {2, Hervé [30] has shown

that a boundary point zg € 0f2 is L-regular if and only if it is A-regular.
The following lemma in conjunction with Lemma 9.8.2 shows that

lim  HE(y) =g(x
ot M (y) = g(wo)
if 2 satisfies an exterior sphere condition at zy € 9£2. It will be shown
below that the exterior sphere condition can be replaced by a Zaremba cone
condition.

Lemma 9.8.4 (Poincaré [50]) If the bounded open set {2 satisfies an ex-
terior sphere condition at xo € 0f2, the coefficients of L are bounded, and
g is a bounded function on Of2 that is continuous at xo, then there is an
approzimate barrier at xg for g.

Proof: Let B = B, 5 satisfy the exterior sphere condition at zo, let r = |z —y|,
and let vg(z) = 67 —r=8, 3 > 0. It can be assumed that § < 1. Since
r=8 <6 P forr >4,

n

Lug(x) = —B(3+2)r~"~* Z aij(zi — yi)(zj — yj)

4,j=1

+ ﬂ’l"iﬁ72 Z (aii + bl($1 — yz)) + C(l’) (57B — Tﬁﬁ)

i=1

<A (8= 2m+ Y (o + bilei ), wEL

Since 772 < §=P=2 for x € 2 and the coefficients of L are bounded, there
is a constant k > 0 such that

Lug(z) < B0 P2((-B—2)m+k), z€ .

Since the right side of this inequality has the limit —oco as 3 — 400, there
is a positive constant Sy such that Luvg,(z) < —1 for all x € (2. Letting
w(x) = vgy(x), Lw(x) < —1for x € 2, w(xg) =0, and w > 0 on 2 ~ {xo}.
Thus, there is an approximate barrier at xy for g by the preceding lemma.
|

It was shown in Theorem 2.6.29 that the existence of a cone C' in ~ (2
with vertex at g € 0f2 implies that x¢ is a A-regular boundary point for
(2. By making use of a polar representation of certain functions on {2, it will
be shown that this same condition can be used to prove the existence of an
approximate barrier at zg for the Dirichlet problem for elliptic operators.
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The following results from the calculus will be needed to derive the polar
representation. If (p, ¢) are the polar coordinates of the point (x,y) € R? and
u is a function defined on a neighborhood of (z,y), under suitable conditions
the partial derivatives u, and wu, can be converted to polar coordinates as
follows:

ou 1.

oy = W cos ¢ — ;qu sin ¢ (9.29)
1

Z—Z = u,sing + ;u¢ cos ¢ (9.30)

The second partials g, Ugzy, and uy, also can be converted to polar coordi-
nates as follows:

82_u — cos? (b@ _ ,singcosé 9%u  sin’¢ @
02 Op? p 0pdg P2 0¢?
QSingbcosqﬁ% sinz(b@
p?* 09 p Op
0%u . 0%u 1—2sin?¢\ 0%u sin ¢ cos ¢ 0%u
——— =sin¢cosp— + - —
dxdy dp? p d¢0p p? 0¢?
_ singcos¢ du N (—1 + sin? ¢> du

p Op p? ¢
82_u i (b@ ~ singcos¢ du 2sinqbcos¢ 0%u
y? dp? p?  0¢ p 0¢0p

cos? (;5% . COSQQ[)@
p Op  p? 0¢*

In particular, when ¢ =0

Up = Up, Uy = ;u(/) (9.31)
1 1
Ugy = Upp, Ugy = ;um — Fu@ Uyy = ;u,, + p—2u¢¢. (9.32)

For notational convenience, the derivation of a polar representation of a
function at a point x¢g € 942 will be carried out by assuming that xg = 0. For
x € R™, let r(z) = |x| and let 6(z) = cos™!(z,,/r(z)) for x # 0. Functions of
the form wu(r,8) will be considered in order to obtain a polar representation
of Lu on a cone having the x,-axis as its axis of symmetry and of half-angle
0p; more precisely, if x is a point of the cone, then a polar representation of
Lu(x), dependent upon z, will be derived.

For this purpose, it is convenient to introduce a second coordinate system
dependent upon the fixed point x, which will be referred to as the y-coordinate
system. It is easier to describe the construction of the y-coordinate system in
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Ly Y1
%
Sn—1 C i =
0
Y2
r
0
L
Lo

Fig. 9.1 Polar Representation

geometrical terms. Consider the sphere r = r(x) and the tangent hyperplane
Tn—1(x) to this sphere at x. The unit vector n; = a/|z| is then normal to
Tn—1(x) at z. Now let 13 be the unit vector at 2 tangent to the circle obtained
by intersecting the sphere r = r(z) with the plane spanned by the point z and
the z,-axis, oriented in the direction of increasing 6. Now let 73,...,n, be
an orthogonal basis for the orthogonal complement in 7,_1(x) of the linear
space spanned by 72. Then the vectors 79,...,n, constitute an orthogonal
basis for m,_1(z). Then any point y € R™ can be written y = E?:l y;n; for
suitable choice of the y; and (y1,...,y,) are the coordinates of y relative to
the y-coordinate system centered at x. After a translation and orthogonal
transformation, a function f in @1,..., 7, coordinates induces a function f
in y1,...,y, coordinates by the equation f(y) = f(z + Oy), where O = [0;;]
is an orthogonal matrix; in particular, f(0) = f(z).

If S is any sphere in R™ and w is a constant function on S, then the rate of
change of u at any point y of S in the direction of a tangent line at y is zero. In
particular, if (y1,y2,0,...,0) is any point in the y;y2-plane and S is a sphere
in R™ having center at y = 0 and passing through the point (y1, y2,0,...,0),
and the function u is constant on S, then for i > 3, u,, = 0 at (y1,y2,0,...,0)
since the y; axis is orthogonal to the y;y2-plane and therefore a tangent line.

Transforming the operator

n n
Lu = Z ijDyyo;u + Z biDy,u+ cu
i,j=1 i=1
in the z-coordinate system to the y-coordinate system,
n n
Lu= Y aiDyyu+ Y biDyu+éu (9.33)
i,j=1 i=1

where A = [CNLij] = 0151407 IN)J‘ = Z?:l biOij, and E(y) = C($ + Oy)
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Letting S,,—1 denote the sphere obtained by intersecting the cone having
the x,-axis as axis of symmetry and half-angle = 6(z) with the sphere of
radius r = r(x), the function u is constant on .S,,_; and equal to u(r, 6) there.
As remarked above, u,, = 0,7 > 3, at any point of the y;y2-plane. Therefore,

(uyi)yl (‘T) = U(yz)yg (-'17) =0, 1> 3.

Consider the matrix D = [uy,,,] that has the form

[Dy 0
o= [T ol]

where Dy and D,,_5 are real symmetric matrices of size 2x 2 and (n—2) x (n—
2), respectively. Thus, there is an orthogonal matrix @ such that QD,,_2Q?
is a diagonal matrix of which the entries on the diagonal are the eigenvalues
of D,,_o. If variables z3, ...z, are defined by the equation

z3 Y3
=Q| |

Zn Yn
then QD,_>QT has the form indicated in the matrix

Uy yy Uyrys 0 0... 0
Uyoy, Uyoy, 0 0... 0
D= 0 0 Uz 0... O
E E o0
0 0 0 0...uz,2,

Consider any line ¢ through x that is orthogonal to the y;ys-plane. The hy-
perplane through ¢ parallel to the y;-axis will intersect S, _1 in a circle. The
geometrical relationship of the line ¢ to the circle is independent of the line;
that is, by symmetry, any second derivative of u at = in any direction orthog-
onal to the y;ys-plane is independent of the direction. Hence, u.,.,,7 > 3, are
all equal. Since these second partials are the eigenvalues of the D,,_o, D,,_o
must be scalar multiple of the identity matrix (c.f. [31], Lemma 9.5.3, and
Exercise 26, p. 386). Since z3 = 23;3 q3jy; is orthogonal to the yiy2-plane,
Uzyzy = Uysys AN SO Uy zr = Uzyzy = Uy,y, for j > 3. Therefore,

Uyryy Uyrys 0 0.0 0
Uyoy, Uysys O 0... 0

: : S
0 0 0 0... Uyy,
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Consider now a function u of the form u(r,0) = r*f(6)). At any point
(y1,y2) in the y;y2-plane with polar coordinates (p, 0 + ¢) with pole at 0, the
value of u is u(p, 0 + ¢) = p* f(0 + ¢). By the first equation in (9.32), when
¢=0

Uyry, = Upp = A(X — 1)p* 2 £(6).

At z,p = r(z) and so
Uy y, (x) = )‘(A - 1)7)\72f(0)- (9.35)

Similarly, using the second equation in (9.32),

Uy (%) = Uy, (@) =722 (A = 1) £1(0) (9-36)
and using the third equation in (9.32),
Uysys = ")\_Q(Af(a) + f//(e)) (937)

Expressing wy,,, in terms of r, A, and f(#) is more complicated. When y; =
y2 = 0, u is a constant on S,,_; and has the value u(r,d) there. For such
points, 7 = (22 + R?)'/2, where R = rsinf so that u is a function of R only
on S,_1. Letting (R,%) denote polar coordinates in the plane orthogonal to
the z,-axis and passing through the point x, by the third equation of (9.32)

1
Uysys = EUR-

Since ug is the directional derivative of u in any direction radiating from
the conical axis in the x = z,, plane, it can be calculated in the y;y2-plane.
Returning to polar coordinates (p, ¢) in the yiya-plane, u = u(p, 0 + @) there.
Note that u, = u, at v and ug = ug when ¢ = 0. Since 0 is the angle between
the yo-axis and the R-direction as depicted in Figure 9.1,

UR = Uy, cos(g —0) + uy, sin(g —0)
= uy, sinf + uy, cos .

By translating the y;,y2 coordinate system to 0, it is easy to see from
Equations (9.29) and (9.30) that

1

Uy, = Up COS P — —1Ugp SIN @
p
) 1

Uy, = U,y Sin ¢ + ;Uaﬁ cos ¢.

When ¢ = 0,uy, = u, and uy, = (1/p)ug. At x,uy, = u, and uy, = Tug.
Therefore,

. 1
UR = U, SiN G + —ug cosl
r
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and

1 1
Uyyys = %% =+ s cot O = r*"2(\f + f' cot ). (9.38)

The above calculations of the u,,,. lead to a polar representation of

L(r*f(9)).

Theorem 9.8.5 (K. Miller [45]) If A > 0 and u = 7 f(0) € C%(]0,00) x
[0,7]), then

Yi

L (rf(0)) = (du/\(x\ — 1) f 4 2a12(A — 1) f' + aoa(f" + Af)

~ ~ ~ (9.39)
vdn—2)Af+ f' cot9)> F A BN + bof' + Erf)
where d = —L 3" s asi € [m, M] and the eigenvalues of the matriz
aiy aiz (9.40)
ag1 Az '

are in [m, M].

Proof: The above equation follows immediately from Equations (9.35) to
(9.38). Since the eigenvalues of A and its diagonal entries are in the interval
[m, M], the same is true of A = OT AO. Since the above matrix is a diagonal
submatrix of A, its eigenvalues are in [m, M]. W

The construction of an approximate barrier at xy € 92 depends upon
showing that there is a function w defined on {2 in a neighborhood of x(
satisfying the properties listed in Lemma 9.8.3; in particular, the function w
must satisfy the inequality Lw < —1 on §2. The function w = 7* f(6) will be
used in the construction of an approximate barrier at xy by choosing f so that
L(r*f(0))/r*~2 < 0 on {2 in a neighborhood of z¢ and then modifying w.
Suppose that every cone C' with vertex at xg, no matter how sharp, contains a
point of 2 arbitrarily close to z. It would then follow that there is a sequence
(rn,0y) in 2 with limit 2o such that the term f'(6) cot 6,, in Equation (9.39)
could become infinite. By postulating that there is a cone C' C~ (2 with
vertex at xp, the term f/(0) cot 6 can be controlled on (2.

Consider any € > 0, a positive constant K, and a function f on [0, 27]
satisfying the differential equation

mf”" — Kf = —3¢ (9.41)

subject to the following conditions:
(i) f(0)=1,f>0o0n[0,27] and f € C?([0,27])

(ii) f'(0) =0 and f" < 0 on (0,27]
(iii) £ < 0 on [0, 27].
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The function
- % 3em

1) == (0- %e%") 1+
is easily seen to satisfy Equation (9.41) and all of the above conditions save
possibly for the requirement that f(6) > 0 for 6 € [0,27]. Since the sum on
the right side has the limit 1 uniformly on [0, 27] as € — 0, there is an € > 0
such that the function f satisfies all of the above conditions. The condition
that f(0) = 1 in (i) is only a normalizing constant and any other positive
constant would do as well.

Lemma 9.8.6 If 0 < 6y < m, there are constants 0 < rg < 1,0 < \g < 1
and a function f € C?([0,7]) such that

< -1, 0 e [0,60]), r <To, |)\| < Ao. (942)

Proof: It can be assumed that » < 1 and |A\| < 1. Fix 6y € (0,7) and let
f be any function as described above. Since f’(0)cotd < f'(6)cotfy and
agaf"(0) < mf”(0) on (0, 6], it follows from Equation (9.39) that

L f(0)) < 2 (aum ) 4 210N — D) f + mf” + dos\f
+dn—2)(\f + f’cot@o)) F Y Bof 4 bof' + arf).

Using the fact that the eigenvalues and diagonal entries of the matrix (9.40)
are in [n, M], it is easily seen that |aia| = |ag1| < M. Moreover, there are
constants A, B > 0 such that

L( £(8)) < 2 (MIA|[A = 1]+ MIA + M(n = 2)A)S +m "
— (2M|X = 1| + M(n — 2)| cot 6o | +A)f’) + By,
Now let f be a solution of Equation (9.41) satisfying (4), (¢i), and (iii) with
K =4M+M(n—2)| cot Og|+ A. Letting ex(0) = M (JA| [A=1]+|\|+(n—2)|A])
and noting that f <1,
L(r f(0)) < 2 (mf" — Kf' +ex(0)) + Br* 7' f

where £ (0) — 0 uniformly on [0, 6y] as A — 0. By choice of f,

< —3e+ex(0) + Brf.

Now choose rg > 0and 0 < A\g < 1such that e5(6) < e for 6 € (0, 6], |A| < Ao,
and Brf < Br < € for r < ry and then replace f/e by f. B
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Corollary 9.8.7 If zy € 082 and there is a truncated right circular cone
C C~ 2 of half-angle 0 < ¢ < w with vertex at xg, then there is 0 < Ay < 1,
a neighborhood U of xo, and a function f € C*([0,n]) such that

L f(0) < —1, |\ <X, (r0) eUNL.

Proof: Consider ~ C' D (2 which is a right circular cone of half-angle 6y =
m— 1) with vertex at zo. Applying Lemma 9.8.6, there are constants 0 < rg <
1,0 < A\p < 1 and a function f € C?(([0,7]) such that

L(rf(0
“A]_Cg D o1 0e0.00]r <o\ < o,
r
Since 2 — 400 as r — 0, there is a neighborhood U of z such that

L f) < -1, [N<X,(rn0)eUn2 A

The condition of the above corollary is known as Zaremba’s cone
condition.

Lemma 9.8.8 If F C C(2) N HE(2;d) with super || flloe < M <
+o00, Tg € 012, g is bounded on JS2 and continuous at xy, and there is a right
circular cone C' C~ 2 of half-angle 0 < ¢ < w with vertex at xq, then

y—»}cior,r;;eQH?’g(y) = g(xo) uniformly for f € F.
Proof: If {w]i} is an approximate barrier at xg for g simultaneously for all
f € F, then w; < H;g < wj and the conclusion follows as in Lemma 9.8.2.

It therefore suffices to prove that there is an approximate barrier {wji} at o
which applies simultaneously to all f € F. Consider any u in the set

() W(f,9) N C* (7))

fer

which is nonempty by Lemma 9.7.9. It can be assumed that g(zo) + u is a
supersolution simultaneously for all f € F and u(z¢) > 0, for if not, replace u
by [glo+]|u|o+wu since g(zo)+|g|o+]|u|o+u is a superfunction by Lemma 9.7.4.
Let U; be a neighborhood of z¢ such that

(1) g(z) < g(zo) + %, r e d2nU;

(i) L(r*fo(0)) < —1onU; N2

where w = 1 fo(6) is a function of the preceding corollary with A\ > 0. Now
choose k(j) > 1 such that

(iii) k(j) > M + |clo ’g(wo) + ;] > ‘f L (go) + 1) ]0 for all f € F
(iv) % + k(j)w > uwon 0U; N 2.
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On U; N 2,

L (ste0)+ 2 k) <1 (otam) + 1) = k0)
R R
<L (g(xo) + %) + f—L <g(xo) + %)
:f

It follows that the function g(xo)+(1/7)+k(j)w is a superfunction on U; N {2
for all f € F and g by Lemma 9.7.4. Let

ot = min {g(xo) + % + k(j)w, g(xo) +u} on U;NSN2
I L g(zo) +u on 27 ~Uj.

To show that wj is a superfunction on (2, according to Lemma 9.7.4 it
suffices to show that Lw;-' < f for all f € F at each point of {2 since
wj € C°(N7)NC?*(2). By Lemma 9.7.7, wj is a superfunction on U; N {2
and on {2 ~ Ujf. Thus, Lw;-r < f on each of these two sets by Lemma 9.7.4.

It remains only to show that Lw! < f at each point z € oU; N 2. Since
g(xo) + (1/7) + k(j)w(z) > g(xo) +u(z), there is a neighborhood V of z such
that g(zo) + (1/4) + k(j)w > g(xo) + v on V. Since wj' =g(xo) +uonV
and the latter is a superfunction on Q,Lw;«r < f on V and, in particular,
Lw;r(z) < f. This completes the proof that w;r is a superfunction on 2.
On 92nUj,g(xo) + (1/5) + k(j)w > g(zo) + (1/5) > g so that wj > g on
02N U;. On 012 ~ Uy, wj+ = g(x0) +u > g since g(xp) + u is assumed to be
a supersolution relative to g. Thus, w;L > g on 92 and wj is a supersolution
on {2 for all f € F relative to g. At zo,

uqu@:mmwmw+§y@@+wm»

and
lim wj () = min {g(xo), g(xo) + u(zo)} = g(o).

J—0o0

This completes the proof that {wj} is an upper approximate barrier at xg
simultaneously for all f € F. Only minor modifications of the above argument
are needed to construct a lower approximate barrier {w; } at zo. W

Theorem 9.8.9 Let 2 be a L-regular bounded open subset of R™ and let
L be a strictly elliptic operator with coefficients in Huo(2), ¢ < 0, and let
feChNHE™ (2;d), o € (0,1),b € (=1,0). If g € CO(02), the Dirichlet

problem
Lu=f on2, wu=g ondf

has a unique solution u € Hatq 10c(§2).
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Proof: The requirement of regularity means that at each point x of 02,
limy o yen H;?Lg(y) = g(z) for all € 912. Redefining M , if necessary, to
be equal to g on 042, H;q € (f,g) so that H]Tq < H;, and the two are

equal. Letting Hy, = H =H; . LHpg = f on £ and Hyg = g on 012
Uniqueness follows from Theorem 9.5.7.
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Chapter 10
Apriori Bounds

10.1 Introduction

As is well known, the mere fact that a function of a complex variable is
differentiable on a domain in the complex plane implies that the function
has many other properties; for example, the real and imaginary parts satisfy
the Cauchy-Riemann equations, the function is infinitely differentiable on the
domain, etc. In addition, if a function on a domain {2 in R™ has continuous
second partials and satisfies Laplace’s equation thereon, then other properties
follow as a consequence, such as the averaging property, etc. It will be shown

in this chapter that there are limitations on the size of the HQ(?Q(Q) norm of
a solution of the oblique boundary derivative problem for elliptic equations.
These inequalities are known as apriori inequalities since it is assumed that
a function is a solution without actually knowing that there are solutions. The
establishment of such inequalities will pave the way for proving the existence
of solutions in the next chapter.

Eventually, very strong conditions will have to be imposed on (2. So strong,
in fact, that the reader might reasonably conclude that only a spherical chip,
or some topological equivalent, will satisfy all the conditions. As the ultimate
application will involve spherical chips, the reader might benefit from as-
suming that 2 is a spherical chip. But as some of the inequalities require
less stringent conditions on {2, the conditions on (2 will be spelled out at
the beginning of each section. Since these conditions will not be repeated in
the formal statements, it is important to refer back to the beginning of each
section for a description of (2.

L.L. Helms, Potential Theory, Universitext, 371
(© Springer-Verlag London Limited 2009
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10.2 Green Function for a Half-space

Let 2 = RY and let v, f1,. .., 3, be constants with v <0 in the n > 3 case,
v < 0 in the n = 2 case, 8, > 0, and || = 1 where 8 = (f1,...,08). For
z € R}, define a boundary operator My by the equation

Mou(z) = yu(e) + 3 B:Dsule) = yu(z) + 3 - Vu(a),
i=1

which can be written Mou = yu+ Dgu, where Dgu is the directional deriva-
tive in the 3 direction. Although M is primarily of interest as an operator
on functions on R{, it can be regarded as an operator on functions with
domain (2.

To solve the oblique derivative problem

Au=f on {2, Moeu=0 on Ry,

a Green function Gy/o(w,y) on R} x R will be constructed so that the
solution is given by

u(r) = . Gry2(7,y) f(y) dy.

The function Gy /5(z,y) is defined by the equation

© 9
Grya(,y) = u(le —yl) —u(lz —y"|) — 26n/ o u(le —y" + sp|) ds,
0 n

where u(|z — y|) is the fundamental harmonic function with pole at = € R’}.
It will be shown below that the same equation can be used to define G,
on R}~ x R, recalling that R~ denotes the closure of R’ . The following
calculations will be carried out in the n > 3 case, the n = 2 case being
essentially the same assuming that v < 0.

The integral part of Gy /o(,y) suggests defining a kernel h(z,y) on R}~ x
R Dby the equation

< 0
o) = =28, [ gullo — 7+ s ds

o (10.1)
= 2Bn(n—2)/ e’x —y" + 8B 7" (@n + yn + $Pn) ds.
0

The integral can be seen to be finite for all (z,y) € R}~ x R as follows.
Letting § = (z —y")/|z — y"|,
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o0
h(z, y)| < 26 (n —2) / |z —y" + 87" ds
0
oo
= Qﬂn(n - 2>|.'I,' — y""|7’ﬂ+2/ e’YliE—yT‘S|£ + Sﬁ‘in%kl dS
0
o0
r|—n+2 —n+1
= n — — )
< 2 =2 =y [l s s
0

Puttlng 5‘3 = (ﬁlv"'aﬂ’ﬂflao) and /Bﬂ - (Oavoaﬁn)agﬁzgﬂt+£ﬂﬂ
=& Be+&nbn 2§ Py > —[Bs] = —/1 -3 forallz € R} ™,y € R, and

SO
€ +8B> =1+2s6- 452 >1—2s\/1— (2 +5°

Since the latter function has the minimum value 32, |¢ + sB|~ "+ < 1/877 1.
Noting that € + s8] > ||s8| — |&]] = |s — 1],
€+ 587 <1/ls =1

The integrand of the above integral is therefore dominated on [0,400) by
the integrable function min (1/8771,1/|s — 1|*~1). This shows that h(z,y) is
finite for all z € R} ™,y € Rl. Moreover, there is a constant C(n, 3,) such
that

\h(z,y)| < C(n, Bu)lz —y"| 7" z€ R ,ye R (10.2)

If (2, yn) is a sequence in R}~ x R'} that converges to (z,y) € R}~ x R, it
follows in the same way from the Lebesgue dominated convergence theorem
that limnﬁm.h(zn, Yn) = h(-x, y); i.e., his continuous on R’} ~ x R} . It is easy
to see by a simple geometrical argument that |z —y| < [z —y"|,z,y € R'}.
Therefore,

1

h.’ﬂ, SCTL, n) |,—9°
)| < €O ) s

re R ,yeRY. (10.3)

It will be shown now that MoG/5(-,y) = 0 on (z, = 0) for each y € R.
For fixed y € RY,

> 8 (u(lz — o)~ ulla — 7))
i=1 ‘

= Bu(=n+2) (o =y ™ (@ = ya) = 2 = "] " (@0 + v)
so that when z,, = 0,

Dp(u(lz —yl) — u(lz —y"])) = 2(n — 2)|lz — y| " Buyn- (10.4)
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Moreover,

- 0 o0 0
L _ 'YS— _ s
;:1 Bi o2, ( Qﬁn/o e aInu(|a: y" + sp]) ds)

= 2ma(n=2) [ - o3 e 7+ 5)
i=1
X (Zn + Yn + 5Pp) ds
+26%(n —2) /Ooo ele —y" + sp) " ds.
Using the fact that
d - —n r -n—2 - T
Eﬂx—y +sB|7") = —nlz —y" + s ;ﬁi(ﬂii—(y )i +8B:),

integrating by parts, and simplifying,

. © 0 ,
;ﬁia—xi(—Qﬁn/o e’ a—xnu(|x—y +sﬁ\)ds)
=206p(n —2) /000 e"’sc%(mfyT—ksﬂr”)(xn + yn + 80n) ds

+205(n - 2) / ez —y" +sp| " ds
0
= _2ﬁn(n - 2)|5E - yr|_n<$n + yn)
(o)
— 2870 =2) [ o= g7 5B o+ g+ ) ds
0
= _2ﬁn(n - 2)|5E - yr|_n<$n + yn)
o 0

+ 2'yﬂn/ e ——|z —y" + s8] "2 ds

0 al’n
= _2/6n(n - 2)|5E - yr|7n<$n + yn) - vh(:my).

Putting 2, = 0 in this equation, using Equation (10.4), and using the fact
that Gy /2(x,y) = h(z,y) when x,, =0,

MoGhja(2,y) =G ja(,y) +2(n = 2)[x — y[ 7" Bayn
—2(n —2)|x — y| 7" Buyn — G 2(z,y) = 0.

Thus, MoG/2(-,y) =0 on Rf.
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Lemma 10.2.1 There is a constant C(n, 3,) such that
(i) Dy h(z,y) =—Dyh(z,y), 1<i<n-—1,
(ZZ) ‘DI'th(‘T’ y) = Dynh(x,y)’

(iii) | D] ()| < Cln. B)|e — y| 2% if 18] = k, 0< k<3,

forallz € R ™,y € RY.

Proof: The first two assertions are straightforward and the & = 0 case of
(#i7) was proved above. For 1 <i <n —1,

D (2, )] < 2Bn(n —2) / %z — g + 5Bz — i + 5]
0
X| Ty + Yn + 80| ds

<2B,n(n—2) / e —y" + sp| 7" ds.
0
Letting = (z —y")/|z — y"|,
o0 T
|Dy, h(2, )| < 2Bpn(n — 2)|x —y"| 7"+ / =yl e 4 5B ds.
0

As above, the integrand of the above integral is dominated on (0,+00) by
the integrable function min (1/8,1/|s — 1|™). Thus,

Do, h(z,y)| < 2Bun(n —2)|z —y"| 7" / min (1/6;,1/]s — 1) ds
0

and there is a constant C' = C'(n, 3,,) such that
|Dy,h(z,y)| < C(n, Bn)|z —y"| 7", 1<i<n-1lzeR} ,yeR.

When ¢ = n,

D (o9) = 20un=2) [~ (= nle =y 4 5817w i+ 55)°
+lz—y" + sﬂ|_”) ds
so that
|D,, h(z,y)| < 4B,n(n —2) /00 e —y" + sp| 7" ds.
0

The integral is the same as in the preceding step so that the same bound
is obtained except for a factor of 2 which can be absorbed into the con-
stant C(n, 3,). Estimates for |DPh(x,y)|, || = k, follow in exactly the same
way using the integrable function min (1/8" 1% 1/|s — 1|*~1*k). This es-
tablishes (iii) with |z — 3" | in place of |z — y|. Since |z —y| < |z — y"| for all
z,y € R, |o—y |72k <z — y[7""27F and (iii) holds. W
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This lemma shows that the kernel h(z,y) on R} x R’ satisfies Inequali-
ties (8.1), (8.2), (8.3), and (8.4) of Section 8.2. All of the results of that section
therefore apply to the kernel h(z,y). It was shown in Section 8.3 that the
same results apply to the Newtonian kernel u(|x —yl). Since [z —y| < |z —y"],
the kernel u(|z—y"|) also satisfies the conditions of Section 8.2. It follows that
G4 /2(z,y) satisfies the same conditions and all of the results of Section 8.2
are applicable to G /2(x, ).

Definition 10.2.2 If f is a bounded measurable function with compact sup-
port in R}, define Gy /5 f corresponding to the kernel G/, by the equation

Giaf (o) = e [Gualen )y, a e Y.

Theorem 10.2.3 If f is a bounded measurable function with compact sup-

port in R}, f is locally Hélder continuous with exponent o € (0,1], and
u=Gyf, then ue C*(RY)NCHRLURE), Au= f on R}, and Mou = 0
on Rj.

Proof: To show that Au = f on R, consider
1

! / e =y F () dy — =

(2—-n)oy, n)on

208n o 0
- ﬁ/ e o ulle =y + 8D f(y) dy.

Guyof(a) = / ulz — ) f () dy

By Theorem 8.3.1, the first term is in C*(R) and its Laplacian is just f.
It therefore suffices to show that the second and third terms are harmonic
functions on Ds = {x € R ;x, > ¢} for each 6 > 0. Apply Theorem 1.7.13 to
show that these functions are harmonic. Thus, Au = f on R'}. The assertion
that u € C* (R U R) follows from Theorem 8.2.7. The fact that Mou = 0
on R{ follows from the fact that MG /2(-,y) =0 on Ry. W

Remark 10.2.4 This proof includes the fact that G/, f has the represen-
tation

Gypaf = p Uf+nh

1
@-n)

where Uf is the Newtonian potential of f and h is harmonic on RY}.

10.3 Mixed Boundary Conditions for Laplacian

This section will be limited to regions {2 that are spherical chips with
Y = int(02 N RY) or balls in R™ with X' = (). Such regions are convex along
with the (35 and are stratifiable. An integral representation of a solution to
Poisson’s equation Au = f on a spherical chip using a kernel
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1 1 1 N
el e e B
will be derived next. If g € 2 and p > 0, let B; = BmO,tp,B;' = BN RY,
and BY = B; N RY. Consider only those p > 0 for which 9B ~ BY C 0.
The integral representation requires the use of a cutoff function v, de-
pending upon p, which can be constructed as follows. Let 1) be a function in
C>(0, 00) satisfying ()0 <t < 1,(ii)¢» = 1 on (0,5/4], and (4ii)1) = 0 on
(7/4,00); for example, take ¢ = J;,4x where x is the indicator function of
the interval (0,3/2) and J; /4 is the operator defined in Section 2.5. For p > 0,
as restricted above, let ¥, (y) = 1[1(%), y € By, where r = |xo —y| for y € R".
It is easily seen that Hq/’pHo,B;r <1 ||D77Z’,0||o,132+ < C/p, HD2¢p”o,32+ < C/p?,
and [1/1,)]%0(’3; < C/p**te. The following lemma is taken from [25]. The proof
requires the use of Green’s representation theorem, Theorem 1.4.2, with the
ball B replaced by By . Green’s theorem is valid for regions with a Lipschitz
boundary (c.f.[48], p.121).

Lemma 10.3.1 If 2 is a spherical chip with ¥ = int(02 N RY) and u €
CHRUX)NC%(), then

u(z) = /B+ Ko(z,y)A(wp,)dy, =€ Bf.

Proof: For x,y € BY, let r1(z,y) = |v — y|7"*%/0o,(n — 2) and r2(z,y) =
|z —y"|7"*2 /o, (n — 2) so that Ko = (r1 —12)/2. By Green’s representation
theorem, Theorem 1.4.2,

w(x)Y,(x) = / +(T2Dn(uwp)*’ll/l,[1pDnT2) da(y)f/ . reA(uy,) dy, = € By .

0B B}

Since 1, = 0 and D,,(ut),) = 0 on dB5 ~ BY and D,, = D,, on BY,

u(@)p(@) = [ (raDy, (wy) ~ wt,Dy, ) do(y)

b (10.5)

—/ roA(up,) dy, € By .
B+

2

Similarly, if x,y" € By

U(fﬂ)ﬂ)p(fﬂ) = ./BO (rlD(yT)n (u'l/)p) - u'l/)pD(yT)nTl) dg(yr)

2

—/ riAuy,)dy”, € Bf.
BS
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Since Dyr), = =Dy, ,r1 =13, and y" =y on BY,

n

uahbyla) == [ (raDy, (w,) = Dy, 2) do()

2 (10.6)
+/ rA(uy,)dy, € Bf.
By

Adding Equations (10.5) and (10.6), for z € By

1

u(z) = uw(@),(x) = 5 /B+ (r1 —r2)A(urp,) dy. B

Lemma 10.3.2 If (2 is a spherical chip with ¥ = int(02 N RY) and u €
CHRUX)NC?(N) satisfies Poisson’s equation Au = f on 2 for f € H,(£2),
then

6 Pl < C,0)) (ullg g + %13 Pl st ) -

Proof: By the preceding lemma,

u= |  Ko(,y)(udy +pf +2Vu-Vi,)dy  on By.

Bf
Using the fact that |x — y"| > |z — y| for z,y € By, it is easily seen that
K satisfies Inequalities (8.1) through (8.4) and is therefore a subnewtonian

kernel. After writing the above integral as a sum of three integrals, denote
the three terms by w1, us, and us, respectively. Since 1), = 1 on B;“M,

up = / Ko(,y)ulyp,dy  on By .
B;NB;4

For 2 € Bff and y € B ~ B;AL,‘SC —y| > p/4, making it easy to ob-
tain bounds on the norms of the derivatives of u; using the bounds on the
1 D54, pf With the result

sy < Ol - (10.7)

By Lemma 8.2.10,
[u2]2+0,31+ ¥ o [U2]2+a,Bf < C(n,a) (prf“o,B; +p° [wpf]a,B;) .
Since [1/1pf]a’B;r < /fo‘”f”o,B;r + [f]a,B;"

[U2]2+0’BT + Pa[u2]2+a73f- S C(nva) (”f”()’B;' +pa[f]o¢73;) .
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It follows from the definition of uy that
2
||U2||U’Bfr <C(n)p ||f||o,32+

and
[u2]1+0,Bf = HDu?”o,Bl+ < C(”)ﬂ”f”()B;'
Therefore,
. < 2 «
Juz: ply o+ < C<n,a>>p2 (170,55 + 7N, ) 0s)
= C(n,a)p”|f;plo ps-

Consider now

u3:2/ Ko(-,y)Vu - prdny/ gu f;zpdy

Letting v; denote the ith term of the sum, it suffices to estimate each
Vi3 Ploga BF For 1 <14 < n, let 7; denote the projection map

Ti(yla o ayn) = (yla cee ayi—1707yi+17 cee 7yn)

Letting dy’ denote integration with respect to 1, ..., Yi 1, Yit1s-- s Yn,

u O ¢ u O .
K p K /’ i
/B; b )Gyz Ay W= /T,.B; (/ - S )8.% Ay i | &y

where (;” and C;r are the 7th components of point of intersection of the 7;y-

section of B; . Integrating by parts,
Gy b
— Ko(-, 2 dy;.
¢ / uayi( o) 8%) Y

¢ u O A
Ky Ldy= K £
[ ot g = ot
Forl <i<n—1,(y1,---,%i—1, Cii,yiﬂ, ..., Yn) is apoint of 9B; ~ BY where
0, /dy; is equal to 0. When ¢ = n, the same is true of (y1,...,yn—1,¢l); at

the point (y1,--.,¥n-1,¢, ), Ko(-,y) = 0. The first term on the right is thus
equal to 0. Thus,

du 0, B 0 Iy
/B;K St )8% 9y = / “oy: (KO( )C?yi> -

Since 01, /dy; = 0 on B

5/4°

B 0%, [0 0y,
Vi = _2/;;,\,3* u (KO( ) a 2 + (aleO(?y)> ay,L) dy

5/4
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As was the case for uy, for + € Bf and y € B ~ B5+/4,|:1: —y| > p/4
making it easy to show that |Ui§p|2+a,3j < C(n)HuHmB;. It follows that
|us; p|2+a’Bl+ < C’(n)||u||0’B;. Combining this result with Inequalities (10.7)
and (10.8) completes the proof. W

Before stating the next result, it is necessary to define a weighted norm of
a boundary function. Let {2 be a bounded open subset of R™ and let X' be a
nonempty, relatively open subset of 042. If d > 0 is a constant and g : X — R,
let

19; 110,z = nf {|u; d[140,0;u € Hita($2;d), uls = g}

In using this definition in a proof, g should be replaced by a w € Hyy(£2;d)
and then take the infimum of the |u; d|14q 0. For all practical purposes, this
amounts to considering g as a function in Hy4,($2;d).

The following lemma applies to both spherical chips with X' = int(92 N
R{) and balls with X' = ). The latter case is dealt with in Theorem 8.4.2
and is a special case of the following lemma with Bj' = B; and BY =
Although the condition on {2, namely, py > p/ V2, in Lemma 8.5.6 is not
required for the following lemma, the choice of the balls B; ensures that the
argument of g in the definition of v below is a point in X. The py > pv/2
condition was imposed to achieve the same result. It follows that the estimates
izziti!?ﬂ;, ||D77/1||0’BQ+, ||D27/’||0,B,jv and [D21/J]a’32+ are valid in the present

Lemma 10.3.3 If Bf = B} o, C 2, u € CH(UX)NC?(2),Au= f on

0,6p

2 for f € Hy(2),a € (0,1), and Mou =g on X for g € Hi4o(X), then
(05 ploya pr < Clllullo, gt + 2195 Plisa.se + 0°1f5 Pla 53)

where C' = C(a, Br).

Proof: By Theorem 7.2.6, it can be assumed that g € Hi1,(f2) and that
191405 = |9i4a,0- If By C R}, the inequality follows from Theorem 8.4.2
without the p|g; p|y 4o, o term. It can be assumed therefore that B> N Ry # 0
so that zg, < 2p where xy = (x{, op ). Consider the function v, modified by
a constant factor 1/0,,, defined by Equation (8.30) using the extension g of g
to RY and the function n € C?(Ry) having compact support in By defined
in the proof of Lemma 8.5.6. For (2/,x,) € By and y' € Bo1 C RE,

7o — (2" = 20y, 0))
< |0 — (20, 0)| + |(x5,0) — (', 0)[ + (2", 0) — (2" — zny/", 0))|
< 6p

showing that (z/ — z,,y/,0) € By, 6, and therefore that 2’ — z,y' € BY; that
is, for € By, the function 1 is defined by

Tn

b(a) = Y@, zn) = 3.

/ o2’ — 2oy, () dy'.
Ry
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By Equations (8.31) to (8.35) and Inequality (8.36), ||1/)||0’B;r <Cplglo,zo;

1Dy, g+ <Clglo,Bg HDQi/’Ho,B; <Clg]1+0,p0, and [D21/’]a,3; < Clglita,B0-
It follows that ¢ € Hoyo(By) and that Ay € H,(B; ). Combining these
inequalities

93 plota, 5y < CPlg; Plita,B (10.9)
where C' = C(n,[3,). Note that Dy,¢) =0 for 1 <i <n—1 when 2, =0
and D, 1 = g when z, = 0 so that Mgy = g on Y. Letting v = v — 1 on
B, Av = f— Ay € Hy(BS) and Mov = Mou — Mgy = 0 on BY. By the
preceding lemma, Lemma 10.3.2,

|'U§p|2.|-o¢73fr < C(HU”QB; + pQ‘f - Aw§p‘a73;)
< Cllullo gz +1¥llo gz + P°1f5 pla 5z + PP M50l )

where C'=C(n, a). Since ||¢||o,32+ SC(”aﬂn)P[g]o,Bg < C(naﬁn)P|Q;P|1+a,Bg
and

P21 AY; pl, s < np*| D5 pl,, gy
< CP*(ID*Yllg 3 + P [D*V], pt)
< CPZ([¢]2+0,B; + p* W]era,B;)
< CPZ([Q]H-O,B(GJ + p*9)140,80)
< Cplg; plita,By-

103 Plat 0 mr < Clllully gr + 195 Plia,e + P21 Plo 3 )-

By Inequality (10.9),

‘U§P|2+a,3j < |U§p|2+a,3j' + |7/’§p|2+a,Bj'
< |’U;/)|2.:,.o¢731Jr + Cp'.g;p'l-i-a,Bg
< Cllullo, gy + p19; Pl1sa, B2 + P°1f: Pla 53)
where C' = C(n,«,3,). W

Under the conditions of the preceding lemma, if b > —1, xo € (2, and
p =dy, /8, then

1+b
P09 plia, o < 3lgli (10.10)

and .
PP Fiplapy < 207IE8. (10.11)

To prove the first inequality, prove it first with X replaced by (2 and then

use the fact that | g|§i_’2b)9 = | g|§1+'zb)2. The second follows in a similar way.
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Theorem 10.3.4 If (2 is a spherical chip with X = int(02 N RY) or a ball
in R" with X = (,a € (0,1),b > —1,u € CY(RUX)NC?(1) satisfies Au = f
on 2 for f € H&2+b)(9), and Mou = g on X for g € Hl(Hb)(Z), then there
is a constant Cy = Cy(b, o, By, d(£2)) such that

(1+b)

(2517)). (10.12)

[0l < Co(1d

Proof: Since |u|(212a o< |u|2_~_0 o+ [u]gﬁa o> Theorem 7.6.1 can be applied

to the first term to show that there is a constant Cy = Co(b, o, d(£2)) such
that

[0l$)o.0 < Co (14" o, + [0 0) -
It therefore suffices to prove the inequality for [u] gﬁa, o Consider any x € 2.
Letting p= Elv /8 and B, = B, tp,(L = 8p > 7p so that = € (~Z7p and B6 =
BI6PCQ Ify € Bf and b > 0, thend > d, |y x|>d72p7(3/4)
so that d?, < (4/3)bdb if y € Bf and b <0, then d, < d, + |y — 2| < 2d, so
that db < c?Z/Qb. In either case, there is a constant C' = C'(b) such that

d} <Cdl, yeBj. (10.13)

Noting that g € Hl(f;b)(Z) implies g € Hy14(BY) by Inequality (10.10) and
applying Lemma 10.3.3,

7P| D*u(w)| < db(8p)*||Dully st
< & (Iullg,pg + 2193 Plrsesg + PS5 Plos )
By Inequalities (10.10), (10.11), and (10.13) and the facts that B} Cc X,
By C £2,, for any x € 2
A2 D%u(z)| < C (\\J£U|\O,B; + 0 1G5 plisa,my + p2+b|f;p\a,32+)

< C (Id"ullg pg +19l{s + 115"

< O (Id%lo.0+ 191050+ 17185") (10.14)
Consider now any x,y € §2, labeled so that dy < Elvy Define p and B; relative

to « as above. Applying Inequality (10.14) to d2+°|D?u(z)| and g5+b\D2u(y)|
and applying Lemma 10.3.3 to [Dzu]a,Bfr’
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d2+b+a|D u(z) = D*uy)l _ Forpsa |D?ulz) — D2u(y)l

ey S oyl M
bt |D?u(x)| + |D?u(y)|
+d; P lz—y|>p
S 82+b+ozp2+b+oz[D2u]a7BIr

+8° (a2 D%u(w)| + &2 D2u(y)))

< C(p"lullo g + 19 plivesy + £1F5 la )

1 1+b 2+b
+ lld"ullo.0 + 191505 + 17155”)

b 1+b 2+b
< C(|dPullo,e + 1910 + [£1CE).

Takmg the supremum over r,y € _Qn,O < n < 1 and using the fact that
dmy>nforx yEQn,

a b 1+b 24+b
Py, < C(Idullo0 + 1910 + 1185

Taking the supremum over 7,
b b 14b 2+b
W0 < C(Idullo.0+ gl + 17155”)

where ¢ = C(a, b, 8,).

The preceding results apply only to Poisson’s equation Au = f. The first
step in passing to elliptic operators on general domains is to extend these
results to elliptic operators Ly with constant coefficients. Let T : R — R"
be the nonsingular transformation defined by the matrix of coefficients {a;; }
as in Section 9.3. If 2 C R™ and ¥ C 912, let 2* = T(£2) and X* =
T(X). Since T is one-to-one and onto, T' preserves the set operations so that
T(O2 ~X)=T00R2) ~T(X) =002 ~ X* (002)* = 9(£2*), X* C 9N2*, and
T(002) = 002*. Recalling that g(ac) = d(z,00 ~ X)), the d notation will be
augmented by adding the subscript {2 in order to deal with the two sets {2
and 2* simultaneously. Using the fact that 7' is one-to-one and onto, it is
easily checked that there is a constant ¢ = ¢(a;5;1 < 4,5 < n) such that

1~ ~ ~
—do(x) <dg-(y) < cdo(x), y=Tx,xec Q.
c

Moreover, there are also constants ¢ = ¢(a;j;1 < 4,5 <n) and k = k(a;5;1 <
i,j < n) such that
(@) C (9,5 (10.15)

and
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If w is any function on 2, let u*(y) = u(x) for y = T'(z),z € (2. Clearly,
[ullo,2 = [[u*]lo,-. In particular, [lul|, 5 = Hu*”o,T(fz,;)' By Relation (10.15),
there is a constant ¢ = ¢(a;;;1 < 7,7 < n) such that

lello 5, = N*llo ) < e*llo .-

As was shown in Section 9.3,

Z o T

’L

and

=~ 1
Z |Oij‘ SC\/E

i=1

IN

5

Therefore,

HD%‘“”O,?ZJ = sup {| Dz, u(z)|; x € 25}

< Csup{d_ [Dyu(y); T~ 'y € 25}

i=1
= C'sup {Z |Dy,u*(y)|;y € T(Q5)}
i=1
< Csup{) Dy u*(y)l:y € (27) 45}
i=1
< vl
Similar results hold for ||D?u *HO @, and [Dzu*] ok Thus, there are
@, 5

constants C' and ¢, not depending on (2, such that

1
6|u|2+a7f25/c < ‘u*|2+a,(n/\*/)d = C|u|2+a7_@c§.

Multiplying both sides by 62T**?, adjusting constants, and taking the supre-
mum over 9,

|u|2+a 2 < |’LL |2+a 2 < C|u|2+a 2 (1016)

where C' = C(a;j,a,b).
If u € C?(2) or u € Hy(92), then u* € C*(2*) or u* € Hy(£2%), respec-

tively; moreover, if g € Hl(ijab)(ﬂ), then g* € Hl(r;b)(E*). IfueC?(),fe

(o) (£2),and g € Hl(f:lb) (X)), as in Section 9.3 the oblique derivative bound-
ary value problem
Lou = f on 2, Myu =g on X
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is transformed by the transformation 7" into the problem
Au* = f* on 2°, Mu* =g on X*

where

Myu*( Zﬁ*DyJu )+ yu”(y)

with .
5;2267,0_]1\/A]7 ]:1,,"1
i=1

The following lemma is an immediate consequence of Theorem 10.3.4 and
Inequality (10.16).

Lemma 10.3.5 If {2 is a spherical chip with ¥ = int(02 N Ry) or a ball
in R™ with X = 0,a € (0,1),b > —1, and u € C1 (2 U X) N C?(N2) satisfies
Lou = f on (2 for f € H 2Jrb)(.Q), and Mou = g on X for g € Hl(r;b)(ﬂ),
then there is a constant Co = Co(asj,b, o, B, v, d(§2)) such that

b 1+b 2+b
080, < Co(Idulloe + 19150 + 171557

10.4 Nonconstant Coefficients

As in the preceding section, {2 will denote a spherical chip with X = int(9£2N
Ry) or aball in R™ with X' = (). In this section, the general elliptic operator L
as defined in Section 9.1 will be assumed to satisfy Inequalities (9.2). Consider
the oblique derivative problem Lu = f on {2 for f € H(g2+b) (£2) subject to the
boundary condition Mu = g on X for g € Hfizb)(ﬂ). If xp is a fixed point
of 2, define operators Ly and M with constant coeflicients by the following
equations:

= 0%u
Lou(z)—ijzzlaij(xo)m(x), zef (10.17)
and
Mou(z',0) Zﬁl (',0) + y(zh)u(z’,0), o' €X.  (10.18)

These operators will be used as crude approximations to L and M. The
following inequalities, with appropriate restrictions on the parameters o, b, v/,
along with repeated applications of Inequalities (7.25) and (7.26) will be used
to justify these approximations.
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b+b

1191TE) < C1f1P 191, (10.19)
(b b

‘fg‘l-:_aﬂ = C|f|1+aﬂ‘g‘1+a9 (10.20)

The proof of Inequality (10.19) is similar, but easier, than the proof of
Inequality (10.20) and only the latter will be proved. Since

|fg|1+a,f)5 = [fg}o,fzé + [fgh_:,_(),fz& + [fg]1+a7f25
< [f]o,fzé [g}oﬁa + [f]o’fzé [9]1+0’(§5 + [ﬂ1+0’f25 [9]0,(}5

|f(z)Dg(x) + g(x)Df(z) — f(y)Dgly) — 9(y)Df(y)l

|z — y[*

+
z,yEN2s

Fo.asllo.0, + Flo.a, 95 00,0,  liso.0,1900.0,
+ 10,2509 40,55 + [Fla,2,(9)140,25 + (i, 5,1900,0,
+ mwo,fzs [g]aﬁa'

IA

Multiplying both sides by §°+%+1+e ysing the fact that only § < 1 need be
considered, and using Inequality (7.33),

50 +1+a‘f9‘1+a 25
< 5b[f]o 95617 [ ]o 25 + 6b[f]o,f)551+b/[ }14_0 s
+ 51+b[f]1+0 Qé‘;b l9 ] Qs + 5b[f]o 9551+b +a[g]1+a,r~25

+ 5b+a[f]a 9561+b [g]1+0 2 T 61+a+b[f]1+a7f256b/ [9}0765

+ 8] 0.0, 95
< +AELINES + 15101000 + 1Y olaa
+ 1ASL9E, o+ Nl o + N8 ola D

b b
+ (1% 0lol s
b v
< O|f|g-2a,!2|g|g+)a,9'
Inequality (10.20) follows by taking the supremum over § > 0.

It will be assumed throughout this section that the coefficients of L and
M satisfy the inequality

2
lo.2 + laig | + 10:l U + 161

A= sup (Haw
1<i,j<n

1
18z + 185 + s + 1 ) < oo
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Theorem 10.4.1 If {2 is any spherical chip with X = int(0N2NRY) or a ball
B C R™ with ) =0, a € (0,1),b € (—1,0), u € Hz(i)a(ﬁ) satisfies Lu = f
for f € H(2+b)(9) and Mu = g for g € Hl(f;b)(E), then there is a constant
C = Clai;, bi, b, B, v,d(82)) such that

1+b) (2+b
[l o0 < C(Idullo.c + gl + 11E5”)-

Proof: Consider any p > 0, let u < 1/2 be a constant to be specified later,
let xo, yo € §29, and let B = By, 2. Then BN 2 C {2, since |y — zo| < 2up
implies that dy, > dy, — 2pp > 2p — 2pup > p. For yo € By up N 12,

2 2 2+b+a
24bta | D7 u(z0) — D u(yo)| 2 2+4bta o
(2,0) S 1 (/u'p) |u|2+a,(QﬁB)up

|zo — yo|®
9 24+-b+a
< (;) |U\2+a QnB-

(10.21)

Since |yo — xo| > pp for yo & Baeg,up N 12,

(2p)2 b+ | D2u(zo) — D*ulyo)| _ (Qp)2+b+a(|DQU(fvo)l + [D%u(yo)])

|zo — yol® 1 p>
2ot W
< u—‘u|2+o -
By Theorem 7.6.1, there is a constant Cy = Co(b, o, pt, d(£2)) such that
b o b
[ul$o.0 < Colldullo,e + 12 ul$) g - (10.22)

Therefore, for yo & Bay,up N 2

o |D?u(zo) — D?u(yo)| _ 2°*" , =~ ol ey (b
(2p)2H0+ - < — Colld®ulo.o + 2% u |U‘é—&)-oc,_().
(10.23)

Combining Inequalities (10.21) and (10.23) and using the fact that xo,y0 €
QQ[H

(b) 2 2+b+a
/), s(—)
240,02 o

Further restricting p so that 24Tt y® < 1/2,

2 |U|2+a Q-

o _ 24+b+a o
luls? .0 < Colld"ullo,0 + 2 <;) |uly} . onB (10.24)
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where Cy = Cy(b, v, pt). Consider the term \u|§2a onp- Defining operators
Lo and My as in Equations (10.17) and (10.18), the equations Lu = f and
Mu = g can be written

Lou=F = (Lou —Lu) + f

and
Mou =G = (Mou — Mu) + g

respectively. Applying Theorem 10.3.5 to Ly and My,
b b 1+b 24b
[0l 0,00 < Co (I 8ullo.0ns + |G srs + 1FICH05)
where Cy = Cy(n, ai;, b, o, §;,). Thus,

b 1+b) 2+b
[0l 0 00 < Co (I1d°ulo. + gl + 17188

(1+b) (2+b (10.25)
+ [Mou — Muly, vqp + [Lou — Lul,. QnB)
Note that
Lou — Lu = Z (@ij(xo) — aij)D Z b;Diu —
i,j=1
and

n

Mo — Mu = Y (Bi(xf) — 8;) Dyu + (v(x() — 7)u.

i=1

Consider |(a;;(xo)— aU)DUu|a2:fm)B By Inequality (10.19), there is a constant
C = C(b, @) such that

2+b 2+b
[(aij(z0) — ai;) Dijul$ g < Claij(x0) — aij | on | Dijul s

< C'|aij (z0) — a1]|a QﬁB|u|2+a Q2NB-

Since o
|aij(z0) — aijlo onp = 51;18 e*lai;(zo) — aijl (2nB),’
€

(.(TF\W_/B)6 = () for e > 2up, and (2NB), C 2NBC f)p,

0 0
Jaij (o) — ais | np < 21 aij (w0) — aijly 5, < 21 ai;(x0) — aij| -
Note also that

‘(0)

0
Jaij (o) — ai;| T < laij(20)| T + lai L < llaisllo.e + lai;| -
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Thus,

2+b b
[(aij(z0) — aij) D mu|a g < Cp® ( |( ) ) \u|2+a onB

where C' = C(b, ). Using Inequalities (7.25) and (7.26) and arguments sim-
ilar to the above,

2+b a 1 b @ b
1 Diul T2 < Cu bl o lul o onp < CAR Ul o

24+b 2 b
leulCong < CulelCholuls?a onp < CAR IS o onE-

: b . o
Since |u|é+)a9 = supgsc1 87T ul,, , 5. < +oo, u and its derivatives of

order two or less have continuous extensions to the closures of each 25 without
. . b b .

increasing norms and therefore |u|é+)a snp < |u\é+)a onp- Using arguments
similar to the above,

14b a b
(i) = B Dl o < O (18ill0,5 + 181 5) 1015 o
ay, (b
< CARfuly o s
1+b 1 b
() = Dl s < O (Jllo,s + s ) 1 00
ay (b
< CAR Y] o
It follows that
2+b 1+b b
|Lou — LU|£Y Qm)B + [Mou — M|§+a )sz < CAp” |u|é(+21,9ﬂB'
Returning to Inequality (10.25),
b (1+b) 2+b ay, (b
[0l s < Co (Id"ullo.c + Ig1as + 1FIEE" + Anluly o) -
Further restricting p so that Cod(£2)?T*Au® < 1/2,
1+b 2+b
[0 0 < Co (14" ulo.2 + 9150 + 17155)

Choosing p = pp so that pg < 1/2,297 ud < 1/2, CoApg < 1/2 and return-
ing to Inequality (10.24),

b b
ul$) o < Colld®ullo,e

2 \*re 1+b) 24b)
v () (18uloa+ ol + 1725

T 1+0 2+b
O (lld ullog +lgli s +17155") . ™
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Chapter 11
Oblique Derivative Problem

11.1 Introduction

The Dirichlet problem for an elliptic operator was solved in Chapter 9 by
morphing a solution of the Dirichlet problem for the Laplacian on a ball
into a solution of the Dirichlet problem for an elliptic operator on a ball. In
applying the method of continuity, it was necessary to show that an elliptic
operator with a suitably restricted domain and range is a bounded operator.
The first step in mimicking this procedure is to show that the solution of a
mixed boundary value problem for the Laplacian on a spherical chip, as in
Theorem 8.5.7, can be morphed into a solution of the corresponding problem
for an elliptic operator with an oblique derivative condition rather than a
normal derivative condition. This results in the existence of local solutions
of the oblique derivative problem. By adapting the Perron-Wiener-Brelot
procedure, it will be shown that the oblique derivative problem has a solution
for regions satisfying appropriate geometric conditions.

11.2 Boundary Maximum Principle

Let L denote an elliptic operator on {2 C R™ defined by the equation

Luw) = 3 ap(@) g () + b g @) e, o€

ij=1
with ¢ < 0 and

n

mlz> < Y aij(@)miz; < Mz[?, xR, (11.1)
i5=1
L.L. Helms, Potential Theory, Universitext, 391
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392 11 Oblique Derivative Problem

for positive constants m, M. Also let M be a boundary operator defined for
functions on the relatively open subset X of 0f2 by the equation

ou
8.’131'

Mu(z) = Zﬁi(fﬂ) () +y(2)u(z), zeX,

where v < 0 and 3 is a vector with 3 - v > 0 at points of X and v = —n
is the inner unit normal at points of Y. It will be assumed throughout this
chapter that the coefficients of L and M satisfy the condition

A= s (llaijllo.e +la] Oy + Pilo. + bil'Lo + Ielo.c + 16l
1<h,j<n (11.2)
0 1
+ 181005 + 18100 5 + [1ll0,5 + {1 5) < +oo.

It is customary to assume that the vector of coefficients 3(x)=(51(z),. ..,
Bn(x)) in the equation Mu(z’,0) = g(z') is normalized by requiring that
|B(x)] = 1 for each x € X. If this is not the case, the equation Mu(a’,0) =
g(2") can be normalized by multiplying both sides of the equation by 1/|5(z)|.
Justification of this procedure requires showing that the coefficients 3; /|5
and ~y/|f| satisfy the above inequality and that the forcing function g/|f|
satisfies conditions required of the forcing function; namely, that g/|3| €

Hl(r;b)<2) ifge H&Zb)(z). This can be done under the above additional
conditions on the 3; and |3|. It will be assumed in this chapter that
|B(z)] =1 for all x € X.

In discussions of the oblique derivative problem
Lu= fon 2 and Mu=gon X

when Y = 92 and the problem
Lu=fon 2, Mu=gonX, andu=~hondf2~ X,

when () #£ X # 0402, the symbols f, g, and h will be used solely for functions
in H (02), Hl(r;b)(Z), and CY(9£2 ~ X)), respectively. The norm symbols
will be simplified by omitting the domain of the functions, if clear from the
context; for example, |aij|$)9 will be denoted simply by |aij|&0) and |’y\§2a’2

will be denoted by Mglﬁa Tt also will be assumed that b € (—1,0), « € (0, 1),
¢ <0, and v < 0 without further mention in this chapter. Some sections of
this chapter may require additional restrictions on {2 and X which will be
prescribed at the beginning of each such section. B

In order to proceed further, it is necessary to estimate the term ||d®u||o,¢ in
Inequality (10.12). The first lemma of this section, known as the boundary
point lemma, is valid if {2 is any bounded, convex, open subset of R" and
X is a nonempty, relatively open subset of {2 having a unit normal vector
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at each point of 3. After the proof of this lemma and the following corollary,
it will be assumed that (2 is a spherical chip with X' = int(022 N Ry) or a
ball in R" with X = ().

Lemma 11.2.1 (Boundary Point Lemma, Hopf [33]) Let u € C°(2U
X)NC%(02) satisfy Lu >0 on 2. If for zg € X,

(i) w(xo) > u(x) for all x € 2 and
(ii) the interior sphere condition is satisfied at xo,

then Mu(xo) < 0, if defined, whenever u(xg) > 0.

Proof: Choose a local coordinate system (z1,...,z,) with origin at zy so
that (0,...,0,1) is the inner unit normal to 02 at x¢. Let B, ,, be the ball
with center at y = (0,...,0,pg) of radius py specifying the interior sphere
condition at xy € 9B, ,,. For z € 2, let r = |z — y|. Fix 0 < p1 < po and
define w on the closed annulus I' = B, ', ~ By ,, by putting
w(z) = et _ el

where k is a constant to be chosen as follows. As in the proof of Lemma 9.5.5
and using the bound given by (11.2),

Lw(z) > e % (4k*mp? — 2knA — 2k\/nApy — A)

and k > 0 can be chosen so that Lw > 0 on I'. As in the same proof, there is
an € > 0 such that u — u(zg) + ew < 0 on I'. Since y(xo)u(zo) < 0 whenever
u(zg) > 0 and w(xg) =0, for zog +tB € I

u(xo + t,@) — ’U,(Z'())
t
- w(zo + t8)
¢ t
w(xg +t6) — w(x)
t

u(zo + t3) — u(xo)
t

+ v(wo)u(wo) <

IN

and it follows that Mu(zo) < —eDgw(xo). If it can be shown that Dgw(zg) >
0, it would follow that Mu(zg) < 0 whenever u(zg) > 0. Letting 8 =
(B, ..., Bn) relative to the local coordinate system,

Dgw(xo) = Daw|,=0 = B - Vw|,=o

=37 Bi(~2k(zi — yi)e ™) 0.
i=1

Since y; =0,i=1,...,n—1 and y, = pg, when z =0

Dgw(zo) = Dgwl|,=o = Qkpoe_kpg,ﬁ -v>0. N
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Corollary 11.2.2 (Strong Maximum Principle) Ifu € C°(27)NC?(02)
satisfies Lu > 0 on 2, Mu > 0 on X, the interior sphere condition is satisfied
at each point of X, and either (i) u < 0 on 2 ~ X when nonempty or (ii)
cZ0 on 2 ory#0 on X when X = 082, then either u=10 on 2 oru <0
on {2 and, in particular, u < 0 on (2.

Proof: If u is a nonpositive constant, the conclusion is trivial in both the
0NN Y # 0 and X = 90 cases; likewise, u cannot be a positive constant
if 002 ~ X # () and if X = 982, for in the latter case Lu = cu < 0 at
some point of 2 or Mu = yu < 0 at some point of X contrary to the
hypotheses. It therefore can be assumed that u is not a constant function.
The two cases X # 02 and X = 0f2 will be considered separately. Consider
the latter case first. If v attains a negative maximum value at a point xg € 2,
then u < u(xg) < 0; on the other hand, since u is nonconstant, it cannot
attain a nonnegative maximum value at a point of {2 by the strong maximum
principle, Lemma 9.5.6, and must do so at a point zy € 92, which implies that
Mu(zp) < 0 by the boundary point lemma, Lemma 11.2.1, a contradiction.
Therefore, © < 0 in the nonconstant case. Suppose now that X' # 0f2. As
above, if u attains a negative maximum at a point x¢ € {2, then v < 0 on (2.
Since w is not a constant, it cannot attain a nonnegative maximum value
at a point of {2 and must do so at a point xy € 0f2. The point z¢y & X,
for otherwise Mu(zg) < 0, a contradiction. The nonnegative maximum must
occur at xg € 92 ~ X and so u < u(zg) <Oon 2. A

It will be assumed throughout this section that (2 is a spherical chip with
Y = nt(0N N RY) or a ball B in R™ with ¥ = (. A function w will be
constructed that will be used to estimate ||(Ibu\|o7g for £2 a ball or a particular
kind of spherical chip. Let 2 = B, , with ¥ = 0 or 2 = B, , N R} with
Y =B, ,NRY,y, <0, let Ky be a positive constant satisfying

n

Z(|bz‘|0 +18ilo) < Ko,

i=1
let ¢ € (0,1), let r = |z — y| for € 2, and let w = (p* — r?)". Then for
x € (2,

n

Luw(x) = 4t(t — 1)(p* — r*)"2 Z aij(zi — yi)(zj — y;)

4,j=1

_2t t ! Z ai; + b yz)) + C(p2 - T2)t'

Since ¢ < 0, the right side will be increased if the last term is omitted. This
is also the case if the term involving the a;; is omitted since the a;; are
nonnegative. By Inequality (11.1),

n

> ai(@i —yi) (@ — ;) > mlz — y|* = mr.
i,5=1
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Since |z; — yi| < |z —y|,

< Z|b lo|zi — yi| < Kor
i=1

)

from which it follows that Y., b;(2; — y;) > —Kor. Thus, for z € 2

Luw(z) tt —1)(p* — r) ' 2mr? + 2t(p* — r?) " Kor

<4
< —t(p® —r*)'2Q(r)

where Q(r) = r(4(1 — t)mr — 2Kop* + 2Kor?). Since Q(r) = 0 on (0, p) when

—4(1 — t)ym + /16(1 — t)2m? + 16 K2 p?
4K

r=Tog =

and Q(p) = 4(1 — t)ymp® > 0,Q(r) > qo > 0 for r € [(p + 70)/2, p] where
qo = Q((p+10)/2). For x € 2 with r € [(p +70)/2, pl,

Luw(z) < —qot(p® —7%)"" < —qo(2p)' t(p—r)""? < —Cot(p—r)""? (11.3)

where Cy = Co(m, bi, 8, p) = qo(2p) > min (1, 2p).

At this point, it is convenient to prove the next lemma in the case that
2 is a ball with X' = ). In this case, d = d, and Qs = 0. Suppose u €
CO(£227) N C?(2) satisfies Lu = f on §2 for f € H(g2+b)( 2) and v =0 on 9£2.
Consider any x € 2 and r € ((p +r0)/2, p) for which « € £2,_,.. Letting

Fi

vV=U— ——w,

Cot

Lo(z) > f(z) + |15 (p — r)t=2

Since [fI¢7" > (p = 1> flo.0, ,» Lo(x) > f(@) + |flon, , > 0. Since =
can be any point of 2, Lou(z) > 0 on 2; since u = 0 on 92 by hypothesis,
v < 0 on {2 by the Strong Maximum Principle, Theorem 9.5.6; that is,

(2—t) (2—-1) t
u( )_ |f|COt (/) —r )t < |f|0 C0t(2p) (p—T‘)t.

Since —u satisfies the same hypotheses as u,

Noting that d(z)~* < (p —r)~* and using Inequality (7.26),

A7 (@)u(e)| < CilfIE) < Culf1 @Y.
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Letting b = —t and taking the supremum over z € (2, ||c?)u\|079 < Cl\f|((f+b)

where C; = Cy(m, b;, 8;,b,d(£2)). This is the conclusion of the next lemma
when (2 is a ball.

Returning to the case of a spherical chip, let B be a ball of radius p with
center at y = (0,—po),po € (0,p), let 2 = BT # (), and let ¥ = BN R{.
The constant pp will be specified later. As above Lw < —Cht(p — 7’)“2 for
x € 2,7 €[(p+10)/2,p]. As before, the quantity on the right side of

Muw(a',0) = Bi(=2t)(p* = r*)" " wi —ys) + (0" =)', 2/ € X,
1=1

is increased by omitting the last term since v < 0. Since y = (0,...,0, —pp),

n—1

Muw(x’,0) < f2t(p2 - 7"2)'5*1 ( Z Bix; + ﬁnp()).

i=1

Since |z;| < [2'| < /p? —p3,1 <i<n-—1,

n—1
Zﬁil‘i > —Koy/p* — p}.
i—1

Muw(z’,0) < =2t(p* —r*)'"" (= Ko/ p2 — p2 + Bupo)-

Since Kop//32 + K& < p, po € (0,p) can be chosen so that

and

P Kop
p > po > max (—7 . (11.4)
V2 )

2 B+ KG

For this choice of pg, —Ko+/p? — pg + Bnpo > 0 and Mw(z’,0) < —Cat(p? —
r2)t=1 for x € X. Since r < p for x = (2/,0) € X, with this choice of pg

~Ctlp—7)"2  zeRr>p (11.5)
—Cit(p — rt 2 e X > po (11.6)
where C' = C(m, b;, 8;,d(£2))

Following Lieberman [39], spherical chips fulfilling the above conditions
will play a significant role in the following.

Definition 11.2.3 The spherical chip (2 is admissible if {2 = B, , N R}
where y = (0,...,—po), po € (0,p), and pg satisfies Inequality (11.4).

In the course of the preceding proof, it was shown that there is an admissible
spherical chip corresponding to each p > 0. The requirement that py > p/v/2
in Inequality (11.4) validates the use of Theorem 8.5.7 for admissible chips.
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Lemma 11.2.4 If 2 is an admissible spherical chip with X = int(0£2 N RY)
or a ball in R™ with X = 0,b € (—1,0),a € (0,1),u € C°(27)NC?(N) satis-
fies Lu = f on 2 for f € H&2+b)(9)71\/[u =g on X forg¢€ Hl(r;b)(ﬂ), and
u=0 on I ~ X, then there is a constant C = C(n,m,b;, b, «, B;,7,d(2))
such that

|dullo.c < C(1AE + 1945,

Proof: Since the inequality was proven above for a ball B C R™ with X = (),
only the spherical chip case need be considered. Define ¢ € (0,1), pp and w as
above. Consider any x € {2 and any ¢ € Hl(i_';b)(_@) satisfying the condition

p=gon X If

2—t 1-t
O L S
Ct '

v =
then by Inequality (11.5) and the fact that |f|627t) > (p—r)*"fl, Gy

Lo(z) > f(@) + £ (0 =)' > f(2) +flog, , > F@) — f(2)

for all z € ﬁp,r. Noting that f is continuous at x and x is a limit point of

2,_,, Lv(z) > f(x) — f(z), and therefore Lv > 0 on 2. Consider now any
(2,0) € X. By Inequality (11.6)and a similar continuity argument,

Mu(x',0) > o(z',0) + |<p|glit) (p—r)t
> (e, 0) + (p =)' " elo g, (0 —1)7"
> cp(m/,()) + |‘P|07(~2p_r > 0.

Since v = 0 on 92 ~ X, v < 0 on {2 by the Strong Maximum Principle,
Corollary 11.2.2; that is,

2— 1—
ST+ lelf

2 2\t

Since —u also satisfies the hypotheses of the lemma with f and ¢ replaced
by —f and —, respectively,

(2—1) (1-t)

(P2 o T2)t < |f‘0 gt|<p|0 (2p)t(p o ’I")t.

2—t 1—t
1870 + lelS 7
Ct

u(z)] <

Using Lemma 7.6.7 and the fact that d(z) = p —r,

d@) @) < (171577 + 1018 7)

_ 1-
< C(|f‘((x2 RS |%0|g+at))'



398 11 Oblique Derivative Problem

Letting b = —t and taking the supremum over {2,

ld%ulo.0 < C (1A + ol ).
Taking the infimum over ¢ € H ﬁ:lb) (£2), the conclusion is established.

The requirement in the hypotheses of the following theorem that the func-
tion f satisfies a weighted Holder norm on a superset is not an essential
requirement in so far as future developments are concerned. In applying the
theorem, starting with an f satisfying a Holder requirement on a spherical
chip, an admissible spherical chip satisfying the requirement can be con-
structed. Only the & = 0 case of the following theorem will be proved in
detail for spherical chips to illustrate the techniques. The theorem is stated
only for spherical chips but is also applicable for balls with X = ().

Theorem 11.2.5 If 2 = B, where y = (0,...,0,—p0),0 < po < p, is
a spherical chip with X = int(02 N RY) o € (0,1),b € (—1,0), and [ €
H,gi;k%)([)’) where () = sz_’m with y' = (0,...,0,—p}),0 < py < po <
p.k = 0,1, then there is a sequence {f;} in Hp1o(£2 U X) that converges
uniformly to f on each !25 ,0< <1, and \fj|k+ak;rzb) < C|f|§€2+ak5b ,J > 1.
Proof: Let 2 = B+ where y = (0,...,0,—p0),0 < po < 1, let m be the
mollifier of Section 2. 5 and let f € H(2+b)( ). Since 6+ |f| & < +oo
for each 0 < § < 1, f has a continuous extension to f)g, denoted by the
same symbol, and therefore to (Jy 5., 25 = 2 U X. Consider any z € 2
and the point ' = x — (2,/(z, — yn))(x — y) at which the line joining
y to x intersects R{. Letting m = |2/ — 2| = (xn/(zn — yn))|z — y|, if
r € ()5 = ;rp 5 then B+ m C (2s. Note also that if B is any ball in
B, .y then B C Qs. For each x € (2, let B(z,7;) be a ball with center
at E =) =2 — (n/j(@n — yn))(x — y) of radius r; = rj(z) = |§ — 2| =
37 @/ (@n—yn))lz—yl. I j > 2p/po > 2, then &, = 2, (1—j~") > 2, /2 and
the nth coordinate of the lowest point on the boundary of the ball B(x, ;)
is & — 7Y (@n/ (20 — yn))|x — y| > 0, showing that the ball B(x,r;) C B, .
whenever j > 2p/po. Thus, B(z,r;) C Qs if z € Q5. For j > 1, let @, be the
truncation function ¢,(x) = —j for x < —j,¢,(x) = z for —j < x < j, and
pj(x) = j for x > j and let ¥; = J1,;¢; be the smoothened version of ;.
The latter function has the following properties:

() € C=(R), |
(i) v(a) =z if —j + L <@ < j— 14;(0) = 0,|¢] < 4 [¢] < 1, and
(i) |5 () — 03 (y)] < [o — y| for allz,y € R

For j > 2p/p, and x € QU X, let

/ 03 (F)(E +r52)m(2) d

1 1
L[y, f)Z)m<(z—£>dz
/ (DEm( -9

Fi@) = (11.7)
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Note that if z € 25 and j > 2p/po, then fj(z) is the weighted average of
¥, (f) over B(x,rj) C 5. When z,, = 0, fi(z) = ¥, (f)(z). It will be shown
now that the sequence {f;} converges uniformly to f on each (NZ(; Since f
is uniformly continuous on (Nlé_, given € > 0 there is an > 0 such that
[f(z) = f(z")] < € whenever |z — 2'| <, z,2" € (NZ(S_ Choose jo > 2p/po such
that [f|, 5, < Jjo— jio and j > 2p(p — po)/pon for all j > jo. If 2 € B(x,rj),
then |z — x| < 2r; < 7 and it follows from the second form for f;(z) in

Equation (11.7) that
5 [0 s (- 9) o
J

< E/U(Z)—f(x)lm <%(z§)> dz < €

simultaneously for all x € (~25 and j > jo; that is, the sequence { f;} converges
uniformly to f on .(NZ(;_ It will be shown next that each f; € H,(2). Using the
first form for f;(z) in Equation (11.7) and the fact that [¥;| < j,[fjlo.0 <
+o00. Consider any z,z’ € (2. Using the first form for f;(z) and f;(2") and
the fact that [1(z) — ¥(2")| < |z — 2/|,

[fi(z) = f(@)]

I A

A

50 = 5@ < [ 1)@ +r5@)2) = bR +ry())lm(z) ds
/ FE@) +r5(2)2) — FE@) +r5(2')2)|m(z) d.

Using the easily checked fact that |{(x) 47 (2)z) = &(2') —r;(2')2)] < | —2|,
[fi(x) = f; ()]

| — 2! |~
< [V, ,, SO )
< Cmou(ﬁ’ < 400

Thus [f;]a,n < +00. Combining this inequality with the inequality [f;]o,n <
+00, | fjla,0 < +00 and f; € Hy(£2). It remains in the k = 0 case to show
that |fj|. o (2+0) < C\fﬁ;r?b). Consider any z € (2. Since B(2',r) C Qs, it
follows from the first form for f;(z) that [f;]; 5, < [f]; p,- Consider any

z,2’ € 5. Using the fact that [1;(2) — ()] < |z — 2| for all z,2" € R,

5@ = 5] < [ 105(0)(E) + 13(2)2) = i (DEG) + 13! lm(=) dz
< [17(e) + 13(2)2) - £ + r3("))m(2)
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o / 6(@) + 15(2)7 — ") — 3 () 2] “m(2) d

< Clfl,.5, (€(x) = &) + [rj (@) —r(@))*
< Clfl,. g, — 2|

and it follows that [fj]a.§5 < CIf], O Combining this inequality with the
inequality /i)y 5 < oo lfilas, < CIfl 5, Multiplying by 67+
and taking the supremum over 0 < § < 1, |fj|(2+b) C’|f|(2+b) When
fe Hﬁ_zb (£2), the f;(x) are defined by putting f;(x) = [;(¢;(f)(&(x) +
ri(x)z)m(z)dz, x € 2. As above, it can be seen that U}]QQ <4, fili+o.0 <1,
and [fili4a,0 < 20|m|0,3071d(9)1*“ so that |fj|i4a,0 < +oo and f; €
Hiia(92). Also, [filo 0, < 140, a0d [fili 10 6, < CWi(5)]2+0,r[f]00,
< C[fli 0.5, Adding corresponding members, [fj|,,, 5 < Clf] . 5,
Multiplying both sides by 62t°T% and taking the supremum over 0 < § < 1,
| f]hixb)n <Cl|f |§1+J;b - As above, the sequence {f;} converges uniformly to
foneach96,0<(5<1. |

It is assumed in the following lemma that f and g satisfy the hypotheses
of the preceding theorem.

Lemma 11.2.6 If (2 is an admissible spherical chip with X = int(0£2 N RY)
or a ball in R™ with ¥ = 0,a € (0,1),b € (=1,0),f € HZ™ (), and
g € Hl(i'zb)(ﬂ), then there is a unique u € C°(27)NCHR2 U X) N C?(N)
satisfymg Au = f on 2,Dyu = g on X, and uw = 0 on 002 ~ X with

2 b 1+b
ul$) 0 < CUASE +19/050).

Proof: Assume first that 2 is an admissible spherical chip with X # (). Let
{f;} be the sequence in H,(2) of the preceding theorem that converges to
f uniformly on compact subsets of 2 with | f]|(2+b <C|f \g}gb). Similarly,
there is a sequence {g;} of functions on X' such that each gj € Hi1+o(X), the
sequence {g;} converges uniformly to g on each compact subset of X, and
|g]|g1_~_zb2 < C|g|§ii)2. By Theorem 8.5.7, for each j > 1, there is a unique
u; € CO(N27)NCHNRUX) N C?%(N2) such that Auj = f; on 2, Dyuj = g; on
Y, and u; = 0 on 02 ~ Y. By Theorem 10.3.4 and Lemma 11.2.4,

(24+0b 1+D) (2+b 1+D)
1518000 < C (I5155” +1a:l{05 ) < € (111887 + gl ) -

By the subsequence selection principle of Section 7.2, there is a subsequence
{u;, } that converges uniformly on compact subsets of 2 to a unique function
u € Hz(i)a(()) such that Au= fon 2, Dyu=gon X, and u =0 on 92 ~ X.
In the case of a ball with X = (), the proof is the same except for using
Theorem 8.3.1 to assert the existence of a unique u; satisfying the equation
Auj = f; subject to the condition u; =0 on 0£2. W
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Lemma 11.2.7 Let {2 be a bounded open subset of R™, let £2 be an open

set containing 2, and let u € CY(R™) vanish outside 2. If n > 0,a €
(0,1) and b > —1, then |J,]u\2+a o < Clulo,or, [LIyuly (, 2+b) < Clulo,qr, and

Ml < Clulo o where C = Clagg, biyc, b, B, 7, d(£2)).

Proof: Using the function m € C§°(R™) defined by Equation (2.4), if 0 <
0<1,7>0and z,a2’ € s, then

D2yt D 1 P ()= Do ()],

|z — a'| |z — o |

Letting z = (y — x)/n, 2’ = (y — a’) /n, for some point z"” = (y — 2”")/n on the
line segment joining z to 2’

‘D‘Zw)m (T) Di,ym ( 0 )‘ _ 1 |D.ym(z) = D{ym(")]
|z — 2’| - ﬂj“ |z — 27|

= 777+1 V(2 Dym(z")]

X y_l,//
}V(‘”)Dg”m( n )’

so that

|DI3u(x) — DI u(’)|

|z — o]

R
< Julo.rd($2) / ’%Dﬂ ( )‘ dy

< lulo,:d(£2)' v [m ]j+1+0,R”
< Clulo, g0

where C=C(j, o, d(£2)). Taking the supremum over z x’eng, Jy ]2+a 0 =
[DjJnu]a 5, < Clulo, 0. Using interpolation as in Theorem 7.3.5, |Jyul,, , o
< C|ulo, /. Multiplying by 622+ and taking the supremum over 0 < § <

1, |Jn“|gﬁa,n < Clulo, . Similarly,

|LJnu|a 05 = Za” iy Iyt + Zb Dy, Jyu+ anu|
i,j
< A(ID*Jyul, . + |Dl;lnu|w~z(s +Jyul, 5,)
S C|'LL|()’_Q/.

Multiplying by §2+*+* and taking the supremum over 0 < § < 1, |LJ,,u|((ij)

< Clulo,. A similar argument shows that \MJnu|1fabE < Clulo,or. N
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It is assumed in the following theorem that the f and g satisfy the hy-
potheses of Theorem 11.2.5.

Theorem 11.2.8 If (2 is an admissible spherical chip with X = int(02NRY)
or a ball in R™ with ¥ = 0, b € (=1,0),a € (0,1),f € H¥™(2),g €

Hl(izb)(ﬂ), and h € C°(092 ~ X)), then there is a unique u € C°(27) N

C?(Q U Y) satisfying Lu = f on 2, Mu =g on X, and u = h on 92 ~ X.
Moreover, there is a constant C' = C(asj,b;, ¢, o, b, B;,7v,d(£2)) such that

b 2+b 1+b
[l 0 < C (IA1EE + 191505 + hlo.oons) (1L8)

Proof: The existence and uniqueness in the homogeneous case h = 0 will be
proved first. Consider the Banach space

B ={uecHY (2):u=00n02~ X},
with norm |ulg = |u|§2a o the normed linear space

x=H(Q) x H (D)

with norm |(f, g)|x = |f|(2+b + |g|§1+2b2, and the family of operators from B
to X defined by

Lou = (Au, Dpu)
Liu = (Lu, Mu)
Liu=(1-t)Lou+tLiu, 0<t<1,

As in the proof of Theorem 9.6.5, each of the operators (1 —¢)A+tL and (1—
t)D,,+tM satisfies the general conditions previously imposed on coefficients.
Solvability of the oblique derivative problem Lu = f on 2,Mu = g on X,
and v = 0 on 912 ~ X' is equivalent to showing that the map £1 : 8 — X is
invertible. If u € B and £iu = (f,g) € X, then

(1 —-t)Au+tLu = f on 2
(1-t)Dpu+tMu=gonX
u=0on 0~ X.

By Theorem 10.4.1, for such u,
24b) 14b)
[uls = [ulf). 0 < C(IPullo0 + £S5 +1gl50 ).

Note that u € Hz(b) (£2) implies that © € Hoyo(£25) for 0 < § < 1 which

in turn implies that w, Du, and D?u have continuous extensions to .65_ SO
that u, Du, and D?u have continuous extensions to 2 U X. In addition, it
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is also true that u € C°(£27) since for x € 25, d"(z)|u(z)| < 60lul, 0y <
|u\((f < |u\2+a o < +o00; therefore, & (z)|u(z)| < |u|2+a o forall x € 2 and

lim, ., eco0~x u(x) = 0 since limy ., co0~s db( ) = +o00. This shows that
u € C%N7)NC%NUY) so that Lemma 11.2.4 is applicable and

fuls < (112 +19115") = (£, 9)lx = Cleuulx,

where C' is independent of . By Theorem 9.2.2, £; maps B onto X if and
only if £y = (Au, D,u) maps B onto X. According to Lemma 11.2.6, there
is a unique u € B satisfying Au = f on 2, Dyu = g on X, and u = 0 on
0f2 ~ X. Thus, £9 maps B onto X and so £1 maps B onto X; that is, there
isaue Hézfa((l) such that

Lu=fonf2, Mu=gonX, wu=0o0ndf2~2X.

It follows from Corollary 11.2.2 that u is unique. As above, u € Hz(b) (2)

implies that v € C°(27) N C?(2 U X). It remains only to show that the
condition v = 0 on 02 ~ X can be replaced by v = h on 02 ~ 3. By
the Tietze Extension Theorem, there is a continuous function on R™ that
agrees with h on 92 ~ X, denoted by the same symbol, with sup norm no
greater than that of h on 02 ~ X and vanishing outside the ball By 2,
where 2 = B, , N R} or 2 = B, ,. For j > 1, let h; = J,,;h € C5°(R").
The sequence {h;} converges uniformly to h on R™. For each j > 1, consider
the problem

Lvj=f—-Lhjon {2, Mvj=g—MhjonX, wv;=0o0n0df2~2x.
(11.9)
By the first part of the proof, this problem has a unique solution v; €
Hé?a(ﬁ) which implies that v; € C°(27) N C%(2 U X) as above. It will
be shown now that the sequence {|Uj|g:,)-o¢,9} is bounded. By Lemma 11.2.4
and Lemma 11.2.7,

+a, X

(24+b (14b
< (INEE) + 19l + hlo.oons)

1d%0;l0.0 < € (1f = Lhs| E 5 + g — Mby {0

It follows from Lemma 10.4.1 that

031800, < C (1195 + 1915505 + hlooens) < Ko <400, j > 1.
(11.10)

Letting uj = v; + hj,u; € HQ(?&(Q) since this is true of h; and

=fonf, Mu;=gonX, wu;=h;ond2~2X. (11.11)
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Note that u; € C°(£27) N C?(2U X) since this is true of v; and h;. For the
differences u; — uy,

L(uj—ur) =0on 2, M(uj—u) =0o0n X, uj—ur=hj—hpond2~X.

It can be assumed that u; — u; attains a nonnegative, absolute maximum
value at a point z¢ of 27, for if not, replace it by its negative. If ¢ € (2, then
u; — uy, is a constant function by Lemma 9.5.6, and since u; — up = hj — hy,
on 982 ~ X |lu; — ugllo,2 = ||h; — hillo,o0~5. If 2o is not a point of (2, then
xo € 002 ~ X, for if zp € X, it would follow that M(u; — ux)(zo) < 0 by the
boundary point lemma, Lemma 9.5.5, a contradiction. In either case,

luj — ukllo,e < [|hj — hillo,00~s-

As the sequence {h;} converges uniformly to h, it is Cauchy in the |- ||o.90~5
norm and so it follows that the sequence {u;} is Cauchy in the || - ||o,; norm.

Thus there is a u € CY(£27) which is the uniform limit of the {u;} sequence.
Using Inequality (11.10) and the fact that \hﬂgﬁaﬂ < Clhlo,an~s for all

j > 1 according to Lemma 11.2.7, the sequence {|uj|g:)_a79} is bounded by a
constant K. Consider any 0 < ¢ < 1 for which Qs # (). Then

§2tbta (HU‘J'HO,.FL; + [Duj]o,fzg + [DQUJ']O,_FZ(; + [D2uj]a,fla) <K.

As above, the uj, Duj, and DQuj have continuous extensions to (~25_ More-
over, the sequences {u;},{Du;}, and {D?u;} are bounded and equicontin-
uous on {25 D (25 U Xs and can be assumed to converge to u, Du, and

D?u, respectively, on f}(; D fZ(; U X5 by passing to a subsequence if neces-
sary. Thus, u € C%(§25 U X5) for all § as described above, and it follows that
u € CY(N27)NC?(RNUY). Letting j — oo in Equations (11.11), u satisfies the
equations Lu = f on 2,Mu = g on X, and u = h on 9{2 ~ Y. Uniqueness
follows from Corollary 11.2.2. By Inequality (11.10),

b)
il o0 < 1031800 0+ 11800 0
2+b 1 b
<O (17185 + gl + hlooa~s)
Thus for 0 < 6 < 1,

(1+b)

b
2yl <0 (115G

).

By expanding the left side, letting j — oo, and then taking the supremum
over 0 < § < 1, Inequality (11.8) is established. H
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11.3 Curved Boundaries

The procedure for dealing with curved boundaries involves the use of trans-
formations to “straighten the boundary” as follows. Let {2 be a bounded open
subset of R™ and let X be a nonempty, relatively open subset of 92, possibly
equal to 0§2. For each x € X, let U, be a neighborhood of x and let 7, be a
map of U, into R™ with continuous partials on U, such that 7, (x) =0 € R".
If the map 7, has an inverse, then facts known for spherical chips can be
carried back to U, by means of 7, *. A sufficient condition for the existence
of an inverse for 7, is that the Jacobian of 7, not vanish at z; that is, if
Te = (T1,...,7Tn), then

O11(x) . O11(x)
oz Oy,
Je@=| 1 15 |#0
o1, () L. o1y, ()
oz Oy,

If this condition is satisfied, then there is a neighborhood O of 0 € R™ and
a neighborhood V. of x such that 7, ! is defined on O,V, = 7,1(0), 7, is
one-to-one on V,, 7, 1(7,) = z, and 7, ! has continuous first partials on O

(.t [1]).

Definition 11.3.1 If 7 is a mapping from {2 into R™, let
() = (1(z),...,m(x)) ifax=(x1,...,2,) € 2.

The map 7 is said to be differentiable of class C, on (2 if each component
7j € Ho(£2). If U and V are open subsets of R” and 7 : U — V is a
homeomorphism such that 7 and 7! are of class C,, then 7 is said to be a
C, diffeomorphism of U onto V.

Let 2 be a bounded, convex, open subset of R™, let A be a neighborhood
of 27, and let 7 be a Cito diffeomorphism, k > 1,0 < a < 1, which maps A
onto a bounded, convex, open subset A’ of R™. Using the mean value theorem,
it is easy to see that there is a constant K > 0 such that

1
-yl slr@) Ty <Kle -y, zyel (11.12)

where K depends only upon 7 and {2.

Definition 11.3.2 A relatively open subset X of the boundary of the open
set 2 C R™ is class Cy, where a = k+ o,k > 1,0 < o < 1, if for each z € X
there is a neighborhood U of = and a C, diffeomorphism 7, of U onto a ball
B = B, , C R" of radius p with center at y = (0,...,0,—pg) such that
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(i) Unoncxy,

(i) 0(UNN) C QUE,

(iii) (U N X) = BO and

(iv) (UNN) =

The relation X € C, signifies that the H,({2) norms of the 7, and 7, !,z € X,
are uniformly bounded.

Lemma 11.3.3 Let 7 be a diffeomorphism of class Cx+a,k > 1,0 < a <1 of

2 onto 2*. Ifu € Hj15(2),u4(y) = u(r7 (y)),y € 2%, and j+ B < k+a,1 <
7 <k,0<pB <1, then there is a constant C > 0 such that

1 5
5\U|j+ﬂ,n < lalj+p,0+ < Clulj+p.0

where C' depends only upon 3,1, (2.

Proof: The proof will be carried out only in the j = 1 case. It follows from

the definition of @ that ||| o+ = [|ullo.e < |ul1+8,0. By the chain rule for
differentiation,
Dy,u(y) = Dy, u(r ZDmu —( qu(Tn_zl(y”

Thus, [@)140,0+ < Clu]i40,0 where C' is a constant depending only upon 7.
By Inequality (11.12),
|z —yl?
et DT () Dy, (73 (1) = 3y D7 (@) Dy, (7, ()]
e

- Du(r — Dpu(t= Y Dy, (T —1
Z ) (T @)Dy, (1., ()]

IT‘l(y) -7 )l
n Z |(Dmu(r~ () (Dy, (15" (y) = Dy, (73, (2))]

|z —yl?

< C([U]Hﬁ,(z [T 110,09+ + [Wito.0 [7_1]1+ﬂ,(2*)
< Clulitgo [ Hits ox
< Cluliys,0-

Therefore, |i|145 0+ < Clu|14p,0. Interchanging the roles of u, 7 and @, 771,
there is a constant K such that |ul148,0 < K|@|143,0+. The assertion follows
by replacing C' and K by the maximum of the two. W

Consider a relatively open subset X' of 92 of class Ca4 and the diffeo-
morphisms 7, x € X, satisfying (i) through (iv) of Definition 11.3.2. For each
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x € X, let N(z) be the set of neighborhoods U of z associated with  in the
definition. For z € 2, N (z) will denote the set of balls B, , with closure in
{2; the 7, associated with B, , will be the identity map.

Consider any z € 2U X, U € N(z), and let 7 be the diffeomorphism
associated with z satisfying the above conditions mapping U onto the ball
B C R" Let y =7(z) = (m1(x),..., () and @(y) = u(z). Under the map
7, the equation Lu = f on 2N U becomes the equation Li = f on BT where

Li(y) = Z apq(y) Dpqti(y Z c(y)a(y)

p,q=1
and
oty 074
Cl,pq Zaxzaxj j ) p7q:17"'7n
L 92 Tp 2 0Tp
i b; =1,...,
) 8%8% )+ ; z; (@) P "

y) =cx),  fly) = f).

Moreover, the boundary condition Mu = g on U N0{2 becomes the condition
Mz = g on BN R where

and

Z@ 22, () = ()

In order to show that L is strongly elliptic on BT, a few facts related to
quadratic forms will be reviewed. Consider the quadratic function

n
y) = Z CpqYpYq

p,q=1

where the n X n matrix [cp,] is a real symmetric matrix. The quadratic form
@ is said to be positive definite if Q(y) > 0 for all y € R™ and Q(y) =0
only when y = 0. The form @ is positive definite if and only if there is a
constant m such that Q(y) > mly|? for all y € R™ (cf. [43], p. 210). Consider
the quadratic form
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y) = Z ApqYpYq = ( Z gz aTq ))ypyq

P,q=1 ij=1
( Z glf St} z)

( g;p )(i %yq)aij(l’)-
p= a=1 9%

Since the matrix [a;;] is positive definite, Q(y) > 0 and Q(y) = 0 implies that

I
:M: I M§ ﬁM3

1

]

3Tp
&vz

yp =0, 1=1,...,m;

but since the Jacobian of the map 7 does not vanish on U N §2 by the multi-
plication theorem for Jacobians (c.f. [1]), this system of linear equations can
only have the trivial solution y = 0. Thus, Q(y) is positive definite and L is
strongly elliptic on BT.

Suppose N (x) contains a convex U with associated 7, mapping U onto
a ball B = B, , C R". Letting K denote the uniform bound on the Hay,
norms of the 7, and 7, ! and using the convexity of U, it is easily seen that

1
Tl =2 s Inly) -G < Kly-z  yzel (11.13)

Each U € N(z) contains a V' € N (z), not necessarily convex, for which V' N 2
is the inverse image under 7, of an admissible spherical chip and satisfies
Inequalities (11.13). This can be seen as follows. Suppose 7,(U) = By ,, let
B, . be a ball with B, C U, let W = 7,(B,.), and let B, , be a ball
for which By, C W and By , N R} is an admissible spherical chip. Let
V =71,.Y(By ) C By, CU. The convexity of B, can be used to show that
V satisfies Inequalities (11.13) even though V need not be convex.

Definition 11.3.4 If x € X, U € N(z) and 7, is the associated diffeomor-
phism, U is an admissible neighborhood of z if it is the inverse image
under 7, of a ball defining an admissible spherical chip and satisfies Inequal-
ity (11.13). The nonempty collection of admissible neighborhoods of x € ¥
will be denoted by A(x) with A(z) = N (x) for z € £2.

It can be assumed that each admissible neighborhood is the inverse image of
a spherical chip for which the conclusion of Theorem 11.2.8 is valid as the
functions f and g will satisfy global weighted Holder norms.

Consider any « € X and U € A(z) with associated diffeomorphism 7,
mapping U onto B. Letting JUQQ(y) = d(y,0UNN) ~ (UnN X)) and
dp+(2) = d(z,0B* ~ BY), if z = 7,(y), then

1 ~

EdUﬂQ(y) < 67B+ (Z) < KJUOQ(:U)'
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Moreover, if u € HQ(Z_)Q(U N$2) and @ = uo7, !, then as in Section 10.3 there
is a constant C' > 0 such that

|u|2+a une > |U|2+a g+ = C|“|2+a Une-

Since Theorem 7.6.7 and Inequality (7.33) apply to spherical chips {2 with
Y =imt(QNRY),if0<ad <ab <b<0,dd+b >0, and b,b are not
negative integers or 0, then

b
Wl W e < Clul®no (11.14)

where C' = C(a,ad’,b,b', K, A, d(£2)).

Although no mention is made of an interior sphere condition in the fol-
lowing versions of the Boundary Point Lemma and the Strong Maximum
Principle, a version of the condition is implicit in the requirement that X be
of class Coqq.

Lemma 11.3.5 (Boundary Point Lemma) Ifz € X € Ca10,U € N(2),
ueCo'd(UNN)NCHUNN),Lu>0 onUNNR,y0€UNZ uyo) > uly)
for all y € U N £, then Mu(yo) < 0, if defined, whenever u(yg) > 0.

Proof: Using the above notation, the function @ on B induced by the
diffeomorphism 7, associated with x and U will satisfy the conditions Lu > 0
on Bt a(z) > (z) for all z € BT where z0 = 7,(yo) € B and 2z =
7:(y),y € UNJL. Since the interior sphere condition is satisfied at zy, it follows
that Mﬂ(zo) < 0 whenever @(zp) > 0, and consequently that Mu(yp) < 0
whenever u(yp) > 0. B

The following corollary is proved in the same way Corollary 11.2.2 is
proved, using the above boundary point lemma.

Corollary 11.3.6 (Strong Maximum Principle) If ¥ € Coyiq,u € C°
(27) NC?(92) satisfies Lu >0 on 2, Mu > 0 on X, and either (i) u < 0 on
002 ~ X when nonempty or (i) ¢ Z0 on 2 or v Z 0 on X when X = 012,
then either u =0 on {2 or u < 0 on 2 and, in particular, v < 0 on 2.

It should be noted that the f and g of the following theorem satisfy global
weighted Holder norms so that the conditions of Theorems 11.2.5 and 11.2.8
are satisfied.

Theorem 11.3.7 If b € (—1,0), € (0,1),£2 is a bounded open subset of
R"™, X is a relatively open subset of 082 of class Coyn, [ € H((erb)(Q), and
ge Hl(izb)(ﬂ), then for each x € QUX, U € A(x), and h € C°(d(U N 02) ~
(U N X)) there is a unique function u € C(cl(U N N2)) N C*(U N (22U X))
satisfying

Lu=fonUN2, Mu=gonUNX, andu=h on d(UNN)~UNX).
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Moreover, there is a constant C' = C(asj;,b;, c,a., b, B;,7v,d(£2)) such that

b 2+4b 1+b
ul$) o e < C <|f|‘(a,zm)n + g s + |h|0,8(UmQ)~(UnE)) . (11.15)

Proof: If € 2 and U is a ball, the result is covered by Theorem 11.2.8.
Consider any x € X, U € A(x), 7, the diffecomorphism associated with 2 and
U, and the ball B = 7,(U). Under the map 7., the first two of the above
equations become

Lﬁ:fonB"'andMﬂ:gonBo.

Since the components of 7, and 7,1 are in Hoyo(U) and Haio(B), respec-
tively, the maps 7,, and 7, ! have continuous extensions, denoted by the same
symbols, to U~ and B~, respectively. It is easily seen that the extensions
are inverses to each other and are one-to-one. It is also easily seen that the
regions A(UN ) ~ (UNY) and BT ~ B? are mapped onto each other. For
z € dBt ~ BY let h(z) = h(; (). Under the map 7,, the equation u = h
on A(UNN) ~ (UNX) becomes & = h on BT ~ B°. By Theorem 11.2.8, the
transformed equations have a unique solution @ € C°(cl(BT)NC?*(B* U BY).
The function u(y) = u(7:(y)),y € U N {2, satisfies the above equations. The
inequality follows from Inequality (11.8). W

11.4 Superfunctions for Elliptic Operators

Just as superharmonic functions and superfunctions played a role in proving
the existence of a solution to the Dirichlet problems for the Laplacian and
elliptic operators, respectively, the concept of superfunction can be used to
prove the existence of a solution to the oblique derivative boundary problem.
As usual 2 will denote a bounded open subset of R", o and b will be param-
eters with « € (0,1),b € (—1,0), X will denote a nonempty, relatively open
subset of 0f2 of class Ca44. No further conditions will be imposed on {2 and
27 in this section. Throughout this section f, g, and h will denote functions
in H((,?"rb)(ﬂ)7 Hl(r;b)(ﬂ), and C9(d2 ~ X)), respectively.

By Theorem 11.3.7, for each x € X and U € A(z) there is a unique
function w € C%(cl(U N 2)) N C*(U N (2 U X)) satisfying the equations

Lw=fonUN Mw=gonUNX, andw=¢ondUNN)~(UNX)

for ¢ € CO(O(U N N2) ~ (UN X)). The function w will be called the local
solution associated with z, U, and ¢ and will be denoted by LS(z, U, ¢). It
will be understood that if the domain of the function ¢ contains (U N §2) ~
(UN X)), then the third argument of LS(x, U, ¢) is the restriction of ¢ to the
latter set. It will be seen that LS(z, U, ¢) plays the same role as the Poisson
integral and might justifiably be denoted by PI(x, U, ¢).
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Lemma 11.4.1 (i) If z € QU X, U € A(z),u € C°(cl(UN 2))NC*(U N
2, Lu=00nUN,Mu=00nUNX, andu >0 ond(UNN)~UNX),
then w > 0 on U N 2. (ii) If u; € COL(UN N))NC*HUNN),Lu; = f on
UN2,Mu; =g onUNX, andu; =h; on d(UNN) ~ (UNX),i=1,2, with
h1 > hs, then uy > us on U N §2.

Proof: The second assertion is an immediate consequence of the first. To
prove (i), let u satisfy the above conditions and assume that u attains a
strictly negative minimum at a point xq in c/(UN{2). If z( is an interior point
of UN {2, then it must be a constant by Theorem 9.5.7; that is, u = k < 0 on
U N {2 and must be equal to k on 9(UN2) ~ (UNX), contradicting the fact
that uw > 0 on 9(U N 2) ~ (U N X). By the Boundary Point Lemma, zy can
not be a point of UN X. Therefore, zy € O(UNS2) ~ (UNX) with u(zg) < 0,
contradicting the fact that w > 0 on (U N 2) ~ (U N X). Therefore, u > 0
onUNL. A

Definition 11.4.2 A function u € CP({2) is a superfunction on 2 if for
each © € 2U X there is a V., € A(z) such that for all U € A(x),U C
Ve, v € CO(UNN))NCHU N N2)

Lv=fonUN, Mov=gonUNX, andu>vond(UNN)~UNX)
(11.16)
implies that u > v on UNS2. The set of all such superfunctions will be denoted

by U(f,g).

There is a corresponding definition of subfunction and £(f,g).

Remark 11.4.3 Using the above notation, u € C2(2) is a superfunction on
2 if and only if there is a V, ,, € A(x) such that

u>LS(x,U,u) on UN 2 for all U C Vo, U € A(x). (11.17)

This can be seen as follows. Assume wu is a superfunction on 2,z € 2 U
XU C Vyu,U € A(z), and let v = LS(x,U,u),U C V,,. Then Lv = f
onUNNMv=gonUNX,and v =uon IUNN) ~ (UNZX). Thus,
u>v=LS(z,Uu) on UN 2 for al U C V,,,U € A(x). Suppose now that
(11.17) holds. Consider any v satisfying (11.16). By (i) of Lemma 11.4.1,
u > LS(x,U,u) > LS(z,U,v) = von UN{2 so that u is a superfunction on (2.

Lemma 11.4.4 If u € C°(27) N C*(2 U X) satisfies Lu < f on 2 and
Mu < g on X and k > 0, then u and u + k are superfunctions on 2.

Proof: Suppose Lu < fon 2 and Mu < gon Y. Consider any y € 2UX, U €
A(y), and a function v such that Lv = f on UN{2 and Mv = g on UN X with
u>vond(2NU) ~(UNX). Then L(u—v) <0on UNN, M(u—v) <0on
UnX,andu—v>00nd(UNN) ~ (UNX). It follows from Corollary 11.3.6
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that v > v on U N 2, proving that u is a superfunction. If £ > 0, then

Lu+k) <Lu< fand M(u+ k) < Mu < g, and it follows from the first
part of the proof that u + & is a superfunction. H

Lemma 11.4.5 (Lieberman [39]) (i) If u and v are superfunctions on
2, then min (u,v) is a superfunction on (2.

(i1) If u is a superfunction on 2,y € QUX, and U C V,,,,U € A(y), the
function

_Ju on 2~U
YU ALS(y, Un) on UNR

is a superfunction on §2. If u,v are superfunctions on 2 and uw > v on §2,
then uy > vy on f2.

(1ii)If X = 012, eitherc <0 on 2 ory < 0on X, u € L£(f,g), andv € U(f,g),
then v <wv on 2.

Proof: The first assertion () follows from the definition of a superfunction.
Suppose u and uy are as described in (7). Since u > LS(y,U,u) = uy on
UN and uy = won 2 ~ U,u > uy on §2. Consider any z € 2 U X and
W CV,.,W € A(z) and the functions

u on (AUNR) ~UNE)AW
‘ {uU on AW NR)~WNI)NU-

LS(z,W,uy) on QUN)~{UNX)NW

uy on (OWNN)~WNIX)NU".

Since u > LS(z,W,u) > LS(z, W,uy) on WN 2,0 > w on (AU N 2) ~
(UNX)NW). Since LS(y,U,u) =u=von QUNN) ~(unX)NW
and LS(y,U,u) = uy = v on QW NN) ~ WnNX)NU,LS(y,U,u)
is the unique local solution on U N W N {2 corresponding to the boundary
function v on J(U NW N 2) ~ (UNW N X). Since LS(z, W,uy) = w on
@OUNN)~UNE)NW and LS(z, W,uy) = uy = w on (O(W N N2) ~
(WnNX)NU—,LS(z,W,uy) is the unique local solution on U N W N {2
corresponding to the boundary function w on (UNWNN) ~ (UNWNX).
Note that v = u > LS(z, W,u) > LS(z, W,uy) = w on (O(U N 2) ~ (UN
2NnWand v =uy =won (O(WNN)~(WNX))NU~ so that v > w on
UNWNNR) ~({UNWNX). Thus,

uy = LS(y,U,u) > LS(z, W,uy) on UNW N 2.
On (W ~U)N L,

uy = u > LS(z, W, u) > LS(z, W, up).
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Therefore,
uy > LS(z, W,uy) on W N2 for all W € A(z),

proving that uy is a superfunction. To prove (iii), consider any u € £(f, g)
and any v € H(f, g). Letting

@(z) = limsup u(y) and 9(z) = liminf v(y),
y—x,yE€NR y—x,yEeN

for x € 27,4 and © are u.s.c. and l.s.c. on 27, respectively. If x € QU X,
let V. and Vj, be the neighborhoods associated with the definitions of u
and v, respectively. Let

w=sup{a(z) —o(x);xz € 27},
assume p > 0, and let
I'={y €2 a(y) —o(y) = pu}-

Since both V,, ,, and V,, ,, contain arbitrarily small neighborhoods of = in A(x),
for each z € 2U X there is a W, C Vy o, N Vg0, Wy € A(x). It will be shown
first that W, N 02 # () for some x € I". Suppose W, N 92 = for all x € I'.
In this case, I" is a compact subset of {2 and there is a point y € I" nearest
to 0f2. Note that W~ C (2 by choice of V;, and V,, when y € (2. Let
wy = LS(y, Wy, u) — LS(y, Wy, v) on W,,. Then Lw, =0 on Wy, wy =u—v
on OW,, and

wy(y) = LS(y, Wy, u)(y) — LS(y, Wy, v)(y) > u(y) — v(y) = u,

the latter inequality holding since u is a subfunction and v is a superfunction.
Since wy = v —v < p on OW, and wy(y) > p, w, attains a nonnegative
maximum value at an interior point of W, and must be equal to a constant
on Wy, namely p, by the Strong Maximum Principle, Theorem 9.5.6. Thus,
there are points of I" that are closer to 0f2 than y, a contradiction. Therefore,
there is a point xg € I" such that W, N2 # ). Letting wy = LS(zg, Wy, u) —
LS(zo, Wy, ,v), as above, Lwyg = 0 on W,, N 2,Mwy = 0 on W,, N X,
wo = u—v on AWy N2) ~ (Wy,NX), and wo(zo) > u(xo)—vo(z0) = p. If wo
attains its nonnegative maximum value at an interior point of W,,,N{2, then it
must be a constant, namely p, on Wy, N 2. If ¢ <0, then 0 = Lwg = cp < 0
on Wy, N 2, a contradiction. Therefore, wy cannot attain its nonnegative
maximum value on W, N 2 and must do so at xp. By the Boundary Point
Lemma, Lemma 11.2.1, Muwyg(z¢) < 0, a contradiction. The assumption that
i > 0 is untenable and so v < v on 2. W

The function uy of (i7) in the preceding lemma will be called the lower
or lowering of v on U. The corresponding vV for v a subfunction on 2 will
be called the lift or lifting of v on U.
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Definition 11.4.6 A function v € CP(£2) is a supersolution for the
problem

Lv=fon 2 Mv=gon X, andv=hon 92~ X%

if u is a superfunction for f and ¢g and liminf, ., yeou(y) > h(z) for z €
082 ~ Y. The set of all such supersolutions will be denoted by {(f, g, h).

There is a corresponding definition of subsolution and £(f, g,h). When X =
012, the concept of supersolution is the same as that of superfunction. The
following theorem eliminates the requirement that v < —v, < 0 on X in [40].

Lemma 11.4.7 (X # 002) (i)If u,veld(f, g, h), then min (u,v) € U(f, g, h).
(i) If u € M(f,g,h),y € RUX, and U € Aly), then uy € U(f,g,h).
(i) If u € £(f,g,h) and v € U(f,g,h), then u < v on £2.

Proof: To prove (i), it need only be noted that liminf, ., yecomin (u, v)(y) >
h(z) on 982 ~ X. To prove (i), it suffices to show that liminf, ., yeo uy(y) >
h(z) on 02 ~ X since uy is a superfunction according to Lemma 11.4.5.
Since (U N 2) C 22U X by (ii) of Definition 11.3.2, (U N )~ C U X.
This implies that for z € 92 ~ X, there is a neightborhood V of x such
that V. N (U N 2)~ = 0, which in turn implies that uy = w on V and
therefore liminfy ., yeo uy(y) = liminf, ., ,co u(y) > h(x), completing the
proof of (i7). Consider any u € £(f,g,h) and v € U(f, g, h). Letting u(z) =
limsup, ., e u(y) and 9(z) = liminf, ., yev(y) for € 27,4 and © are
u.s.c. and Ls.c. on 27, respectively, a(x) < h(z) < 0(x) for z € 92 ~ X,
and @ — 0 < 0 on 02 ~ X. To prove (iii), it suffices to show that u < v on
each component of (2. It therefore can be assumed that (2 is connected. Let

p = sup{i(z) —o(z);z € 27},
assume g > 0, and let
I={ze 2 ;a(z) —o(x) = u} #0.

If xg € 201" and Wy, € A(zo), then W C (2. Letting wo = LS(xo, W, u)—
LS(x0, Wy, v) on Wyy N 2, Lwyg = 0 on W, N 2wy = u—v < g on
O(Wy, N £2), and

wo(z0) = LS(x0, Way, u)(z0) — LS(20, Way, v)(20) = u(x0) — v(20) = p1-

Thus, wo attains its nonnegative maximum value at an interior point of W, .
By the Strong Maximum Principle, Theorem 9.5.6, wy is constant on Wy, N {2
and since wg < u —v < poon (W, N N2),wy = p on Wy, N §2. Therefore,
Wao = Wy, N2 C I'. This shows that 2N I is an open subset of (2. Since
2 ~ I' is an open subset of {2, either 2 NI = () or 2 ~ I' = () by the
connectedness of 2. Suppose 2 ~ I' = (). Then I' D (2 so that u — v = y on
Q2 oru=wv+pon 2. If x is a point in 92 ~ X, then

h(z) > limsup u(y) = limsup(v(y) + p) > liminf v(y) + p > h(z) + p,
y—w

y—z y—z
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a contradiction. Thus, under the assumption that g > 0,2 ~ I" # (). Suppose
now that 2 NI = () and consider any yo € I' C 902, W,, € A(yo), and let

= LS(yo, Wy,, u) — LS(yo, Wy,,v). Then Lwy; = 0 on Wy, N 2, Mw; =0
on VVy0 NX,w =u—vondWyNNR)~ (W, NE), and wi(yo) > u(yo) —
v(yo) = p as above. If w; attains its nonnegative maximum value at an
interior point of W)y, , then it must be a constant and equal to p on Wy, N 2.
Since w1 = u — v on O(Wy, N 2) ~ (W,, NY), there would be points of 2
where v —v = p, a contradiction. Thus, w1 < p = w1 (yo) on Wy, N§2. By the
Boundary Point Lemma, Lemma 9.5.5, Mwy (yo) < 0, contradicting the fact
that Muwy (yo) = 0. Thus, under the assumption p > 0,2 NI # ) and, as
noted above, 2 ~ I' # §); but this contradicts the fact that {2 is connected.
Thus, the assumption that p > 0 is untenable and v < v on 2. W

Lemma 11.4.8 Ifz € QUX, U € A(z), and {vy} is a sequence in CO(cl(UN
2))NC*U N (20U X)) with supy, [|vkllo,owne)~wns) < +0o satisfying the
equations

Lop=fonUNL, Muy=gonUNX, k>1, (11.18)

for f e Hé2+b)((2) and g € Hl(_l‘_zb)(E), then there is a subsequence {v,} that
converges uniformly on UN (LU X)) tov € CO(UNN)NCHUN(R2UY))
satisfying

Lv=fonUN®, Mv=gonUN2X. (11.19)

Proof: Letting Ko = supy, ||vkllo,o(vne)~wnx) and using Theorem 11.3.7,

2+b) (14+b
[orlS Yo vne < C (Ko + 1118500 + 9l bns) - (11.20)
For 0 < e <d(U N £2),

a 24b 1+b
o, Gam, <€ (Ko +HIACE + |g|(1+a’)2) . (11.21)

It follows from this inequality that the sequences {v}, {D;vx}, and {D;jvg}

are uniformly bounded on (U N {2).. Since the term [vk], (TR, 1S in-

cluded in the expression on the left side, the {D;;v;} sequences are uniformly
equicontinuous on (U N £2). and therefore on ¢l (U N 2).. Since |vk|§?a vno <
C\vkbia vne by Inequality (11.14), the same argument is applicable to the
sequences {D v }; that is, the sequences {D;v;} are uniformly equicontinu-

ous on cl(U N £2).. Since |vk|a)Ur‘1_Q need not be defined, the same argument
cannot be applied to the {’Uk} sequence. By considering the images vy of
the v under the map 7., the mean value theorem can be applied to show
that the difference quotients |vg(y) — vk(z)|/ly — z| are uniformly bounded

n (U N ) so that the sequence {vy} is also uniformly equicontinuous on
cl(U N £2). Therefore, the sequences {vy }, {D;vy }, and {D; vy, } are uniformly
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bounded and equicontinuous on the compact set cl(lj_r\W/Q)E. Consider a se-
quence {e,,} strictly decreasing to zero. It follows from the Arzela-Ascoli

Theorem, Theorem 0.2.3, that there is a subsequence {v,(cl)} of the {vx} se-
quence such that the sequences {v,(cl)}, {Div,(;)}, and {Dijv,(cl)} converge uni-
formly to continuous functions on cl (U/EFZ)q. Applying the same argument
to the {v,(cl)} sequence, there is a subsequence {v,(f)} of the {vl(cl)} sequence
such that the sequences {U,(f)} {Dlv(2)} and {Dijv,(f)} converge uniformly

to continuous functions on ¢l (U N 2),.., etc. Using the Cantor diagonaliza-

tion method, the sequence {vy,} with v, = 1122) has the property that the

sequences {vk, }, {Divk, }, and {D;;vg, } converge to continuous functions on

€2 )

D AUNQ), =UNQUE).

m=1

Letting v = limy_.o vg,, replacing vy in Inequality (11.21) by vg,, letting
¢ — oo and then taking the supremum over 0 < e < d(U N {2), v satisfies
Inequality (11.20). Since [v|_pune = [1|Y) e < WIS avne < CKo +
IC00+ 191 ), [o(@) —v(y)| < K|z —y|~* from which it follows that
v has a continuous extension to cl(U N 2) and that v € C°(cl(U N §2)). Since
the D;;jvx, converge to D;jv on each ¢l (UN2). v € C*U N (2U X)).
Equation (11.19) follows easily by taking limits in Equatlon (11.18). W

Lemma 11.4.9 u € $U(f,g,h) if and only if —u € £(—f, —g, —h).

Proof: For y € 2 U X, let LS™(y, U, u) and LS™ (y,U,u) denote local so-
lutions relative to (f, g, h) and (—f, —g, —h), respectively. Also, let Vy@u and
Vy?u be the elements of A(y) relative to (f,g, h) and (—f, —g, —h) described
in Definition 11.4.2. Consider any W, C V%, NV~ ,, W, € A(y). It will be
shown first that

LS*(y, Wy, u) = LS~ (y, Wy, —u). (11.22)

Since L(LS™ (y, U, u)+LS™ (y, U, —u)) = f—f = 0 on W,N2, M(LS™ (y, U, u)
+LS™ (y,U,~u)) = g—g = 0 on W, N X, and LS (y, U, u)+ LS (y, U, —u) =
u—u = 0on W, NN, LST(y,U,u) + LS (y,U,~u) = 0 on W, N 2
by Corollary 11.2.2, establishing Equation 11.22. If uw € U(f, g,h), then
u > LST(y, Wy, u) on W, N 2. Thus,

—u < LS (y, W,,u) = LS~ (y, Wy, —u) on W, N 2.
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Since
limsup —u(y) = — liminf u(y) < —h(z),
y—a,yesN y—x,yes?

—u € &(—f,—g,—h) whenever u € 4(f,g,h). W

Recall the standing assumption that |3(z)] = 1 for all z € X. Part of
the hypotheses of the following two lemmas is an exception to the standard
requirement that f and ¢ be fixed functions. The following theorem was
proved for fixed f and g by Lieberman [39] assuming that v < —v < 0.

Theorem 11.4.10 If 2 is a bounded open subset of R™,X is a relatively
open subset of 02, v has a continuous extension to X~ ,8-v > € > 0 on
Y,e<0o0n 2,y <0o0n X, F CCHR) with supsex || flloe < M < 400,
and G C CP(X) with supyeg llgllo,s < N < 400, then

N @f9ncR)nc*(Rux)) #0

fEF,ge€G

and
N (9 N2 NCHRUT)) # D
fEeF,9€G
moreover, if X # 052 and h € CY(02 ~ X)), then the same conclusions are
valid for AU(f, g,h) and £(f,g,h).

Proof: For each x € X, let V(z) be a neighborhood of z such that
Oscymynzv < (1 — p)e/2 where 0 < p < 1, Since ¥~ is compact, there
are points x1,...,x, € X~ such that ¥~ C UY_, V(a;). Let {¢;},_; be a
partition of unity; that is, ¢; € C§°(V(x;)),0 < tp; <1, and D8 oi(z) =1
for all x € X¥~. For i = 1,...,p, let Mu(z) = ¢;(x)Mu(z),z € X, not-
ing that Myu(x) = 0 if x &€ suppt;, the support of ;. Note also that
Mu(z) = Y7 Mu(z),xz € X. For each i = 1,...,p, let 930 be a fixed
point V(z;) N X~ and let a®) = l/(l‘él)). Note that |a(¥)| = 1 since v is a unit
vector. For o € suppy; N X,

5 << B@) - vat) + Bla) - (W) — v(af) < Bla) - + (1= p)e/2

from which it follows that 3(z) - a) > pe/2. Suppose now that suppi; N
suppp; N X # ( for j # 4. For any = € suppy; N X and z;; € suppp; N
suppp; N Y

€ < @) v(af) + B(a) - (v(@) — v(zy) + V(=) — vlah)
< B(x)-a? + (1 - p)e

from which it follows that 3(z) -al) > pe. For i =1,...,p and X\ > 0, let
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M+ N i
Ui(x):L(GAQ_eAa()w), .’EGQ,
p
and let v(z) = Y- v;(z),z € Q2. Let A > 0 be any real number satisfying

the conditions |z| < A for all z € 2, —(Ape/2) + |v]o < —1, and

—mA2+ Ao o+ lclo <=1, i=1,...,p.

Then
M+N u
Lvi(z) = - -\ agi(w)aa)) )‘Zb (2) | 7
p ;
J,k=1
M+ N
+ ¢(x) + N
M+ N @),
< (=Nm 4+ M| [b] [lo + |clo) e ®
M+ N )2
— e .
p

Therefore, L (vev) < —(M + N) on {2. Simultaneously for all f € F,
L (ve)‘Q) <=M < —||fllo < f on £2. For x € supp);, by choice of A

Mivq(z) = AM;N@wz )i (2)a )A * 4 () (@)oi(o)

M+ N Y ;
< + e )( 2p6+| ) ra() g
M N )
< N @)

For j # i and x € supp;,

M,v(2) = —AM;N (Z W)ﬁk(x)aé”) 22 4 s ()y () ()
k=1
< PR @) (e + o)
< - M+Nwl( Je .

Summing over j = 1,...,p, Mv(x) < —(M + N)l/)i(ac)e_’\2 and by summing
overi=1,...,p,Mv(z) < —(M + N)e=>*. Thus, M(ve*’) < —(M + N) <
—N < —|lgllo < g simultaneously for all g € G. Since |z| < A, each v; > 0



11.4 Superfunctions for Elliptic Operators 419

on 2 and so w = ve*” >0 on £2. Thus w is a superfunction simultaneously

forall f € F,g€ G. If ¥ # 902 and h € CP(02 ~ X), then w + ||h||o is
a superfunction simultaneously for all f € F,¢g € G and w + ||h|lo > h on
onN~x. N

Lemma 11.4.11 Under the conditions of the preceding theorem, if u €
COUN27)NC*(RUY) satisfies the equations Lu = f on 2 for f € CP(£2)N
Hé2+b)(9),Mu =g forge Cg(E)ﬂHl(f;b)(E) and u = h on 082 ~ X, when
nonempty, for h € C°(082 ~ X), then

[ullo.c < {C(||f||0 +1lgllo) i 5 =00
2=C(fllo + lgllo + kllo) if £ # 802

where C' = C(f;,d(£2).

Proof: Consider the case 92 ~ X # () and the function v = w+ ||A|lo > 0 of
the preceding proof for which Lv < f on 2, Mv < g on X, and v > h
on 02 ~ X. Letting u* = v — v,Lu* > 0 on 2, Mu* > 0 on X, and
u* < 0 on 02 ~ X. By the Strong Maximum Principle, Corollary 11.2.2,
u* < 0 on £2; that is, u < v = w + ||hl|o. Since w < C(||f]lo + ||gllo) on
2,u < C(Ifllo+ llgllo + |2llo)- As the same result applies to —u, —f, —g and
—h, the inequality holds for —u and for |u|. Taking the supremum over 2,
lullo < CUIf o + llgllo + Allo)-

The following theorem was proved by Lieberman [39] assuming that vy <
—70 < 0 for some constant 7.

Theorem 11.4.12 [f X = 082,5-v > € > 0 for some € > 0, and either ¢ < 0
on 2 ory <0 onX, thenu = inf {v;v € U(f,g)} € CY(2)NC?*(RUY),Lu =
fon 2, and Mu =g on X.

Proof: Consider any v € U(f,g) and v~ € £(f,g), the two sets being
nonempty by Theorem 11.4.10. Since v € C(27) and u < v+, u is bounded
above. Since v~ < v for all v € U(f, g) by (ii¢) of Lemma 11.4.5, u is bounded
below and therefore bounded on (2. Consider any y € 22U XY and any U €
A(y). By Choquet’s lemma, Lemma 2.2.8, there is a sequence {v;} in (f, g)
with the property that if w is a Ls.c. function on U N 2 satisfying w <
inf{v;;7 > 1} on UN 2, then w < u on U N 2. Since the minimum of two
functions in $4(f, g) is again in U(f, g) by Lemma 11.4.5, it can be assumed
that the sequence {v;} is decreasing by replacing v; by min (v1,...,v;), if
necessary. For each j > 1, let w; = (vj)ung, the lowering of v; over U N (2.
The sequence {w,} is also decreasing by Lemma 11.4.5. Note that w; =
LS(y,U,v;) on U N {2 implies that Lw; = f on UN 2, Mw; =gon UNX,
and that w; € CO((UNN)NC?*(UN(2UX)) according to Theorem 11.3.7.
If v~ is any element of £(f,g), then v1 > w; > v~ on 2 for all j > 1
and therefore ||w;llo o(rno)~wnz) < max(|[vio,e, v [lo,e) < +oo for all
j > 1. It follows from Lemma 11.4.8 that there is a subsequence {w;,} of
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the {w;} sequence that converges uniformly on U N (2 U X) to a function
w € C%c(UNN)NC*U N (22U X)) with Lw = f on U N 2 and Mw = g
on UNZX. Since w < inf {vj;7 > 1} on UN 2, w < won U N 2 and therefore
w =wonUN. Thus, u € COcl(UNN))NCHUN(RUX)),Lu = fon UNS,
and Mu = g on U N X. Since y and U are arbitrary, u € C*(2U X)), Lu = f
on {2, and Mu=gonX. N

The following theorem is proved in the same way by using Lemma 11.4.7
in place of Lemma 11.4.5.

Theorem 11.4.13 If ¥ # 00,6 -v > ¢ > 0 for some ¢ > 0,¢c < 0
on 2,7 < 0 on X, and v has a continuous extension to X, then u =
inf {v;v € U(f,g,h)} € CY(2)NC*(RUX),Lu= f on 2, and Mu = g on X.

As in Section 9.7, the function u = sup {w;w € £(f,g,h)} will be called
the Perron subsolution and the corresponding v = inf {w : w € $(f,g,h)}
the Perron supersolution. These two functions will be denoted by HJT aih
and H;:g,hﬁ respectively. If H;g’h = Hj ;. then h is said to be (L, M)-
resolutive and the common value is denoted by Hy 4 5. If it can be shown
that limy . yeo Hy, ,(y) = h(z) for all 2 € 92 ~ X, then it would follow
from Theorems 11.4.12, 11.4.13, and the strong maximum principle, Corol-
lary 11.3.6, that H;g,h = H} ,, on {2 and that h is (L, M)-resolutive. As in
the classical case, 1t is a question of finding conditions under which points
of 92 ~ X are regular boundary points. As was the case in Section 9.7, ap-
proximate barriers will be used to answer this question. As before, a region
2 C R™ will be called (L, M)-regular if lim, ., yeo Hy g.n(y) = h(x) for all
r €90 ~ X and all h € C°(002 ~ X).

11.5 Regularity of Boundary Points

It was shown in Theorem 2.6.29 that the existence of a cone C' C~ (2 with
vertex at x € {2 implies that z is a regular boundary point for the Dirichlet
problem Au = 0 on {2 and u = g on 9f2. More generally, it was shown in
Theorem 9.8.8 that the existence of such a cone implies that x is a regular
boundary point for the elliptic boundary value problem Lu = f on (2 and
u = g on 0f2. The boundary behavior of a solution to the oblique derivative
problem Lu = f on 2,Mu = g on X, and v = h on 92 ~ X is more
complicated. The behavior of u at points x € X' is determined by the existence
theorems, Theorems 11.4.12 and 11.4.13, which assert that u € C?(2 U X))
and Mu = g on Y. For points x € 02 ~ Y| it is necessary to distinguish two
cases:

(i) 2€dR~X dx,X)>0
(ii) 2 € 02 ~ X d(z, X) = 0.
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The existence of a cone C' as described above suffices to show in the first case
that x is a regular boundary point. Only a minor modification of the proof of
Lemma 9.8.8 is needed to prove this assertion, namely, by replacing M therein
by M + N. To show that x € 02 ~ X is a regular boundary point when
d(z,X) = 0 requires the assumption of a wedge in ~ {2 rather than a cone
and the construction of an approximate barrier as defined in Definition 9.8.1.
The imposition of a wedge condition at such boundary points was introduced
by Lieberman in [40].

In addition to the assumption of the preceding section that |G(z)| = 1 for
all x € X, it will be assumed that v and the ;,7 = 1, ..., n, have continuous
extensions to X 7. Let (y1,...,yn) = (y1,¥2,Yy’) be a local coordinate system
at xo chosen so that v(zp) is in the direction of the ys-axis. By means of a
translation followed by a rotation of axes, the z and y coordinate systems
are related by an equation y = (z — 29)O where O is an orthogonal matrix.
Letting #(y) = v(z) and B(y) = B(z), the condition v(z) - B(z) > 6 > 0
on X carries over to the condition #(y) - G(y) > & > 0 since an orthogonal
transformation preserves inner products. In particular,

0 <8 <uv(x)-Blxzo) =(0)-B(0) = fa (11.23)

since 7(0) = (0,1,0,...,0) in the y-coordinate system. Under the transforma-
tion from the z-coordinate system to the y-coordinate system, the operator
L is transformed as in Equation (9.33). It will be assumed that the operator
L is defined on a neighborhood of {2~ in the remainder of this chapter.

Let (r,0) denote polar coordinates in the y;y2-plane so that

y1 =rcosf, yo =rsinb.

Also let W (6;,62) denote a wedge in R™ that is cylindrical in the y’-direction
and defined by the equation

W(91,92) = {y : 91 <0< 92};

if 1 > 0,W(—601,0,) will be denoted by W (6;). The function f(#) in the
following lemma was taken from [40].

Lemma 11.5.1 If (i) zg € 082 ~ X with d(xg, X)) = 0, (ii) there is a neigh-
borhood V' of xy and a wedge W (01,02) Cr~ 2, with 0 — 01 < 27, (iii) there
is a § > 0 such that v(z) - B(xz) > 6 > 0 for all x € X, and (iv) there is a
wedge W (10) such that X NV C W (i) where 0 < vy < arccos (1 — §2/2),
then there are constants g > 0,79 > 0, and a function f € C*([0,2x]) such
that

< -1, 0< |)\‘ < Ao, T <Tg,01 <6 <0y (11.24)
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<=1, 0<|A <o, <70, |0] < o (11.25)
Proof: It can be assumed that » < 1 and that \g < 1. Consider the function
f0) = 2471 — pe?? 0 <9 < 2r,

where
p=e %, ¢= 4|asalo + 1,

and @9 is the coefficient in Equation (9.33). Note that f(6) > e*™ for 0 <
0 < 2m. Assuming for the time being that m = 1 and using the Miller
representation, Theorem 9.8.5, with n = 2

L(r £(0)) < 772 (an A\ — 1) f + 2a12(A — 1) fp + aza(foo + Af))
+ A (b Af 4+ bafo + Erf).

Since ase > m =1,

lir/{ljgp T}\% (L(?“Af(G)) — 7)‘71(52]09 + ETf)) < —2a12fp + foo
< q(—2[arzfo — 1)

uniformly for » < 1 and 6; < 6 < #3. Thus, there are constants ¢, > 0 and
Ay > 0 such that

L(r*f(8)) < —cor ™2 + 1" (bafo +rf)
for |\| < A} uniformly for r < 1,6; < 6 < 6. Letting ¢1 = |b2]o|folo +|clo| flo,
L f(0)) < —cor™ 2 et I\ < A

uniformly for r < 1,67 < 6 < 5. There is therefore a constant r{, < 1 such
that

< —cg, |)\| < )\6,7’ < 7’6,91 < 0 < 0o, (1126)

where ¢y = ¢ /2. Now consider M(r* f(6)). By Equations (9.29) and (9.30),
M(r £(8) =~ ((Bi(y) cos 0 + Ba(y) simO)Af
i i (11.27)
+(=S1(y) sin 6 + Pa(y) cosb) fo + '?rf) .
Let w(f) = (cosh,sin6,0,...,0) be a point of W (1)y). Since

(cos (0 + 7/2),sin (0 + 7/2)) = (—sin b, cos ),
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Fig. 11.1 y;ys-section of X

the point w’(#) = (—sin 6, cosh,0,...,0) is in the wedge obtained by rotating
W (1) about its edge through m/2 radians as depicted in Figure 11.1. The
distance from 7(0) to w’(#) is a maximum when 6 = ¢y so that

7(0) — w'(0)]* < 2(1 — cos¢hy).

Choose 0 < € < § such that

— )2 2
1y < arccos <1 - %) < arccos <1 — %)

Using the fact that 7 is continuous at 0, there is a constant 0 < r{ < 1 such
that

lo(y) —v(0) <€, 7 <r(.
Since

0<6<Bly) vly) = By) - (@(y) = 2(0) +Bly) - (7(0) =’ (9)) + Bly) - '(6),
Bly)-w'(0) > (5 — €) — V2(1 — costo) /2.
Returning to Equation (11.27), if |0] < ¢ and r < r{, then

M f(0)) < (Af +((6 — €) = V2(1 = cos ) /%) fo + w) .

Since (6 —€) —v/2(1 — cos1p)*/? > 0 and fo < —pgexp (—qipo) for |0] < 1o,
there are positive numbers co, c3, and ¢4 such that
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M f(0)) <1 (ea) — e3 + ear).

By further reducing 7, there is a A\{j > 0 and a positive constant ¢; such that

M f(0) < = ley,  r<r A< A (11.28)

The Inequalities (11.24) and (11.25) follow from the Inequalities (11.26) and
(11.28) by replacing f/min (cg,c1) by f, assuming that m = 1. Apply this
result to the operators (1/m)L and (1/m)M and then replace f/m by f to
get the general result. W

Definition 11.5.2 If {2 and X satisfy the hypotheses of Theorem 11.5.1 at
To € 002 ~ X # (), then {2 and X are said to satisfy wedge conditions at xg.

Theorem 11.5.3 If (i) 2 is a bounded open subset of R™, (ii) X is a rela-
tively open subset of 952 of class Catqo with X # 052, (ii) B-v > € > 0
on X for some 0 < e < 1, (i) there is an exterior cone at each point
x € 00 ~ X with d(z,X) > 0, (v) wedge conditions are satisfied at each
point x € 92 ~ X with d(z,X) = 0, (vi) F C CP(£2) N HE () with
supser||fllo.e < M < +oo,g € CY(Z) N H{Y, (), and h € C°(092 ~ X)),
then for each xg € 02 ~ X

lim ’H?’g’h(y) = h(xg) uniformly for f € F.

y—x0,yES?

Proof: The proof assuming (iv) is the same as the proof of Lemma 9.8.8.
Consider any zg € 02 ~ X satisfying (v). As in Lemma 9.8.2, it suffices to
prove there is an approximate barrier {wji} at xg. Consider any

¢ () @Af9.nNC(R)NC(RUY)),
feF

which is nonempty by Theorem 11.4.10. Note that ¢ is a supersolution simul-
taneously for all f € F. It can be assumed that h(zo) + ¢ is a supersolution,
that h(xzg) + ¢ > h on 92 ~ X and that ¢(z¢) > 0, for if not, replace ¢ by
, 0,02+ ¢ since h(zo)+2|h|o,00~5+|P|o,2+ ¢ is a superfunction
by Lemma 11.4.4. For each j > 1, let U; be a neighborhood of z such that

() h(z) < hwo) + 3,2 € Uj N (32 ~ X),

(ii) L(r*f(#)) < —1on U;N £,
(iil) M(r* f(0)) < =1 on U; N X

where w = 7 f(#) is the function of the preceding lemma for some fixed A
satisfying |A| < Ag < 1. For each j > 1, choose k(j) > 1 so that
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(iv) k(j) > max {M + lelo ‘h(xo) + %’ ,

s~ Mintao) + 3| 1

> max{‘f — L(h(x0) + §)]0 ., |9 — M(h(o) + MM}
for all f € F. ’ ’
(v) % + k(j)w > ¢ on OU; N £2.

The latter condition is possible, since f(#) > e*™ on [0, 27], as noted in the
proof of the preceding lemma. On U; N {2,

L <h(x0) + % + k(j)w> <L <h(mo) + %) —k(j)

Similarly, on U; N X,

M (h(mo) + % + k(j)w) <g.

Tt follows that the function h(xzg)+1/j4 k(j)w is a superfunction for f and g
on U; N {2 by Lemma 11.4.4. Now let

+ _ Jmin{h(zo) + % + k(j)w, h(wo) + ¢} on U; N2
wj = h(zo) + ¢ on 2~ Uj.

By (i) of Lemma 11.4.5, w;r is a superfunction on U; N 2 and on 2 ~ clU;
since h(zo)+ ¢ is a superfunction on 2. Consider any point z € 9U;N{2. Since
hxo)+1/j+k(§)w(z) > h(zo)+¢(2), there is a neighborhood V' € A(z) such
that h(zo)+1/j+k(j)w > h(zo)+¢ on el V. Consider any U C V,U € A(z).
Then

w; (2) = h(zo) + ¢(2) = L(z, U, h(wo) + ¢) = L(z,U, w))

J

which shows that wj' is a superfunction on 2. On (92 ~ X) N U;, h(xo) +
1/j + k(j)w > h(xo) + 1/ > h and h(zg) + ¢ > h so that wj > h on
(002 ~X)NU;. On (002 ~ X) ~ Uj,wj+ = h(xg) + ¢ > h. Then, w;-r > h on
082 ~ X and wj is a supersolution on 2. At xg,

z@@w=mmmuw+§www+am»
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and

]lirgo w;r(xo) = min {h(x), h(xo) + ¢(x0)} = h(xo).
The convergence is uniform for f € F since w;' depends only on M. This
completes the proof that {wj} is an upper approximate barrier at xg. Only
minor modifications of the above arguments are needed to construct a lower
approximate barrier {w; } at zo. W

Theorem 11.5.4 Under the conditions of the preceding theorem, the oblique
derivative problem

Lu=fonf2, Mu=gonlX andu=h ond2 ~X

has a unique solution u € C°(27)NC*(NUY).

Proof: It follows from Theorem 11.4.13 that H%gh € C*(2 U X) and
that limy_,, yen Hjjfg’h = h(xg) for all g € 92 ~ X as in Lemma 9.8.2.

By the remarks at the end of Section 11.4, H;rg n = Hy,, so that h is
(L, M)-resolutive. Letting w = Hygp,Lu = f on 2,Mu = g on X, and
u = h on 0f2 ~ Y. Uniqueness follows from the strong maximum principle,

Corollary 11.3.6. W

Example 11.5.5 If (2 is a convex polytope in R"™ and X is a union of non-
contiguous faces and (3 is nontangential, then it is easily seen that {2 satisfies
the wedge conditions at all points = of 92 ~ X with d(z, X') = 0 and that h
is (L, M)-resolutive for each f, g as described above.

In the ¥ = 9{2 case, the theorem corresponding to this theorem is
Theorem 11.4.12 which asserts the existence of a solution to the equation
Lu = f subject to the boundary condition Mu = g assuming ¢ < 0 or v < 0
with uniqueness following in this case from Corollary 11.3.6. In the ¢ = 0 and
~v = 0 case, some additional criteria is required for uniqueness.

Both Theorems 11.4.11 and 11.4.12 provide for the existence of a solution
to the oblique derivative boundary value problem in CP(£2) U C?(2 U X).
In order to show that the solution has additional properties, a global ver-
sion of Inequality (11.4) is needed. Moreover, the hypotheses that f €
cY(2)n H,g2+b)((2) and g € CP(X) N Hl(i'gb)(ﬂ) call for modifications of
the corresponding norms.

Definition 11.5.6 If f € C(2) N H") (2),k +b+a >0, let

*(b b
D o = max ([ llo.e. 110 )

and for g € CP(2) N HY

k+a(2), let

*(b b
1917 5 = max (|lgllo,= 191\ a.5)-
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Although there is a claim in the literature (c.f. [40]), without proof, that
a global version of Inequality (11.15) holds under the usual assumptions re-
garding the operators L and M, the straightening of X', and the f, g, and h,
it seems unlikely that a proof can be found without some kind of uniformity
condition on the (25 regions. In the following definition, o will be a fixed
number in (0,1) for which 25, # 0.

Definition 11.5.7 (2 has the homogeneity property if there is a ¢ > 0
such that for each 0 < § < dg there is a collection of admissible neighborhoods
{U(z);x € 25 } such that B, ,5 C U(x).

The essential point of the definition is that o does not depend upon ¢ for
0 < § < dg, but may depend upon dg.

Example 11.5.8 If {2 is a convex polytope and X' consists of noncontiguous
faces of {2, then {2 has the homogeneity property. This can be seen as follows.
Without loss of generality, it can be assumed that X' is just one face of 2.
As the points of X are the troublesome points, only such points will be
considered. For each z € X, choose a local coordinate system centered at
x with the positive z,-axis orthogonal to X" and intersecting the interior of
2. Fix 6o € (0,1). Suppose z € 25, N L. Then d(z) = d(z,02 ~ X) > do
and 3;50/2 - 950/2. Letting p = d9/2 and choosing 0 < pg < p so that
Inequality (11.4) is satisfied, U(x) = By ; € A(x) where § = (0,...,0,—po)
and By ;—5, C U(x). Note that if dy is replaced by 6do, p is replaced §p, and
po is replaced by épo, then B, 55, is replaced by By 55—5,) C Bj,s5 where
g = (0,...,0,—=dpg). Taking ¢ = p — po, and U(z) = By s, Br,os C Ul(x).
Thus, {2 has the homogeneity property.

The homogeneity concept applies to both the 3 = 02 and the X' # 912 cases
as does the following theorem, without the third term in the former case.

Theorem 11.5.9 If the conditions of Theorem 11.5.3 are satisfied, {2 has the
homogeneity property, and u € C°(27) N C?(2 U X)) satisfies the equations
Lu = f on 2 for f € CP(0) ﬂH((erb)(Q), Mu =g on X for g € C)(X) N
Hl(f;b)( ), and w=h on 82 ~ X for h € C°(02 ~ X)), then

*(2+4+b—k *(24+b *(1+4D)
i <0 (I +1l0a R + hlooo~s ) k=0,1,2,

Proof: Only the k£ = 2 case will be proved, the k = 0,1 cases are proved in
the same using Inequality (11.14). Fix §p € (0,1) for which 25, # 0 and let

o > 0 be the associated scaling factor. For 0 < § < dg, let {U(2);2 € 25}
be the family of admissible neighborhoods of z such that B, ,s C U ( ). Con-

sider anymeﬁ(; IfscEBzmg/g CB,s CU(z) =U for somezEQa,then

dyno(z) > 06/2 and z € (Uﬂ £2),5/2- By Inequalities (11.14) and (11.15)
and Lemma 11.4.11,
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82+ (ju(x)| + |Du(z)| 4+ | D*u(z)|)

2+4+b
o |u|(b) < |u‘(b)
240,(UN2) 55,5 — 0_2+b 2+0,UNN2 —= o2+b 2+a,UN{2

b) b
< € (11500 + 191 0ns + luloowns)~wns) (11.20)

<c(

< 6% ul

1+b
'+ lglo.s + gl + [hlooa~s)

* b * b)
< C (1155 + 1911805 + oo~ ) -
Ifye Qs and ly — x| < 06/4, then y € B, 355/4 C U and

52+b+a|D u(z) — D*u(y)| < 52+b+a|D2U($) — D?u(y)
|z — y|* B | — y|o

o [D?u(@)] + [ D?u(y)]
+ 62+b+ (05/4)(1 .

Note that y € B, 355/4 implies that Jymg(y) > 00/4, which in turn means

that y € (U N $2),;,,. Using Inequalities (11.15) and Lemma 11.4.11, the first
term on the right is dominated by

4 24+-b+a .
il 24+bta i
<0’) (06/4) |u|2+av(Uﬂ~Q)m§/4

4 24+b+a
< (= ‘u|(b)
> p 24a,UN$N2 (1131)

2+4+b 1+b
< (115500 + 191 s + lulb.ownarwns)

*(24+b *(1+b
< C (1115500 + 19138 s + oo -

X|z—y|<od/4
(11.30)

By Inequality (11.29), the second term on the right in Inequality (11.30) is
dominated by

4 o
(3) 102l + 102l < € (ML + 1802 + toan~s)

(11.32)
Therefore,

o D u D2 * b * b
2+ | (| z) — 0 (y)| (Ifl (2+)+|g|1$;£~+|h|0,80~2>' (11.33)

Taking the supremum over x € Qs in Inequality (11.29),

o *(24+b 1+b
620l o g, < C (IS + 10000 + hlosons) s (11.34)
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taking the supremum over z,y € Qs in Inequality (11.33),
*(24D) #(14-b)
620l 5, < C(IF1EGY + 1018 S + Blosn~s) . (1135)

The assertion is established by combining the last two inequalities and taking
the supremum over 0 < 6 < 1. M

The condition that f € HQ(Z_?Q(Q) can be relaxed by imposing the global
condition that f € C°(027).

Theorem 11.5.10 If conditions (i) through (v) of Theorem 11.5.3 are sat-
isfied, §2 has the homogeneity property, f € C°(£27),g € CP(X)N Hl(f;b)(()),
and h € C°(082 ~ X), then there is a unique u € C°(27)NC?*(2U X) such
that Lu = f on 2,Mu =g on X, andu=h on 02 ~ X.

Proof: By the Tietze extension theorem, f can be extended to all of R™
without increasing its norm so that it vanishes outside a bounded open set
2" D . By Lemma 11.2.7, if f,, = Jy/f, then [fu]a,0 < C| fllo,e for
all n > 1 and the sequence {f,} converges uniformly to f on 27. By Theo-
rem 11.5.4, for each n > 1 there is a unique u,, € Hz(i)a(ﬁ) for which Lu,=f,
on 2,Mu, =gon X, and u, = h on 32 ~ Y. By Theorem 11.5.9,

2+b) 1+4b)
wnl3h 0 < C (1l + 191180 + IRlo.oonz)

*(1+b
< C (Ifloe + 191555 + Plo.oa~s)

Since the sequence {uy,} is bounded in Héi)a(ﬂ), by the use of the subse-
quence selection principle as in the proof of Theorem 7.5.3, there is a sub-
sequence of the {u,} sequence, which can be assumed to be the sequence
itself, and a function u on 2 U X such that u, — u,Du, — Du, and
D?u,, — D?u uniformly on each £25, and it follows that u, — u, Du, — Du,
and D?u,, — D? pointwise on 2 U ¥ = U0<5<1(~25_. Therefore, Lu = f
on {2 and Mu = g on Y. Since u, = Hy, 45 on {2 by Theorem 11.5.4
and limy . u,(y) = limy_, Hy, 4n = h(z) uniformly in n for each €
02 ~ X limy ., u(y) = h(z),z € 02 ~ X. Thus, u has a continuous
extension to 02 ~ Y andu=hon 02~ X. A
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a.e., 66

admissible, 396

admissible neighborhood, 408
alternating method, 213
analytic, 175

approximate barrier, 358
approximate lower barrier, 358
approximate upper barrier, 358
apriori inequality, 371
Arzela-Ascoli Theorem, 4, 5
averaging principle, 13

Bocher’s theorem, 109

balayage, 115

Banach space, 6

barrier, 82, 211

barrier, approximate, 358

barrier, approximate lower, 358
barrier, approximate upper, 358
Borel measure, 3, 5

Borel sets, 5

Bouligand, 82, 155, 215

boundary point lemma, 345, 392, 409
bounded linear operator, 334
bounded map, 334

bounded variation, 5

Brelot, 103, 155, 201, 232, 234, 239

capacitable, 166

capacitary distribution, 164
capacitary potential, 164
capacity, 164, 166

capacity, inner, 165

capacity, outer, 165

Cartan, 135, 139, 167, 238, 256
Choquet, 178

Choquet’s lemma, 57

concave, 73

continuity method, 334

continuum, 86

contraction map, 227, 334

convex, 64, 257

countably strongly subadditive, 170

d-system, 100

derivate, 92

diffeomorphism, 405
differentiable of class C,, 405
Dini’s formula, 41

directed set, 5

Dirichlet problem, 24, 75
Dirichlet region, 81

Dirichlet solution, 78
divergence, 8

divergence theorem, 8
domination principle, 117, 166
Dynkin system, 100

elliptic, 338

elliptic operator, 333

elliptic, strictly, 338
energizable, 244

energy, 241, 250

energy principle, 248
equicontinuity, 4

Evans and Vasilesco, 144
exterior Dirichlet problem, 197
exterior sphere condition, 85

Fatou, 99

fine closure, 224
fine interior, 224
fine limit, 224
fine limsup, 224
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fine neighborhood, 224

fine topology, 223

fine topology on R, 237
Frostman, 246

fundamental harmonic function, 10

Gauss, 246

Gauss’ averaging principle, 23
Gauss’ Integral Theorem, 10
Gauss’s integral, 248
Gauss-Frostman, 246

gradient, 3

greatest harmonic minorant, 116
Green function, 16, 110

Green function, half space, 203
Green function, Neumann problem, 46
Green function, second kind, 46
Green potential, 122

Green’s Identity, 9

Green’s representation theorem, 10
Greenian set, 111

Hélder continuous, 309

Holder spaces, 268

Hérmander, 276

Hormander’s convexity theorem, 278
harmonic, 9, 198

harmonic function, 9

harmonic measure, 217

harmonic minorant, 115

Harnack’s Inequality, 54

Herglotz, 24

Herglotz theorem, 31

Hervé, 360

homogeneity, 427

Hopf, 345-347

hyperharmonic, hypoharmonic, 76, 206

indicator function, 101

inner capacity, 165

inner polar set, 150

inner g.e., 150

inner quasi everwhere, 150
interior estimates, 338
interior sphere condition, 345
interpolate, 276

interpolation inequalities, 280
interpolation, global, 280
interpolation, local, 288
inverse, 14

inversion, 14, 15, 32

irregular boundary point, 81, 128

Jensen’s Inequality, 64

Kelvin operator, 33
Kelvin transformation, 32, 207
kernel, 303

L-regular boundary point, 359
L-resolutive, 357

l.s.c., 3

Laplacian, 8

Lebesgue, 86

Lebesgue measure, 5
Lebesgue points, 97

Lebesgue spine, 128
left-directed, 56

lift, 413

lifting, 70, 355, 413

linear map, 334

linear operator, 6

Lipschitz continuous, 309
local barrier, 82, 211

local interpolation, 288

local property, 154

local solution, 410

locally Holder continuous, 309
locally integrable, 5

locally super-mean-valued, 60
logarithmic potential, 127
Lord Kelvin, 14

lower, 413

lower class, 76

lower regularization, 4

lower semicontinuous, 3
lowered, 205

lowering, 70, 355, 413

Maria-Frostman, 166
maximum principle, 20

Index

maximum principle, strong, 346, 409

maximum principle, weak, 344
mean value property, 12

mean value theorem, 4

mean valued, 13, 60
measurable map, 227

method of continuity, 334, 352, 402

Miller, 365

minimum principle, 20
Mokobodzki, 186
mollifier, 71
multi-index, 2

mutual energy, 241, 250
Myrberg’s theorem, 182

net, 5
Neumann problem, 39
Neumann problem for a ball, 42



Index

Newtonian potential, 127, 316
nonnegative definite, 343
nontangential limit, 98

norm, 5, 6

normed linear space, 6
nucleus, 175

oblique derivative problem, 333
outer capacity, 165
outer unit normal, 8

partition of unity, 132

paved space, 175

paving, 175

peaks, 229

Perron lower solution, 77
Perron subsolution, 357, 420
Perron supersolution, 357, 420
Perron upper solution, 77
Perron-Wiener method, 75
Picard, 20

Poincaré, 85, 115, 360

point at infinity, 197

Poisson Integral, 25, 34, 201
Poisson Integral for half-space, 33
Poisson Integral Formula, 17
Poisson’s equation, 316
polar cap, 89

polar representation, 365
polar set, 88, 150, 206

pole, 10

positive definite, 343, 407
potential, 122

projection, 258

Proof of Theorem 2.6.28, 232
Property B, 166

PWB method, unbounded regions, 204

q.e., 150
quasi everywhere, 150

reciprocity law, 135

reduction, 116, 159

reflection, 38

reflection principle, 326
regular, 420

regular Borel measure, 5
regular boundary point, 81, 211
regular region, 81
regular,(L,M)-, 420

regularized reduction, 159
resolutive, 207

resolutive boundary function, 78
resolutive,(L,M)-, 420

437

Riesz Decomposition Theorem, 142
Riesz measure, 142

Riesz potential, 304

Riesz Representation Theorem, 142
right-directed, 56

saturated, 75, 205

Schauder interior estimates, 338

Schwarz, 26, 155, 213

Schwarz’s Reflection Principle, 326

seminorm, 6

Sibony, 186

Sierpinski, 177

signed measure, 5

spherical chip, 288

spherical chip, admissible, 396

spherical coordinates, 1

spherical harmonic, 52

spine, Lebesgue, 128

Stolz domain, 98

straighten boundary, 405

stratifiable, 296

strictly elliptic, 338

strong barrier, 82

strong convergence, 253

strong maximum principle, 346, 409

strongly subadditive, 170

strongly subadditive, countably, 170

subfunction, 354, 411

subharmonic, 60, 198

subnewtonian kernel, 304

subsequence selection principle, 269

subsolution, 356

super-mean-valued, 60

superfunction, 354, 411

superharmonic, 60, 62, 63, 198

superharmonic, alternative definition, 62

superharmonic, yet another definition,
63

supersolution, 356, 414

Suslin scheme, 175

sweeping, 189

sweeping out, 115

swept measure, 189

symmetric derivate, 89

thin, 225, 237
Tonelli, 23

total, 135

total variation, 5

u.s.c., 3
uniform equicontinuity, 4
uniformly Hoélder continuous, 309
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upper class, 76
upper inner normal derivate, 345
upper semicontinuous, 3

vague convergence, 253
Vasilesco, 155

vertex, 259

Vitali covering, 92

w*-topology, 5

Index

weak convergence, 253

weak maximum principle, 344
wedge conditions, 424
Wiener, 81, 164

Wiener’s test, 261

Zaremba, 86
Zaremba’s cone condition, 86, 265, 367
zero-one law, 194



Notation

A(f : z,5), 60
A(u:y,p), 14
A0, 313

Al 224
A(x), 408
A(F), 175
Ba p 1

HS) (2; ), 272

24«
Bz, 112

B(X),5

C, 204
C(n,a,b), 312
c(I), 164
co(90),3
co(27),3
Ck(02), 3
Ck(02—),3
C§(92), 3

CH(RUX), 305

C:.a, 88
C«, 165
C*, 165
C, 166
Ca, 405
clg A, 224
D;, 2
D;j, 2
Dy, 3
Da:izjv 3
D). 3
DA 3
DJu, 280
Difu, 345
D(A), 6
Do, 89
Du, 92

d, 272
d(£2), 272
d(z,y), 271
d(F), 92
d(Fo), 100
dg, 272
d(z), 284
dy, 284
ey, 284
d(z,y), 284
div v, 8

£, 250

Et, 242
F,1

oF, 1

cF, 1

int I, 1
~F,1
F(I'), 259
[, 33
f-lim, 224
f-limsup, 224
G4, 189
Gaof, 129
G2, 376
Gop, 122
G4 (), 189
G, 111

Gao, 110
Gp, 16
G2, 372
ghl’ngh, 116
Hyg, 78
H,, 77
Hy, 77

Hy g,n, 420
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Hj 420
H}ﬁg,h, 420
Hypo(£2), 268
") (©2), 285
Hk+0¢,loc(‘Q)7 268
H.g, 357

357

H ") (92), 427
h, 372

inty A, 224

Jpn, 71

K, 305
K+,135
Kp(z,z), 46
K. o, 89

K, 135
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